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Introduc%on	

Quantum	
  gravity	
  in	
  de	
  Si0er	
  space%me	
  is	
  relevant	
  to	
  deep	
  
puzzles	
  we	
  face	
  today	


1.	
  Existence	
  of	
  macroscopic	
  space%me:	
  	
  
	
  	
  	
  	
  cosmological	
  constant	
  problem	
  	


2.	
  Dark	
  Energy	
  at	
  present	
  univese	


3.	
  Infla%on	
  in	
  the	
  early	
  universe	


Scale	
  invariant	
  metric	
  perturba%ons	
  are	
  generated	
  at	
  
super	
  horizon	
  scale	
  aUer	
  quantum	
  fluctua%ons	
  are	
  frozen	
  

They	
  seed	
  large	
  structures	
  of	
  the	
  universe	
  as	
  
CMB	
  temperature	
  fluctua%ons	
  support	
  such	
  an	
  idea	




Scale	
  invariant	
  fluctua%on	


In	
  de	
  Si0er	
  space,	
  scale	
  independent	
  metric	
  
fluctua%ons	
  are	
  universally	
  generated.	


We	
  assume	
  the	
  ini%al	
  scale	
  of	
  the	
  universe	
  to	
  be	
  O(H)	
  	




de	
  Si0er	
  metric	
  and	
  fluctua%on	




We	
  use	
  the	
  following	
  metric	
  propagator	
  in	
  a	
  par%cular	
  gauge	


The de Sitter metric is

ds2 = a(τ)2(−dτ 2 + dxidxi) = −dt2 + a(t)2dxidxi (2.2)

We parametrize the metric as

gµν = a(τ)eωg̃µν (2.3)

detg̃µν = −1 (2.4)

We rescale

φ→ a−1e(α−1)ωφ (2.5)

ψ → a−
3
2 e(β− 3

2 )ωψ (2.6)

− 1

2
e2αωg̃µνDµφDνφ−

1

2
m2e2(1+α)ωφ2 + ie2βωψ̄ẽµ

a
γaDµψ + mfe

(1+2β)ωψ̄ψ (2.7)

− 1

4!
e4αωλ4φ

4 − λY e(2α+β)ωφψ̄ψ − 1

4e2
g̃µρg̃νσF a

µνF
a

ρσ.

We construct the effective Lagrangian as

Leff =< L >metric (2.8)

where the average is taken over the metric only. We adjust α and β to preserve Lorentz
invariance at sub-horizon scale.

Let us consider the conformally coupled scalar field with the quadratic action after scaling
out the conformal factor Ω

− 1

2
g̃00∂0φ∂0φ−

1

2
g̃ij∂iφ∂jφ (2.9)

→− 1

2
g̃00e2αω∂0φ∂0φ−

1

2
g̃ije2αω∂iφ∂jφ (2.10)

where we have rescaled the field as φ→ eαωφ. The α = 0 contribution is

− 3

16
< ϕ2 > ∂0φ∂0φ−

13

16
< ϕ2 > ∂iφ∂iφ (2.11)

where < ϕ2 >= H
2

4π2 log a(τ). The linear term in α is

−3α

8
< ϕ2 > ∂0φ∂0φ−

α

8
< ϕ2 > ∂iφ∂iφ (2.12)
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We	
  have	
  inves%gated	
  IR	
  logarithmic	
  effects	
  
in	
  Schwinger-­‐Keldysh	
  formalism	
  where	
  the	
  both	
  
metric	
  and	
  ma0er	
  are	
  quan%zed.	
  
The	
  ma0er	
  fields	
  do	
  not	
  give	
  rise	
  to	
  such	
  effects	
  
unless	
  it	
  is	
  a	
  minimally	
  coupled	
  massless	
  scalar	
  field.	
  	
