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Topological defect in 2d CFT: freely deformed

Topological defect: 

1dim. object, freely movedin critical Ising model

typical example: disorder lines in 2d 
critical Ising model

 studied in many contexts..  (from CMP,  CFT,  string theory)

µ µσ σi i
KW

time is limited and cannot take up all, sorry..

Won-Affleck’94, Oshikawa-Affleck’97, Petkova-Zuber’01, Bachas-Boer-Dijkgraaf-Ooguri’01,  
Graham-Watts’03, Bachas-Brunner’07…

and more..

why interesting ?
•generalized concept of conformal b.c.

• symmetry / dually of 2d CFT
e.g. it is used to study non-geometric b.g.

(may play important roles in string theory?)
Frohlich-Fuchs-Runkel-Scweigert’04, ‘07

Satoh-Sugawara’15



1. review of TD & bulk TD operator

2. construction of boundary TD operator

3. application to open SFT

Plan

Topological defect: Today’s talk:  use TD to study Open String Field Theory 

in critical Ising model



Topological defects in 2D CFT

The stress tensor is continuous across the defect line:

Energy does not depend on the shape of TD: tensionless

=

★single-valued wrt z.

T (z)

T (z)
★branch cut wrt z.

φ(z)

φ(z)



We can imagine various configurations of TD

…on any Riemann surfaces in general.

junctions

Closed loop of defects: operator acting on closed string states 

how TDs fuse?

change of b.c. ?

ψ(σ,τ) Dψ(σ,τ)

D Dψψ

[D,Ln ]= 0

classify TDs



Note:  the words “fields / operators” in this talk:

bulk fields boundary fields 

φi (z, z ), T (z) φi
(ab ) (x)

defect operators

D :φi ! Dφi



Bulk  TD operator 

                   →     is constant on each Verma module[D, Ln]= 0 D

D : Hclosed→ Hclosed

e.g. critical Ising model (c=1/2)

Hclosed = V0 ⊗V0 ⊕V1/2 ⊗V1/2 ⊕ V1/16 ⊗V1/16

D = x1 ⋅ idV1/2⊗V1/2 + xε ⋅ idV1/2⊗V1/2+ xσ ⋅ idV1/16⊗V1/16

=D σ= x1D 1 =D ε1 ε σxε xσ

1, ε , σ
(energy density) (spin)



Bulk defect operator
From modular invariance we can fix x :

x i
(d ) = Sdi

S0i

DiDj = Nij
kDk

k
∑

fusion of  TD operators

Di Bj = Nij
k Bk

k
∑

Parity transformation and the twist symmetry of the defect fields

(for diagonal CFTs)

Consider a parity transformation P according to the imaginary axis

x+ iy → −x+ iy (0.1)

z → −z̄ (0.2)

Then P exchanges the chiral part and the anti-chiral part of the bulk fields. By definition,
the spectrum of diagonal RCFTs are parity invariant.

Suppose that boundary fields (not primary in general) transform under P as

P : ψ(ab)
i,β (x) → (−)Nψ(ba)

i,β (−x) (0.3)

where N=N(i, β, a, b)∈ {0, 1} depends on the property of fields ψ(ab)
i,β (x). The label i is for

the Verma modules and the label β is for descendants. Then, let’s require that Dd and P
commute, which means the operator Dd is parity invariant:

P
[
Ddψ

(ab)
i,β

]
= Dd

[
Pψ(ab)

i,β

]
(0.4)

(−)N(i,β,a′,b′)
∑

Xdab
ia′b′ψ

(b′a′)
i,β (−x) =

∑
Xdba

ib′a′(−)N(i,β,a,b)ψ(b′a′)
i,β (−x) (0.5)

Then, it follows that
Xdab

ia′b′ = (−)N(i,β,a,b)−N(i,β,a′,b′)Xaba
ib′a′ (0.6)

||Ba⟩⟩ =
Sai√
S0i

|i⟩⟩ (0.7)

1

action on conformal boundary

Graham, Watts’03

ii) twisted b.c.

i) spectrum projected by D

[φi ][φ j ]= Nij
k[φk ]

k
∑

～fusion rule

D

 maps a D-brane system to anotherDd

Petkova-Zuber’00

Related to the symmetry / duality of the theory
Frohlich, Fuchs, Runkel, Scweigert’04,’06

for diagonal minimal models

 labels for TDs = labels for primary fields



Bulk defect operator
e.g. critical Ising model

Parity transformation and the twist symmetry of the defect fields

(for diagonal CFTs)

Consider a parity transformation P according to the imaginary axis

x+ iy → −x+ iy (0.1)

z → −z̄ (0.2)

Then P exchanges the chiral part and the anti-chiral part of the bulk fields. By definition,
the spectrum of diagonal RCFTs are parity invariant.

Suppose that boundary fields (not primary in general) transform under P as

P : ψ(ab)
i,β (x) → (−)Nψ(ba)

i,β (−x) (0.3)

where N=N(i, β, a, b)∈ {0, 1} depends on the property of fields ψ(ab)
i,β (x). The label i is for

the Verma modules and the label β is for descendants. Then, let’s require that Dd and P
commute, which means the operator Dd is parity invariant:

P
[
Ddψ

(ab)
i,β

]
= Dd

[
Pψ(ab)

i,β

]
(0.4)

(−)N(i,β,a′,b′)
∑

Xdab
ia′b′ψ

(b′a′)
i,β (−x) =

∑
Xdba

ib′a′(−)N(i,β,a,b)ψ(b′a′)
i,β (−x) (0.5)

