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● Neutrino:

This Majorana nature can be determined by measuring the signal of 
neutrinoless beta decay, although it is not detected yet… 

Since neutrinos are electrically neutral, there exist  two 
types of masses; Dirac and Majorana.

I will focus on Majorana type of neutrino.



One of the renowned ideas is to induce the 
neutrino masses through Weinberg operator: 

(LHLH)/Λ =>v^2/Λ (v<<Λ).

S. Weinberg, Phys. Rev. Lett. 43, 1566 (1979).

Majorana neutrinos

We have no way how theoretically to determine the 
scale and or structure of cut-off scale Λ.

This question might lead to renormalizable theories.



Seesaw models

There are three representative types of models:

Type-1(3):

νL νLNR(ΣR) 

<H> <H>

Mohapatra, Valle, Foot, Lew, He, Joshi, etc.

The neutrino mass matrix can be found by replacing 
Λ into heavy mass of NR(ΣR) .

yD yD

breaking of the SM Higgs H, one finds the six by six symmetric mass matrix of neutral

fermions in basis of [νL, NC
R ]

T as

M =

⎡

⎣ 0 mT
D

mD MN

⎤

⎦ , (II.2)

where mD ≡ yDv/
√
2 with ⟨H⟩ ≡ v/

√
2 ∼ 246/

√
2 GeV. Under the approximation mD <<

MN , M is block-diagonalized by 2

⎡

⎣ −mT
DM

−1
N mD 0

0 MN

⎤

⎦ ≃

⎡

⎣ 1 −mT
DM

−1
N

mT
DM

−1
N 1

⎤

⎦

⎡

⎣ 0 mT
D

mD MN

⎤

⎦

⎡

⎣ 1 M−1
N mD

−M−1
N mD 1

⎤

⎦ ,

(II.3)

Then the mass eigenvalues of active neutrinos (Dν) and their mixing matrix (UMNS) are

given by diagonalizing mν ≡ −mT
DM

−1
N mD; Dν = UT

MNSmνUMNS. Now let us apply Casas-

Ibarra (CI) parametrization in the neutrino mass matrix, then one can reconstruct mD(yD)

in terms of UMNS, Dν , and three by three orthogonal matrix with complex values as follows [?

]:

mD = i
√

MNO
√

DνU
†
MNS, yD = i

√
2

v

√
MNO

√
DνU

†
MNS, (II.4)

O =

⎡

⎢⎢⎢⎣

cθ13cθ12 cθ13sθ12 sθ13

−cθ23sθ12 − sθ23sθ13cθ12 cθ23cθ12 − sθ23sθ13sθ12 sθ23cθ13

sθ23sθ12 − cθ23sθ13cθ12 −sθ23cθ12 − cθ23sθ13sθ12 cθ23cθ13

⎤

⎥⎥⎥⎦
, (II.5)

where s(c)θ12,13,23 is short-hand manner of sin(cos)θ12,13,23, UMNS and Dν are measured by

neutrino oscillation experiments. If MN is not diagonal, CI parametrization cannot be ap-

plied in the same manner because of
√
MNM

−1
N

√
MN ̸= 1. In this case, one can solve this

problem by applying Cholesky factorization (CF) to MN . We will discuss it later in details.

Each of the global best fit of the current neutrino oscillation data is given by [? ]

NH : s212 = 0.304, s223 = 0.452, s213 = 0.0218, δ =
306

180
π,

(mν1 , mν2 , mν3) ≈ (0, 8.66, 49.6) meV, (II.6)

IH : s212 = 0.304, s223 = 0.579, s213 = 0.0219, δ =
254

180
π,

(mν1 , mν2 , mν3) ≈ (49.5, 50.2, 0) meV, (II.7)

2 Comprehensive study has recently been done by the ref. [? ].
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This is a useful parametrization not only to fit the 
current neutrino oscillation data but also to connect a 

theory and experiment.

Casas-Ibarra(CI) parametrization: 

Note: The mass of NR(ΣR) has to be diagonal ! 
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where s12,13,23 are the short-hand notations of sin θ12,13,23 for three mixing angles of UMNS,

while two Majorana phases are taken to be zero.

