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M theory on a circle

Mon S x Mg,; = llAon Mg,

lIA theory must remember
this M-theory origin

by forming an infinite tower of
multi D-particle bound states
moving freely on Mg,



M theory on a circle

Mon S x R
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IIA on R

lIA theory must remember
this M-theory origin

by forming an infinite tower of

multi D-particle bound states
moving freely on Mg,
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i.e., there has to be a unique threshold bound state
in maximally supersymmetric SU(N) quantum mechanics
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S

1,2,...,16

adj(U(N))
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motion
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mutual
interaction
SU(N
1 =(16) =1
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which is a particular case of N =4 quantum mechanics

" 3 center
£10 Xg_1,2,3 Of mass
- ¥ - motion
1 = Xg+ X5 U(N) = U(1)|x SU(N)
B . mutual
Py = X +1iX7 interaction
T =(4 )i®P1,2,3 -1



M theory on a circle

Mon S' x Mgy /T = IlA on Mgy /T

lIA theory must remember
this M-theory origin

by forming an infinite tower of
multi D-particle bound states
along fixed points of the orbifold



M theory on a circle

Mon S' x R3t! x 7?,1/22 = llA on R®"! x Rl/ZQ

lIA theory must remember
this M-theory origin

Horava+Witten 1995 by forming an infinite tower of
Kachru+Silverstein 1997 multi D-particle bound states
along the O8 orientifold
with eight D8-branes

Hwang+Kim+Kim+Park 2014



M theory on a circle

Mon S' x R**! x R*/Z, = lIA on R**! x R®/Z,

lIA theory must remember
this M-theory origin

Aharony+Berkooz+Kachru by forming an infinite tower of
+Seiberg+Silverstein 1998 multi D-particle bound states
along the O4 orientifold
with some D4-branes

Hwang+Kim+Kim 2016



M theory on a circle

Mon S' x R x R9/22 = llAon Rt x RQ/ZQ

lIA theory must remember
this M-theory origin

Dasgupta+Mukhi 1995 by forming an infinite tower of
Kol+Hanany+Rajaraman 1999 multi D-particle bound states

Kac+Smilga 1999 localized at the orientifold point

S.).Lee + PY. 2016 & to appear



numerous D-brane counting problems, including these,
call for general Witten index program for

supersymmetric gauged theories,

which saw a reasonable completion only last few years.



such as for quiver gauge theories, relevant for
calabi-yau compactification, wall-crossing,
and black hole microstate counting



Witten index as a twisted partition function
(Witten 1982)



prototype : supersymmetric harmonic oscillators

la,a’] = aa’ —ala=1

{b,b1} = bbt +bib =1 b2 =0 = (b1)?

H =hw [(a'a+ aa®) /2+ (bTb — bbT) /2] = hw (aTa + 1/2)+hw (bTb — 1/2)

= Hp + Hp
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partition function vs.
la,a’] = aa’ —ala=1

{b,bT} = bbT +bTb=1

H =hw [(a'a+ aa®) /2+ (bTb — bbT) /2] = hw (aTa + 1/2)+hw (bTb — 1/2)

= Hp + Hp

Z =tr [e_ﬁH] — trge PHB X trpe=PHF
= (1/2sinh(Bhw/2)) x 2 cosh(Bhw/2)

= 1/ tanh(Bhw/2)
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twisted partition function
la,a'] = aa’ —ala =1

{b,bT} = bbT +bTb=1

H =hw [(a'a+ aa®) /2+ (bTb — bbT) /2] = hw (aTa + 1/2)+hw (bTb — 1/2)

= Hp + Hp

Liwisted = T [(—1)Fe_ﬁH} = tre P8 x tr(—1)FePHF
= (1/2sinh(Bhw/2)) x 2sinh(Bhw/2)

=1
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why an integer !

H = hw@?