  
It	
  thus	
  appears	
  to	
  be	
  enough	
  to	
  integrate	
  metric	
  
fluctua%ons	
  only.	
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We	
  construct	
  the	
  effec%ve	
  Lagrangian	
  as	
  

where	
  the	
  average	
  is	
  taken	
  over	
  the	
  metric	
  only.	
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3 Self-tuning cosmological constant

In the preceding sections, we have constructed the effective Lagrangian for the sub-horizon

modes after integrating over super-horizon modes. de Sitter symmetry breaking manifest as

IR logarithmic effects due to scale invariant metric fluctuations. We have shown that the

dimensionless couplings become time dependent and diminish with time in dS space due to

soft gravitons.

The original Lagrangian depends on these couplings as

L(λ, gY , e) =
√
−g

�
− 1

2
g

µν
DµφDνφ−

1

2
m

2φ2
+ iψ̄e

µ
aγ

a
Dµψ + mf ψ̄ψ (3.1)

− 1

4!
λ4φ

4 − λY φψ̄ψ − 1

4e2
g

µρ
g

νσ
F

a
µνF

a
ρσ

�
.

The effective Lagrangian shows that the IR effects are local in such a way to make couplings

time dependent:

Leff (λ(t), gY (t), e(t)) =
√
−g

�
− 1

2
g

µν
DµφDνφ−

1

2
m

2φ2
+ iψ̄e

µ
aγ

a
Dµψ + mf ψ̄ψ (3.2)

− 1

4!
λ4(t)φ

4 − λY (t)φψ̄ψ − 1

4e2(t)
g

µρ
g

νσ
F

a
µνF

a
ρσ

�
.

The effective Lagrangian respects local Lorentz symmetry as the evolution speed of the

couplings is smaller than the IR cut-off, namely the Hubble expansion rate.

We have argued that such effects may have important physical consequences. In an interact-

ing field theory, the cosmological constant is a function of the couplings: f(λ4,λY , e; ΛUV)

where ΛUV is the ultra-violet (UV) cut-off. As the couplings evolve with time in dS space,

the cosmological constant may acquire time dependence: f(λ(t),λY (t), e(t); ΛUV). Here we

assume that the UV cut-off Λ is kept fixed. We argue that this assumption is justified in

the effective Lagrangian approach where we keep the UV cut-off Λ and IR cut-off of the

Hubble scale H fixed. Namely the degrees of freedom at the sub-horizon scale are constant

in the effective Lagrangian by construction. The degrees of freedom at the super-horizon

scale accumulate with an exponential cosmic expansion. This effect is taken account of as

the time evolution of the couplings in the effective Lagrangian.

We consider a conformally coupled scalar field with a quartic coupling λ4 for simplicity. We

have argued that gravitons at the super-horizon scale make λ4 time dependent:

δL4 = −
√
−g

1

4!
λ4(t)φ

4
, (3.3)

Here we have scaled back the conformal factor. This interaction term contributes to the

cosmological constant as a back-reaction. It is estimated by taking the vacuum expectation

value of this potential term

f(λ4(t); Λ) =
1

4!
λ4(t)�φ4�. (3.4)
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We	
  consider	
  a	
  generic	
  renormalizable	
  Lagrangian	
  

We	
  rescale	
  	


The de Sitter metric is

ds2 = a(τ)2(−dτ 2 + dxidxi) = −dt2 + a(t)2dxidxi (2.2)

We parametrize the metric as

gµν = a(τ)eωg̃µν (2.3)

detg̃µν = −1 (2.4)

We rescale

φ→ a−1e(α−1)ωφ (2.5)

ψ → a−
3
2 e(β− 3

2 )ωψ (2.6)

L(λ, gY , e) =
�
− 1

2
e2αωg̃µνDµφDνφ−

1

2
m2e2(1+α)ωφ2 + ie2βωψ̄eµ

aγ
aDµψ + mfe

(1+2β)ωψ̄ψ

(2.7)

− 1

4!
e4αωλ4φ

4 − λY e(2α+β)ωφψ̄ψ − 1

4e2
gµρgνσF a

µνF
a
ρσ

�
.

