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Introduction

"

Vortex defect
"

- codimension . Zdefectingaugetheory

defined by a singular boundary condition

"

Voracity
" defect

p
( Liealgebra element )

( line in3D )

pangle coordinateA=4da-

a
T

Gauge field



Goal : study point . like vortex defects in

2DN= ( 2.2 ) SUSY gauge theories

The partition functions & some BPS observables

for the theories on ( squashed ) spheres were evaluated

using SUSY localization .

Bernini - Cremonesi
'
12 ,

Daoud - Le Floch . Gomis - Lee '
12

,
i. .



Method :

A Define the 2DN= 12,2 ) SUSY theory

of vector & chiral multiplet on 52

* Focus on BPS observables preserving a SUSY Q

( # a killing spin or )

Q2= ( rotation fixing North & South poles ) + , "

!2! Introduce vortex defects Vnn
. Vns at NP & SP

So that Q is preserved * -

⇒ compute c or relators K⇒•J) ) •←Vns



Results :

!1! The vortex correlators turn out to be trivial

in many
"

simple
"

theories
,

but not always .

We see this in the examples with Ua ) gauge group

- GLSM for CIIPN ' '

,
Quintic CY

!2! Even when their correlators are trivial
,

Vortex defects can be used to derive

- twisted chiral ring relation

- Picard - Fuchs differential equation



Multiplet !1!

Vector multiplet for gauge group CT

Am . . . . gauge field

J
, p. ... real scalars

D. . . . . ... auxiliary scalar

D= ( DI ) . . . gaugino ,
R - charge 1+1 )

I= ( 5,5! ) ... gaugino ,
12 - charge 1- 1)



SUSY localization II )

The path integral over vector multiplet fields

on the sphere with metric ds2=l4do2+sinVd9 ' )

localizes onto saddle point configurations
hmm mm murmur

o=÷ ,
D= - Ag

,

p= - Ie
,

A = S - ( cos 071 )d9 . . . On N/S hemispheres

Xi' a.SE ( Lie algebra )
,

s is GNO quantized .



Saddle points in the presence of defects Vnn , Vms

O = AT
,

D= - Aa +27in " .84NP ) +27145.84510 )

g = - Ee
,

A = {
SKOSO - 1 )d9 +4N .dg ( North hemisphere )

S . ( cos 0+1 ) doe +45 . dg ( South hemisphere )

For UH ) theories ,
the path integral simplifies to

¥keys ,→ ,
)*F£e×Pt2itat2is0 ) . { matter contrib }

mm

note

the shift .

* FI - 0 coupling : £= - KDTO - Fit . "



Multiplet !2!

chiral multiples
* v

of . . . . . . . . . . . . . complex scalar
,

R . charge 29
.

OT

4=-1 ¥) " " Diracfermion
,

29--1 5=1 EH)
f. ... . ... . . . . ... ... complex aux .

field 29--2 F

T
furnishes a complex rep.

of the gauge group .



Examples of Ua ) gauge theories

!1! N chiral s ( 01 , ,

. .

,
On ) all with charge +1

,

FI coupling r ( so )

⇒ vacua : / 10,1 't . " 't 119×12 =r}/U( 1)

. . . . Non - linear sigma model ( NLSM ) On ¢p
" ' '

of size t
.



Examples of Ua ) gauge theories

!2! chirals ( 0 , ,

. .

, 05 ; P ) With charges ( 1
,

: ;1 ; -5 )

FI coupling t ( >O )

super potential W±P.F5( 0 , ,

"

; 05 )
www.quintic polynomial

⇒ vacua = Quintic hyper surface F5(Q)=O

in ¢p4 of size t•

. . . . NLSM on a Calabi - Yau 3- told
.



SUSY localization ( I )

Path integral over chiral s localizes to 4=4 =F=o
.

Gaussian approx .
around there gives an exact result

.

:Kean Ull ) theory , and choose a saddle point ( a
,

s ) .

Path integral over a single chiral of charge +1 gives

the "

1- loop determinant
"

Z Hoop
=

'T ( st 9- - ia )
I ( St I - 9- tia )

in R . charge



Exact partition function

( Bernini - Cremohesi ' 12
,

Doroud . Le Floch - Gomis - Lee '
12 )

example : CIPN ' '
model

zsz=s§±*|¥÷ . eitcatistitlaiss ( t.r.io ,

. TF
Tls - iate ; )

j= ,
Illtstia -9 ; )

xi 9- j=t( R . charge )j - i . ( mass )j



Cor relators ( Vnnvns )

• Sketch of the computation of Z Hoop ( a.S.tk )

!1! components in a chiral multiplet form 2 pairs .

0$ E. , Is ⇒ F

!2! one can find a 1st order differential op .
J such that

• 0
, E. EH ¥ H 's Ez ,

F

• [ Q
,

J ] = [ I
,

Jt ] = 0



Corre1atorsCVnnVns7detQ2lti_detQ4kerJt@Theevaluati0n0fZ11ooPtdetoihtdetQ2lkerJneedseigenfunctionsofQ2-esetnandfJTJorJJtJ.4OGeneraleigenfunctionstaKeseparatedform.flo.ajrreiM9.1sino5tlmTn.nearNPlonrojflo.g

)~eim9 . ( Sino)±tnTn)
near SP ( O~t )

X mez
fractional



!5! When YFNEIZY
,

there are

2 possible boundary conditions at NP , SP
.