(-1)" =1 bosonic

(a")"" 0y ® [0) 5

0)5 @ [0)F

-1)FR+Q(-1)F =0

Q=dab+ba

\ 4

A

Q=ab+ba

fermionic (-1 = -1

(a)" [0} @ bT|0) 5
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a twisted partition function is enumerative because

H = hw@” (—D"Q+Q(-1)" =0

(-=1)" =1 bosonic fermionic (-1)¥ = -1

\ 4

A
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and defines the Witten index

thisted — tI'bosonicl — tI'fermionic]- —

(-nF =1

\ 4

A

Index(Q)

() = -1
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which sometimes counts the entire ground state sector

thisted — trbosonicl — tI'fel."mionic]- — IndeX(Q)

(1" =1 (1) = -1

\ 4

A
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twisted partition function as a path integral
(Alvarez-Gaume 1983)



can one compute such things as a path integral?

Hp <« LB:%(:tz—w2:c2)

Hp «  Lp=iyi)—wyply
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can one compute such things as a path integral?

Hp <« LB:%(:i:Q—wQCUQ)

B uclidean
tr [e_ﬁHB] — f[daj]Poriodic BC € fo Lpterendr

= 1/+/Det (=02 + w?)

1/2

=1/ (Ilez ((270/B)* + w?))

=1/wx 1/T],~o ((27n/B)* + w?)
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can one compute such things as a path integral?

Hp «  Lp=iph —wyly

B .
_ Lguclzdeandq_
0

S dY]nien 7 €

= Det (87' + w)which BC?

( w X [L=o ((27mn/B)* + w?) periodic BC

[L.50 ((27(n+1/2)/B)* +w?) antiperiodic BC
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can one compute such things as a path integral?

Hp + Lp =) —wyley
B Lguclideandq_

[d" d]mien oz e Jo

= Det (87' + w)which BC?

2 sinh(fw/2) periodic BC tr(—1)Fe PHr

2 cosh(fw/2) antiperiodic BC trePHF
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therefore,

Ziwisted = T [(—1)Fe_ﬁH] = tre PHB x tr(—1)Fe PHF

_fOB LEuclideandT

= f[dx dwszp]periodic BC forall! €

1
= X Det(0; + w)
\/Det (—872. + “LUQ) periodic
=1 = Tr(-1Fe P
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this trivial example contains many basic structures

that one needs to attack arbitrary interacting gauge theories

this program for Witten index, now revived
under the new flag of localization,

produced exact formulae for diverse susy gauge theories



supersymmetric localization is a way to reduce path-integral
to that of harmonic oscillators,
relying on the robust nature of the twisted partition function

7,(0) = / e STIRY O

0:2:(0) =0 Q,0]=0



in particular, powerful and comprehensive formalism have
emerged for low-dimensional gauged linear sigma models

2d GLSM Elliptic Genera

Benini + Eager + Hori + Tachikawa 2013

-

0
U

-

c
S_

M
N

1d GLSM Equivariant Index
|

Hori + Kim+ PY. 2014
I



Q=H
{Q.(-1)F}=0
[QaGF] =0

refined Witten index of d=1 N>2 GLSM

Z(z) = lim Tr [(—1)1’39(?1:6—51{]

B—r0c0

K Hori + HKim + PY. 2014



Q=H
(Q, (=121 =0
[Q,Gr] =0

[Q, R+ J3] =0

refined Witten index of d=1 N>4 GLSM

I(y;;c) = lim Tr [(_1)2J3y2(R+J3)xGF65H

B— 00

K Hori + H.Kim + PY. 2014



N>4 compact

_ _1\Pra—dy2p—d iy [0 (A
and geometric Z( | Y . 0

p,q

= (_y)_dIHirzebruch(Z — _yQ)

z-independent




IHirzebruch(Z) — Z 2" Z

P q
hd,d
hd,O

h0,0



the localization = reduction to a Gaussian path integral via
continuous and small parameter shift that will not change the path integral

Lyector = eiz Re ( / df? tr Wawa>
L chiral :gi2 / d6>df?* tr e
Lusperpotential = / dO*W (®) + c.c.
Lo =€ / d6*do*tr V