Let us consider the conformally coupled scalar field with the quadratic action after scaling
out the conformal factor Ω

− 1

2
g̃00∂0φ∂0φ−

1

2
g̃ij∂iφ∂jφ (2.8)

→− 1

2
g̃00e2αω∂0φ∂0φ−

1

2
g̃ije2αω∂iφ∂jφ (2.9)

where we have rescaled the field as φ→ eαωφ. The α = 0 contribution is

− 3

16
< ϕ2 > ∂0φ∂0φ−

13

16
< ϕ2 > ∂iφ∂iφ (2.10)

The linear term in α is

−3α

8
< ϕ2 > ∂0φ∂0φ−

α

8
< ϕ2 > ∂iφ∂iφ (2.11)

We find that the requirement of Lorentz invariance fixes α = −2. The total result including
α2 effect is

− 3

16
< ϕ2 > ∂0φ∂0φ +

3

16
< ϕ2 > ∂iφ∂iφ (2.12)

We thus find that the IR logarithmic effect can be cancelled by the time dependent wave
function renormalization of φ→ Zφ where Z2 = (1 + 3

8 < ϕ2 >).

12

Gauge	
  invariance	
  keeps	
  the	
  gauge	
  field	
  intact	


The de Sitter metric is

ds2 = a(τ)2(−dτ 2 + dxidxi) = −dt2 + a(t)2dxidxi (2.2)

We parametrize the metric as

gµν = a2(τ)e2ωg̃µν (2.3)

detg̃µν = −1 (2.4)

We rescale

φ→ a−1e(α−1)ωφ (2.5)

ψ → a−
3
2 e(β− 3

2 )ωψ (2.6)

− 1

2
e2αωg̃µνDµφDνφ−

1

2
m2a2e2(1+α)ωφ2 + ie2βωψ̄ẽµ

a
γaDµψ + mfae(1+2β)ωψ̄ψ (2.7)

− 1

4!
e4αωλ4φ

4 − λY e(α+2β)ωφψ̄ψ − 1

4e2
g̃µρg̃νσF a

µνF
a

ρσ.

We construct the effective Lagrangian as

Leff =< L >metric (2.8)

where the average is taken over the metric only. We adjust α and β to preserve Lorentz
invariance at sub-horizon scale.

Let us consider the conformally coupled scalar field with the quadratic action after scaling
out the conformal factor Ω

− 1

2
g̃00∂0φ∂0φ−

1

2
g̃ij∂iφ∂jφ (2.9)

→− 1

2
g̃00e2αω∂0φ∂0φ−

1

2
g̃ije2αω∂iφ∂jφ (2.10)

where we have rescaled the field as φ→ eαωφ. The α = 0 contribution is

− 3

16
< ϕ2 > ∂0φ∂0φ−

13

16
< ϕ2 > ∂iφ∂iφ (2.11)

where < ϕ2 >= H
2

4π2 log a(τ). The linear term in α is

−3α

8
< ϕ2 > ∂0φ∂0φ−

α

8
< ϕ2 > ∂iφ∂iφ (2.12)

12



We	
  adjust	
  α	
  and	
  β	
  to	
  preserve	
  Lorentz	
  invariance	
  
at	
  sub-­‐horizon	
  scale.	
  

This	
  requirement	
  fixes	
  α	
  and	
  β	
  uniquely	
  	
  
We	
  reproduces	
  the	
  iden%cal	
  results	
  with	
  Schwinger-­‐Keldysh	
  
formalism	
  obtained	
  before.	
  
It	
  clearly	
  shows	
  that	
  IR	
  logarithmic	
  effects	
  are	
  local	
  and	
  makes	
  
couplings	
  %me	
  dependent.	
  

In	
  general	
  rela%vity,	
  Lorentz	
  symmetry	
  must	
  hold	
  at	
  least	
  locally	
  	
  
when	
  the	
  space%me	
  curvature	
  can	
  be	
  ignored.	
  	