• Ordinary b.c. 0=E ,
-0

, JtEs=JTF=0 at poles .

xi ' Ez
,

F may diverge mildly as ~ ( Sino )
'

( r > . 1)

• Flipped be
. J¢=JI,=O ,

[ =F=0 at poles .

recall H¥H
'

6QQ.IE
,

42 ,F



1- loop determinants

I ( MNI - nits - iata )
!1! ordinary b. C

. ⇒ Z Hoop =

I ( . hnI+ms+1+s+ia- 9- ) ceiling fn
.

!2! flipped be
. - z , ,oop=

I ( HY- Mts - iatos )
Ituhltrlstltstia

- 9- ) floor fn
.

Note that Zuoop is periodic in 9475 in both cases
.

( Large gauge transformation can shift M
"

,
95 by integers )

The correlator therefore satisfies
,

for K
. he Z

,

( Vnntk Vnih ) = e- Kt - HE ( VnµVns >



( Non - ) triviality



CIPN ' '
case :

( Vnnvys >= 2

fzdnaytitlatis
. in " ) .

ittaisizs
,

Setzktttl "-45 )
µ I( pp , .yµ+S+9jTa)" TIfhsltnilts

- qtia )z"I chose ordinary bc
.Byashiftofintegration contour of A

whichdoesnotcrossthepolesofthe integrandone
can actually

showthetnriladey
,

( Vnnvqs >=e
- TMM - Efnsl

. ( 1)



However
,

a different way of contour . shift

leads to the identification

Vortex detect Vn " I polynomial ofEiullhtio)

twisted chiral op .

MNE ( -1
,

0 ] . . . . . . . . Vnn = 1  =  1 ( o )

nNe ( O
,

1 ] . . . . . . . . . . Vnn = #( 2 +9J ) = e
- t ( 1)

z= 1

4 "e( 1,2 ] . . . . . :-. . VnN=gtI
,

( Etqj ) ( ttgj +1 ) = est (2)



(1)

et=TYlE+9j
)

z=1

(2)
t2t=g±I(2+9j)(

2+98+1 )

Hilsthetwistedchiralring relation
.

: . For generic large ( tlallthechiralsare massive
.

Integrating themoutyieldsthetwistedsuperpotential ,

WTI )= - t.I.kz,l2+qj){ logletoig ) -1 }
mm

gives FI . Oterm

2W%z=O - ( i )



(1) et = #1 Etqj )
z= 1

1 z ) e- 2t=Ill'2+9j)lI+9jtI*
(1) & (2) contradict due to up ( an effect of R . deformation )

.

They both make sense if we replace

[ → * = - Zhe ( z-=e 't )

( l ) → Z . Zsz = II,
fzfztaj ) . zsz

(2) → Zzsz = ,€l
,
f- ZTI +9g )fzfIt9 ; tl ) . Zsz



Remark :

N independent solutions to Z . Zsz = FI
'

,
fzfztaj ) . zsz

agree precisely with
"

vortex partition functions !

_

The contour of a . integration in

Zsz = § ftp.t ( . . . . ) can be closed
.

Then Zsz becomes a bilinear of vortex partition th .



Quintic

Let us define Vnn by

qrdlnnanrybc
.

for 91
,

... ,5 ( R . charge 29 )

flickedbc
. for P ( R . charge 2- log )

Then the contour . shift analysis gives a non - trivial relation

between Vyn and OE llptio ) - 9-
.



The

relation
'

E ( -1
, -415] Vyn=( 1+50 )( 2+50 )( 3+50 )( 4+50 )

( - 45
,
-315 ]

Vyn=(
1+50 )( 2+50 )( 3+50 )

( ' 3/5
,
-45 ) VyN=(1+50 )( 2+50 )

( ' 45
, -45 ]

Vyn=(
1+50 )

fY5 ,
0 )

Vyn=1
( 0,115 ] Vyn= - 0415



Remark :

VmN+i=ttVn " and 0= - ft - q=zfI - q ( z ± - 55e 't )
lead to Picard - Fuchs equation

{ HEM . zlzszttenztz.is?HzTztE)lz5ztts ) }( zt.zs¥*e
_

Zsz for Calabi - Yau GLSM is known to coincide with e- K
,

( Jockers . Kumar . Lapan - Morrison - Romo 112 )

where KH ,E1= Kahler potential for the " conformal manifold
"

= bilinear of
" periods

"
C solutions to .* )



Conclusions
vortex defects in 2D N=( 2,2 ) SQEDS Were Studied

•

!1! Ept model . . . Vn itself is trivial
, but it can be used to

explain chiral ring relation & differential equation

in a new Way •

!2! Quint ic model
. . . . Vn is nontrivial

.

Other interesting issues

• behavior of Vn under mirror symmetry

• non - abelian gauge theories