Benini + Eager + Hori + Tachikawa 2013
Hori + Kim + PY. 2014



the limit we take is e — 0 which reduces
the path-integral to that of many harmonic oscillators

lim Tr [(—1)2J3y2J3+2R33GFe—5Q2} Q,Js+ R =0

e?2—0

Or—0-+(2J34+2R) log(y)/B+-

B
— hm] [dX - -dp- ] e—fo dTLE
periodic

e2—0

7 = lim Tr

[(_1)2J3y2J3+2Rpre—BQ2}
B—00



the limit we take is e — 0 which reduces
the path-integral to that of many harmonic oscillators

Cartan

<
1l

lim Tr |(—1)2oy2/+2RCr =507 u=As +iA,

e2—0 zeromode

= / du du/ dD [h(u, u; D) - g(u,u; D) - e_g_erigD]
M, R+id

T P

zero mode from integral over = one-loop determinants
of gauge multiplets gaugino zero mode of everything else

_ (2mni+ Qu — (R —2) log(y +--+)) - (—27ni+ Qu — Rlog(y) + - )
g(w D) ~ ][] 27ni + Qu — Rlog(y) + -+ |2 — iQD

Q n



scale up Fl to send € to infinite,

then, after a long, long, long song and dance, ......



path integral reduces to a boundary integral on

Mu _ (O*)rank \ U Hg

singular

of a meromorphic function hyperplanes

rank — o
1 t /2 _ t /2
g(’LL, ’L_L; D = O) = ( ) I I

y — y—l ta/2y—1 _ t—a/2y

-

= Qi/2p—Fi/2y—(Ri/2=1) _ Qi/2,Fi/2y Ri/2-1
u = log(t) X H . . . . . .
. tQi/2pFi /2y Ri/2 _ 4—Qi/25—Fi/2y—Ri/2

Hori + Kim + PY.2014



which often translates to a Jeffrey-Kirwan contour integral

Q = lim Tr [(—1)2J3y2J3+2R:UGFe_BQ2]

e?2—0

= Z JK-Res,.10,19(u, 4;0)

Mu — (C*)rank \ L Hg
Hori + Kim + PY. 2014
— @
Szenes + Vergne 2004 OM, = UQOA¥ 4+ M
Brion + M.Vergne 1999

Jeffrey + Kirwan 1993 (Q;} = {QM1 U {QV ) U {Qx

—&}



null

N=4 CP(N -1)

chirals | U(1) U(N)g

X |1 N
0
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quintic CY3 hypersurface in CP4

‘ P )(LZSL&S
U(l) | =5 1

0 0
0 0

101 1 1 101
0 0

0 0



N=4 rank 2 GLSM Q.M. for CY3 in WCPq 122

| P X1o Yips Z
O | -4 0 1 1
Ul 0 1 0 -2

0 1
0 0 0 0
0 0 0 0 2 0
1 86 86 1 1 86 86 1
0 0 0 0 2 0
0 0 0 0
0 1
hybrid geometric
Landau-Ginsburg orbifold
0 1
0 0 0 0
0 0 0 0 1 0
1 83 83 1 1 83 83 1
0 0 0 0 1 0
0 0 0 0



2d computations are closely parallel to this,
except that the wall-crossing discontonuity does not occur

2d GLSM Elliptic Genera

Benini + Eager + Hori + Tachikawa 2013

-
-
-

M
N

1d GLSM Equivariant Index
Hori + Kim '+ PY. 2014



but how was &£-dependence = wall-crossing possible at all
when the Witten index is supposed to be integral

and thus robust under any continuous parameter shift



such a naive invariance argument always assumes

I”

“small” deformation of the parameters,

meaning, nothing drastic should happen

however, vanishing Fl constants always implies new
asymptotic runaway direction along vector multiplets,

invalidating Q-exactness across £ = ()



extra contributions from the continuum, interpolating
across & = 0, which is dealt with by scaling up e£