Sometimes one consider two families of NR, because it is the minimal field content to

reproduce the neutrino oscillation data. In this case, we only have to change the form of O

into an arbitrary complex two by three rotation matrix with OTO = Diag(0, 1, 1). It can be

parametrized by the following matrix for the normal hierarchy (NH) and inverted hierarchy

(IH) [? ]:

O =

⎡

⎢⎢⎢⎣

0 0

cos z − sin z

± sin z ± cos z

⎤

⎥⎥⎥⎦

T

, O =

⎡

⎢⎢⎢⎣

cos z − sin z

± sin z ± cos z

0 0

⎤

⎥⎥⎥⎦

T

, (II.8)

respectively, where z can be complex. Once one finds the form of Yukawa coupling with CI,

it can be applied to various aspects of phenomenologies without worrying about neutrino

oscillation data. Only one has to take care is to be a perturbative limit yD !
√
4π.

2. Type-II seesaw

As another example to induce neutrino masses, we show type-II seesaw model, in which an

isospin triplet boson ∆ with 1 U(1) hypercharge is introduced. Then ∆ can be parametrized

by

∆ =

⎡

⎣ ∆+/
√
2 ∆++

∆0 −∆+/
√
2

⎤

⎦ , ∆ =
v∆ +∆R + i∆I√

2
, (II.9)

and one can write the following Lagrangian:

−L = y∆ab
L̄c

a∆̃
∗LLab + h.c.. (II.10)

After the electroweak symmetry braking, the neutrino masses are give by

mνab =
y∆ab√

2
v∆. (II.11)

In this case, y∆ is straightforwardly given by

y∆ =

√
2

v∆
U∗
MNSDνU

†
MNS. (II.12)

4

3 NR(ΣR)  case 2 NR(ΣR)  case

NH IH



Type-2:

νL νL

<Δ>

The neutrino mass matrix can be found by replacing 
v^2/Λ into VEV of Δ.

where s12,13,23 are the short-hand notations of sin θ12,13,23 for three mixing angles of UMNS,
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CI parametrization:

This is completely determined by the experimental 
values except VEV of Δ!
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The other complicated but representative models 
introducing additional tiny Majorana fermions: SR  

1. Inverse seesaw:

νL νLNR 

<H> <H>

yD yDNR SR 

Assuming MN=0 and hierarchy: μS << yDv < mNS,

Although the lepton sector is similar to the type-I seesaw, different types of interactions for

ΣR are arisen from the kinetic term and the Higgs potential due to the triplet SU(2)L gauge

symmetry, and one could distinguish the type-III model between the other types of models [?

]. These are generally interest topics, however we will leave the detail explanations to the

above attentive references.

4. Inverse seesaw model and Linear seesaw model

We will show another types of seesaw models; ’Inverse seesaw’ and ”Linear seesaw”, that

are realized by nine by three by three block mass matrix. Let us start from the following

form of the neutral mass matrix in basis of [νL, NC
R , S

C
R ]

T :

M =

⎡

⎢⎢⎢⎣

0 mT
D mT

DS

mD 0 mT
NS

mDS mNS µS

⎤

⎥⎥⎥⎦
, (II.17)

where S is another neutral fermion with three families. To achieve the block diagonalization,

we can make use of the method of canonical seesaw case by redefining [? ]:

m′
D ≡ [mT

D,m
T
DS]

T , M ′
N =

⎡

⎣ 0 mT
NS

mNS µS

⎤

⎦ , M ′−1
N =

⎡

⎣ −m−1
NSµS(mT

NS)
−1 m−1

NS

m−1
NS 0

⎤

⎦ ,

(II.18)

then the active neutrino mass matrix can be found by the same form of canonical seesaw:

mν ≈ −m′T
DM ′−1

N m′
D. Decomposing the mass matrix by using Eq. (II.18), one straightfor-

wardly finds the explicit form as:

mν ≈ mT
Dm

−1
NSµS(m

T
NS)

−1mD −mT
DS(m

T
NS)

−1mD −mT
D(mDS)

−1mDS. (II.19)

Each of the resulting neutrino mass matrix is given by

Inverse seesaw : mν ≈ mT
Dm

−1
NSµS(m

T
NS)

−1mD, mDS = 0; µS << mD ≤ mNS, (II.20)

Linear seesaw : mν ≈ −mT
DS(m

T
NS)

−1mD −mT
D(mNS)

−1mDS; µS = 0, mDS << mD ≤ mNS.

(II.21)

”Inverse seesaw” can be parametrized by the CI parametrization by applying the CF

method. At first, let us redefine MN ≡ m−1
NSµS(mT

NS)
−1, then the form of neutrino mass

6

mNS mNS



Although the lepton sector is similar to the type-I seesaw, different types of interactions for

ΣR are arisen from the kinetic term and the Higgs potential due to the triplet SU(2)L gauge

symmetry, and one could distinguish the type-III model between the other types of models [?

]. These are generally interest topics, however we will leave the detail explanations to the

above attentive references.