  
In	
  fact	
  the	
  requirement	
  of	
  Lorentz	
  symmetry	
  at	
  this	
  limit	
  follows	
  	
  
from	
  the	
  fundamental	
  principle	
  of	
  general	
  rela%vity.	
  	




The de Sitter metric is
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detg̃µν = −1 (2.4)

We rescale

φ→ a−1e(α−1)ωφ (2.5)

ψ → a−
3
2 e(β− 3

2 )ωψ (2.6)

− 1

2
e2αωg̃µνDµφDνφ−

1

2
m2e2(1+α)ωφ2 + ie2βωψ̄ẽµ

aγ
aDµψ + mfe

(1+2β)ωψ̄ψ (2.7)

− 1

4!
e4αωλ4φ

4 − λY e(2α+β)ωφψ̄ψ − 1

4e2
g̃µρg̃νσF a

µνF
a
ρσ.
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→− 1

2
g̃00e2αω∂0φ∂0φ−

1

2
g̃ije2αω∂iφ∂jφ (2.10)

where we have rescaled the field as φ→ eαωφ. The α = 0 contribution is

− 3

16
< ϕ2 > ∂0φ∂0φ−

13

16
< ϕ2 > ∂iφ∂iφ (2.11)

The linear term in α is

−3α

8
< ϕ2 > ∂0φ∂0φ−

α

8
< ϕ2 > ∂iφ∂iφ (2.12)

12
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The	
  α=0	
  contribu%on	
  is	
  	
  

The	
  linear	
  term	
  in	
  α	
  is	
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We	
  find	
  that	
  the	
  requirement	
  of	
  Lorentz	
  
invariance	
  fixes	
  α=-­‐2.	




The	
  total	
  result	
  including	
  α^2	
  effect	
  is	
  We find that the requirement of Lorentz invariance fixes α = −2. The total result including
α2 effect is

− 3

16
< ϕ2 > ∂0φ∂0φ +

3

16
< ϕ2 > ∂iφ∂iφ (2.13)

We thus find that the IR logarithmic effect can be cancelled by the time dependent wave
function renormalization of φ→ Zφ where Z2 = (1 + 3

8 < ϕ2 >).

Let us consider the scalar quartic coupling in our parametrization with canonically normal-
ized kinetic term.

λφ4 → λZ4e−8ωφ4 (2.14)

We find that the coupling decreases with time

λZ4 < e−8ω >= λ(1− 21

4
< ϕ2 >) (2.15)

in agreement with [2].

We next consider the mass term

m2e2ωφ2 → m2e−2ωZ2φ2 (2.16)

Since < e−2ω > Z2 ∼ 1, the mass term is not renormalized after the wave function renor-
malization.

Subsequently we consider Dirac field

S =

�
d4x iψ̄ẽµ

aγ
a∇̃µψ. (2.17)

We rescale the field as ψ → eβωψ. The analogous considerations with the the scalar field
fixes β = −1. The IR logarithmic contribution to the kinetic term is

− 3

32
< ϕ2 > iψ̄γµ∂µψ (2.18)

This effect can be canceled after the time dependent wave function renormalization of ψ →
Zψψ as Z2

ψ = (1 + 3
32 < ϕ2 >).

We consider the Yukawa coupling in our parametrization with canonically normalized kinetic
term.

gψ̄φ(x)ψ(x)→ gZφZ
2
ψe−4ωψ̄φ(x)ψ(x) (2.19)

We find that the Yukawa coupling decreases with time

gZφZ
2
ψ < e−4ω >= g(1− 39

32
< ϕ2 >) (2.20)
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Let	
  us	
  consider	
  the	
  scalar	
  quar%c	
  coupling	
  in	
  our	
  
parametriza%on	
  with	
  canonically	
  normalized	
  kine%c	
  
term.	
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We thus find that the IR logarithmic effect can be cancelled by the time dependent wave
function renormalization of φ→ Zφ where Z2 = (1 + 3

8 < ϕ2 >).