Qef) — T ~ e (872

AV = (e€)?/2




this reminds us of typical subtleties that plague Witten index

computation if an asymptotic direction is unavoidable

as we just saw, the twisted partition function need not even

be integral if a flat asymptotic direction shows



localization does not compute Witten index

but rather a twisted partition function

the two are not the same thing, in general



S).Lee + PY, 2016

back to the M-theory problems and their cousins

N = 4,816

supersymmetric Yang-Mills quantum mechanics



S).Lee + PY, 2016
after rigorous applications of HKY procedure,

1
O y) =5
A T )
1 1
QUM - :
N—4( ) 4(y—5+y—1+y+y3)



the fact that these features are not limited to
pure Yang-Mills quantum mechanics can be
inferred from the appearance of the rational invariant

in the refined wall-crossing formulae

1

) — P . y_-Y
w(lsy) = ;I(F/p,y ) v —

Kontsevich+Soibelman 2008

Manschot+Pioline+Sen 2010
Kim+Park+Wang+PY. 201 |



S).Lee + PY, 2016
other rank 2 examples

SO
O (v)

=] =

(y 1+y)?

QSO_(5)/5P(2) (y)

2 1
+
{yz +y2  (y '+ Y)Q]

ol =

+ +
ol4y? yPHl4y? (yl4y)?



S).Lee + PY, 2016
higher rank examples

SU((4)/S50(6
QN:(4)/ ( )(y)

1
Ay 3 +yl+y+y?)

QSO(7)/Sp(3)(y) 1 [ 8 6 1 }
y

_ = -+ +
M= By +y? (v 2y ty) )

1 32 12 1
Qo) y) = [ + + ]
V=) e [ Ty T ey e



S).Lee + PY, 2016
which are organized as

elliptic Weyl elements only

/ 0 # Det (1 — w)

1 1
OF_ = ——
N=a¥) Weal wg/‘:/g Det (y=! —y-w)

Weyl group



elliptic Weyl elements for some classical groups

G W Elliptic Weyl Elements

SU(N) Sn (123---N)

SO(4) Zo % So (1)(2)

SO(5)/Sp(2) | (Z2)* xSz (12), (1)(2)

SO(6) (Z2)% x S5 (12)(3)

SO(M)/Sp(3) | (Z2)° x Ss (123), (123), (12)(3), (1)(2)(3)

SO(8) (Z2)° x S¢ (123)(4), (123)(4), (12)(34), (1)(2)(3)(4)



S).Lee + PY, 2016
pure N =8 Yang-Mills quantum mechanics

elliptic Weyl elements only
0 # Det (1 — w)

1 , 1 Det (v~ 1zl/?2 — ya=1/2 . w
Q./C\;/':S(yvaj) Z Det (y_ ) ( )

~ wel I —y-w)  Det(¢/2—z=1/2 . w)

/

Weyl group

weWga



B—0

Q=

hm Tr [(_1)2J3 y2J3+2R.’,EGF e_ﬁQQ}

hm TI' |:(_1)2J3y2J3+2R37GF 6_6Q2:|
e?2—0



- very simple formulae for continuum sector contributions
when no bound states are expected

G G e
QN:4,8 =IN—48bulk — 5IN=4,8

U(1)" /W
— _5ZN:4,8/

U™/ w
IN:4,8;bulk

PY. 1997

Green+Gutperle 1997
Kac+Smilga 1999



S).Lee + PY, 2016
N = 16 SU(N) theories, a.k.a. DO-brane bound state problem

SU(N SU(N) SU(N SU
QN:(m)(YaZE) =1 _(16 Z 1 _16/p) AN:(fgs

p|N;p>1
N=16\Y> |WG| oS Det (y —y- w) i3 Det (yRa:L’Fa,/Z _ y—Rag;—Fa/Q . w)



S).Lee + PY, 2016
N = 16 SU(N) theories, a.k.a. DO-brane bound state problem

SU(N SU(N) SU N SU
QN:(m) (y,x) = N:(16 + Z /p) AN:(fE)S
p|N;p>1
y — 1‘
! 1
— Z X F I —16 —
p|N

PY./ Sethi,Stern 1997
Green,Gutperle 997 + Nekrasov, Moore, Shatashvili 1998



S).Lee + PY, 2016
generalizes to other N = 16 theories

Q%=16(Y7 ZE) — If/‘zlfi —|— Z # . AJC\TY/‘ZIG

G'CG,G' 4G
N=16 y,x FET— — . - -
| G| weWe Det (y 1 —y ’LU) w155 Det (yRGZEFa/Z —y R“.CE Fo/2 T,U)



SO(5)/5p(2)
QN:16 !