4. Inverse seesaw model and Linear seesaw model

We will show another types of seesaw models; ’Inverse seesaw’ and ”Linear seesaw”, that

are realized by nine by three by three block mass matrix. Let us start from the following

form of the neutral mass matrix in basis of [νL, NC
R , S

C
R ]

T :

M =

⎡

⎢⎢⎢⎣

0 mT
D mT

DS

mD 0 mT
NS

mDS mNS µS

⎤

⎥⎥⎥⎦
, (II.17)

where S is another neutral fermion with three families. To achieve the block diagonalization,

we can make use of the method of canonical seesaw case by redefining [? ]:

m′
D ≡ [mT

D,m
T
DS]

T , M ′
N =

⎡

⎣ 0 mT
NS

mNS µS

⎤

⎦ , M ′−1
N =

⎡

⎣ −m−1
NSµS(mT

NS)
−1 m−1

NS

m−1
NS 0

⎤

⎦ ,

(II.18)

then the active neutrino mass matrix can be found by the same form of canonical seesaw:

mν ≈ −m′T
DM ′−1

N m′
D. Decomposing the mass matrix by using Eq. (II.18), one straightfor-

wardly finds the explicit form as:

mν ≈ mT
Dm

−1
NSµS(m

T
NS)

−1mD −mT
DS(m

T
NS)

−1mD −mT
D(mDS)

−1mDS. (II.19)

Each of the resulting neutrino mass matrix is given by

Inverse seesaw : mν ≈ mT
Dm

−1
NSµS(m

T
NS)

−1mD, mDS = 0; µS << mD ≤ mNS, (II.20)

Linear seesaw : mν ≈ −mT
DS(m

T
NS)

−1mD −mT
D(mNS)

−1mDS; µS = 0, mDS << mD ≤ mNS.

(II.21)

”Inverse seesaw” can be parametrized by the CI parametrization by applying the CF

method. At first, let us redefine MN ≡ m−1
NSµS(mT

NS)
−1, then the form of neutrino mass

6

CI parametrization of Inverse seesaw

However since inverse of MN is not diagonal but symmetric, 
one cannot apply the simplest CI !

=
Let us identify type-I like seesaw model by regarding the 

red part as inverse of MN.  

One of the conventional solution is to apply Cholesky 
Factorization(CF) into MN

matrix is the same as the one of canonical seesaw; mν ≈ mT
DM

−1
N mD, where M−1

N is not

diagonal matrix but symmetric one that is different from the canonical seesaw. Thus applying

the CF method to M−1
N , one can decompose it into M−1

N ≡ LT
ND

−1
N , LN without loss of

generality, where D−1
N is diagonal matrix with mass inverse of dimension and DN and LN

can uniquely be rewritten in terms of MN(≡ m−1
NSµS(mT

NS)
−1) as can be seen Appendix xxx

in the CF method. Then one can rewrite it as mν ≈ mT
DL

T
ND

−1
N LNmD ≡ MT

DD
−1
N MD

with MD ≡ LNmD. As a result, one finds the same CI form in Eq.(II.4), just by replacing

mD → MD and MN → DN .

”Linear seesaw” can also be parametrized by the CI parametrization but needed a mod-

ification. This can be realized by introducing an arbitrary anti-symmetric matrix A with

complex values; A+ AT = 0. Then mD can be parametrized by [61] 4

mD = −1

2
mT

NS(m
T
DS)

−1(U∗
MNSDνU

†
MNS + A). (II.22)

Non-unitarity: At the end of this part, we should mention the possibility of non-unitarity

matrix UMNS. This is typically parametrized by the form

U ′
MNS ≡

(
1− 1

2
FF †

)
UMNS, (II.23)

where F is a hermitian matrix that is determined by each of model, UMNS is the three by

three unitarity matrix, while U ′
MNS represents the deviation from the unitarity. Then F is

respectively given by

Canonical seesaw : F = M−1
N mT

D, (II.24)

Inverse(Linear) seesaw : F = (mT
NS)

−1mT
D, (II.25)

The global constraints are found via several experimental results such as the SM W boson

mass MW , the effective Weinberg angle θW , several ratios of Z boson fermionic decays,

invisible decay of Z, EW universality, measured CKM, and LFVs. [? ] The result can be

given by [? ]

|FF †| ≤

⎡

⎢⎢⎢⎣

2.5× 10−3 2.4× 10−5 2.7× 10−3

2.4× 10−5 4.0× 10−4 1.2× 10−3

2.7× 10−3 1.2× 10−3 5.6× 10−3

⎤

⎥⎥⎥⎦
. (II.26)