Let us consider the scalar quartic coupling in our parametrization with canonically normal-
ized kinetic term.

λφ4 → λZ4e−8ωφ4 (2.14)

We find that the coupling decreases with time

λZ4 < e−8ω >= λ(1− 21

4
< ϕ2 >) (2.15)

in agreement with [2].

We next consider the mass term

m2e2ωφ2 → m2e−2ωZ2φ2 (2.16)

Since < e−2ω > Z2 ∼ 1, the mass term is not renormalized after the wave function renor-
malization.

Subsequently we consider Dirac field

S =

�
d4x iψ̄ẽµ

aγ
a∇̃µψ. (2.17)

We rescale the field as ψ → eβωψ. The analogous considerations with the the scalar field
fixes β = −1. The IR logarithmic contribution to the kinetic term is

− 3

32
< ϕ2 > iψ̄γµ∂µψ (2.18)

This effect can be canceled after the time dependent wave function renormalization of ψ →
Zψψ as Z2

ψ = (1 + 3
32 < ϕ2 >).

We consider the Yukawa coupling in our parametrization with canonically normalized kinetic
term.

gψ̄φ(x)ψ(x)→ gZφZ
2
ψe−4ωψ̄φ(x)ψ(x) (2.19)

We find that the Yukawa coupling decreases with time

gZφZ
2
ψ < e−4ω >= g(1− 39

32
< ϕ2 >) (2.20)
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In	
  this	
  way,	
  we	
  obtain	
  

They	
  agree	
  with	
  the	
  results	
  obtained	
  in	
  the	
  Schwinger	
  
Keldysh	
  formalism	
  where	
  α=β=0.	
  



Gauge	
  dependence	


There	
  are	
  two	
  independent	
  correlators	
  of	
  the	
  metric:	
  
	
  Scalar	
  and	
  spin-­‐2	
  modes	
  	




The	
  gauge	
  dependence	
  of	
  the	
  rela%ve	
  magnitude	
  can	
  be	
  canceled	
  	
  
by	
  a	
  reparametriza%on	
  of	
  the	
  ma0er	
  field	


This	
  procedure	
  is	
  required	
  by	
  the	
  Lorentz	
  invariance	
  of	
  the	
  ma0er	
  	
  
Dynamics	
  at	
  sub-­‐horizon	
  scale	


The	
  	
  way	
  the	
  metric	
  coupes	
  to	
  the	
  ma0er	
  field	
  changes	
  as	
  	


Under	
  the	
  reparametriza%on	
  of	
  the	
  ma0er	
  field	




Effec%ve	
  Lagrangian	
  approach	
  in	
  de	
  Si0er	
  space%me	
  leads	
  to	
  
unique	
  physical	
  predic%ons	
  by	
  imposing	
  Lorentz	
  invariance	
  
at	
  sub-­‐horizon	
  scale.	
  

Ma0er	
  fields	
  are	
  accompanied	
  by	
  soU	
  metric	
  fluctua%ons	
  	
  
and	
  we	
  need	
  to	
  take	
  such	
  effects	
  properly.	
  	
  
Such	
  a	
  requirement	
  is	
  in%mately	
  connected	
  with	
  	
  
Local	
  Lorentz	
  invariance	
  and	
  unitarity.	


We	
  show	
  gauge	
  independence	
  of	
  the	
  physical	
  observables	
  
such	
  as	
  rela%ve	
  scaling	
  exponents	
  of	
  the	
  couplings	
  	
  

Although	
  this	
  is	
  a	
  small	
  effect	
  at	
  present,	
  it	
  could	
  lead	
  to	
  	
  
observable	
  effects	
  as	
  couplings	
  may	
  be	
  incredibly	
  fine	
  tuned.	