S).Lee + PY, 2016
or more definitely,

1+2Aif02(i)5/319(1) —1—ASO_(156/SP(2)

2+ 2A37 % + A2

SO(3) SO(3)\ 2 SO(5) SO(7)
L +3AxZ16 + (AN=16) +Ax=i6 T An=is

2+ 3Aifi‘o(11)6 + (Aiﬁ)(lm) + Aiffl)e + Ai})(iﬁ
2 3
SO(3) SO(3) SO(3) SO(5) SO(8)
2+48N—i6 12 (AN:w) + (AN:N:;) +3ANZ16 T A=
SO(3) SO 3) SO(5 SO(3 SO(5 SO(7) SO(9)
2+ 4AN:16 ( N= (16) + 2A —(16 + AN:(ug ' AN—( ) + AJ\f=(16 + AJ\f=(16

24 5AJ, +2 (AT0) + 20320, + AT - AT, + AT, + AT,

1 « 1 Det (ny-‘b_lchG/2 — yl=Rag—Fa/2 ‘W)

| Zw: Det (y=! —y - w) s Det (yRexFa/2 — y=Rag—Fa/2 . qp)



even without the full understanding of the recursive structure
for the continuum contributions, the results suffice for reading
off the Witten index Z§_,; from the unique integral part

790B)=5p2) _
TP e = 2
Iff(i(f(s) = 1
A
Y8, — 2
7500~

Sp(4)
7~



QJC\;/':4,8,16(Ya 33)

y—1

_ TG
— IN:4,8;16

bulk;y—1

cf) Moore, Nekrasoyv, Shatashvili 1998
Kac, Smilga 1999

Staudacher 2000

Pestun 2002

SU(N) = YN 7
SO(4) 1—16 %
SO(6) = SU(4) L 21
S0O(8) 031 021
SO(5) = o
SO(7) e 207
50(9) 3018 To1s
Sp(2) > e
Sp(3) = 82
Sp(4) 3015 5018
G i T




general answer for N = 16 with other classical groups

SU(N) B 1
2T = 13
ST = ﬁ(l + 2
n=1

ZISp_Jl\;)tQN _ H(l_l_th)



and, for O(N), after some more similar procedure
that take the parity projection into account,

Z SU(N) _

Z TOM 4N

S =
S o [ |‘H
g -
+
~
[\
S

ZISp_Jl\;)tQN _ H(1+t2n)

S.J. Lee + PY,, to appear



the latter two count threshold bound states
of D-particles at an R”/Z, orientifold point

SU(N) _ b 1 9+1
Z — S' xR

Z 7O N _ ﬁ(thn_l)
n=1

St x R x R?/Z,

ZISP_%)tZN _ ﬁ(l_l_th)
n=1

S.J. Lee + PY,, to appear



finally, back to M theory on a circle, with an Orientifold point

Mon S' x R"™ xR?/Zy = A on R x R?/Z,

anomaly cancelation requires Kaluza-Klein reduction generates two
a single chiral fermion m) towers of fermionic harmonic oscillators,
supported on S' x R*! resulting in four Hilbert spaces

whose partition functions constitute
the two generating functions above

Dasgupta+Mukhi 1995 Kol+Hanany+Rajaraman 1999



offering us a closure to a remarkable journey
that most directly explored M/String dualities




more importantly, this program is leading us to
the world of supersymmetric invariants
with rich physical and mathematical ramifications

witten index / scf index for gauge theories

H(P:9) (M)

Seiberg dualties / mutation
3UISSOJD-|[EM

quiver invariants
J=0 single center black holes