Then, it follows that
Xdab

ia′b′ = (−)N(i,β,a,b)−N(i,β,a′,b′)Xaba
ib′a′ (0.6)

||Ba⟩⟩ =
Sai√
S0i

|i⟩⟩ (0.7)

1

3 primary fields→3 TD operators

D1 = id trivial defect; nothing

disorder lines Dε = idR0⊗R0 − idR1/2⊗R1/2+ idR1/16⊗R1/16

Dσ = 2 idR0⊗R0 − 2 idR1/2⊗R1/2

Dε × Dε = D1
Dσ × Dε = Dσ Dσ × Dσ = D1 + Dε

fusion rules of defects:

(!Z2 )

(implements KW dual)
Frohlich, Fuchs, Runkel, Scweigert’04,’06



Boundary TD operators Dd :Hopen
(ab) →

′a , ′b
⊕Hopen( ′a ′b )

′a, ′b
∑

Ddφi
(ab ) = Xi( ′a ′b )

d (ab)

( ′a ′b )∈d×(ab )

∑ φi
( ′a ′b )

Dd

φi
(ab ) φi

( ′a ′b )

D-brane changes 
 ~ fusion rules d × a d × b

a b

Dd

a b a b′a ′b

※matrix

′a ∈d × a
′b ∈d × b



How to fix X coefficients?

→require compatibility with the OPE

=

Xi( ′a ′b )
d (ab) = Fb ′a

i ′b
a d
⎡
⎣⎢

⎤
⎦⎥
Fa ′b

i ′a
b d
⎡
⎣⎢

⎤
⎦⎥

Then, let’s consider the fusion rules.

Dd (φi
(a c)φi

( c b ) ) (Ddφi
(a c) )(Ddφi

( c b ) )

and from some physical requirement we find



Naive fusion rule breaks down due to boundary effects

DdDc ≠ De
e∈d×c
∑

but with the U matrix

graphically,

a′′a ′a b ′b ′′b a b ′′b′′a a b ′′b′′a

e

= F ′a e
d c
′′a a

⎡
⎣⎢

⎤
⎦⎥

e
∑  factors from junction points “  ”  

U ′a e
d c
′′a a

⎡
⎣⎢

⎤
⎦⎥
= F ′a e

d c
′′a a

⎡
⎣⎢

⎤
⎦⎥
Fe ′a

d ′′a
c a
⎡
⎣⎢

⎤
⎦⎥

Dd Dcφi
(ab )( )( ′a ′b )( )( ′′a ′′b )

= U ′a e
d c
′′a a

⎡
⎣⎢

⎤
⎦⎥

e∈d×c

∑ Deφi
(ab )( )( ′′a ′′b )

U ′b e
c d
b ′′b
⎡
⎣⎢

⎤
⎦⎥

(matrix)



QΦ+Φ∗Φ = 0eom: 

open string field: fluctuation around a D-brane system

Φ(ab ) = Mi,I LIφi
(ab )

i,I
∑ 0

LI = L− i1
L− i2
!L− in

I : multi-index

cl. solution: D-brane configuration

Now, we want to use      to analyze 
the classical  solutions of open string field theory:

Dd

Φ(ab )

a b



D(Φ1 ∗Φ2 ) = (DΦ1)∗(DΦ2 )

Defect operator maps solution to solution:

[Q,D]= 0

c.f. mapping of Boundary states:

[D, Ln]= 0

[D, bn]= [D, cn]= 0

D : from matter CFT∵
commutes with BRS charge: D

is `distributable’ wrt star product:D

∵

star prod.←conformal transf.  & ope∵

∗ =

ope

L1 R1 L2 R2 L1 R1 L2 R2



fusion rule: ε × ε = 1, σ × ε =σ , σ ×σ = 1+ ε

three conformal boundary conditions: 

ψ1
(11)

1 : fixed(+) 

ψ1
(εε )

ε : fixed(-) 

ψ1
(σσ )

: free 

ψε
(σσ )

σ

Z2 symmetry 

e.g. critical Ising modelε × ε = 1, σ × ε =σ , σ ×σ = 1+ ε



Ψσ→1 = ψ1
(σσ ) +ψε

(σσ )

Ψσ→ε = ψ1
(σσ ) −ψε

(σσ )

Dε

Xε (σσ )
ε (σσ ) = −1X1(σσ )

ε (σσ ) = 1,

*observed in [Kdurna-Rapcak-Schnabl’13]

Dσ

Ψ1+ε→σ =
ψ1
(σσ ) −ψε

(1ε )

−ψε
(ε1) ψ1

(εε )

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

!

Dε

defect action on classical solutions:

!

free → (+)

free → (–)



Summary
• Construction of boundary topological defect operators

• Application to Open String Field Theory:  
mapping of classical solutions

• mapping of physical quantities (energies, gauge-invariant obs.)

• U and vacuum structure of OSFT

• Generalization (other RCFTs, etc..)

• graphical calculation of defect networks

• world sheet symmetry and spacetime symmetry..

and…







1. review of TD & bulk TD operator

2. construction of boundary TD operator

3. application to open SFT

Plan

Topological defect in 2d CFT: freely deformed

Topological defect: 

Today’s talk:  use TD to study open string field theory 

1dim. object, freely movedin critical Ising model

typical example: disorder lines in 2d 
critical Ising model

 studied in many contexts..  (from CMP,  CFT,  string theory)

µ µσ σi i
KW

time is limited and cannot explain all, sorry..

Won-Affleck’94, Oshikawa-Affleck’97, Petkova-Zuber’01, Bachas-Boer-Dijkgraaf-Ooguri’01,  
Graham-Watts’03, Frohlich-Fuchs-Runkel-Scweigert’04, ‘07, Bachas-Brunner’07,…