4 One can also parametrize mDS in terms of another parameters with observables.
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the CF method to M−1
N , one can decompose it into M−1

N ≡ LT
ND

−1
N LN without loss of
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mT
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T
DS)

−1(U∗
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†
MNS + A). (II.22)

Non-unitarity: At the end of this part, we should mention the possibility of non-unitarity

matrix UMNS. This is typically parametrized by the form

U ′
MNS ≡

(
1− 1

2
FF †

)
UMNS, (II.23)

where F is a hermitian matrix that is determined by each of model, UMNS is the three by

three unitarity matrix, while U ′
MNS represents the deviation from the unitarity. Then F is

respectively given by

Canonical seesaw : F = M−1
N mT

D, (II.24)

Inverse(Linear) seesaw : F = (mT
NS)

−1mT
D, (II.25)

The global constraints are found via several experimental results such as the SM W boson

mass MW , the effective Weinberg angle θW , several ratios of Z boson fermionic decays,

invisible decay of Z, EW universality, measured CKM, and LFVs. [? ] The result can be
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⎢⎢⎢⎣
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⎥⎥⎥⎦
. (II.26)

4 One can also parametrize mDS in terms of another parameters with observables.
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※ LN is an triangular matrix
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Then neutrino mass matrix can be redefined by

matrix is the same as the one of canonical seesaw; mν ≈ mT
DM

−1
N mD, where M−1

N is not

diagonal matrix but symmetric one that is different from the canonical seesaw. Thus applying
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Thus one finds the CI parametrization just  
by the following replacements:

Point: (DN , LN) can uniquely be fixed by components 
of MN, when DN is taken to be positive real.



One can generalize 3xN right-handed matrix.

In this case, O is extended by 3 by N mixing matrix and 
its degrees of freedom is given by 3(N-2).

Note: O is not orthogonal matrix but just satisfies 
OO^T=1_{3x3}.

Generalized CI parameterization:



2. Linear seesaw:

νL νLNR 

<H>

yD SR 

Assuming MN=0 and hierarchy: mDS << yDv < mNS,

mNS mDS

Although the lepton sector is similar to the type-I seesaw, different types of interactions for

ΣR are arisen from the kinetic term and the Higgs potential due to the triplet SU(2)L gauge

symmetry, and one could distinguish the type-III model between the other types of models [?

]. These are generally interest topics, however we will leave the detail explanations to the

above attentive references.

4. Inverse seesaw model and Linear seesaw model

We will show another types of seesaw models; ’Inverse seesaw’ and ”Linear seesaw”, that

are realized by nine by three by three block mass matrix. Let us start from the following

form of the neutral mass matrix in basis of [νL, NC
R , S

C
R ]

T :

M =

⎡

⎢⎢⎢⎣

0 mT
D mT

DS

mD 0 mT
NS

mDS mNS µS

⎤

⎥⎥⎥⎦
, (II.17)

where S is another neutral fermion with three families. To achieve the block diagonalization,

we can make use of the method of canonical seesaw case by redefining [? ]:

m′
D ≡ [mT

D,m
T
DS]

T , M ′
N =

⎡

⎣ 0 mT
NS

mNS µS

⎤

⎦ , M ′−1
N =

⎡

⎣ −m−1
NSµS(mT

NS)
−1 m−1

NS

m−1
NS 0

⎤

⎦ ,

(II.18)

then the active neutrino mass matrix can be found by the same form of canonical seesaw:

mν ≈ −m′T
DM ′−1

N m′
D. Decomposing the mass matrix by using Eq. (II.18), one straightfor-

wardly finds the explicit form as:

mν ≈ mT
Dm

−1
NSµS(m

T
NS)

−1mD −mT
DS(m

T
NS)

−1mD −mT
D(mDS)

−1mDS. (II.19)

Each of the resulting neutrino mass matrix is given by

Inverse seesaw : mν ≈ mT
Dm

−1
NSµS(m

T
NS)

−1mD, mDS = 0; µS << mD ≤ mNS, (II.20)

Linear seesaw : mν ≈ −mT
DS(m

T
NS)

−1mD −mT
D(mNS)

−1mDS; µS = 0, mDS << mD ≤ mNS.

(II.21)

”Inverse seesaw” can be parametrized by the CI parametrization by applying the CF

method. At first, let us redefine MN ≡ m−1
NSµS(mT

NS)
−1, then the form of neutrino mass

6



CI parametrization of linear seesaw is given by 
introducing anti-symmetric matrix A as:
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−1
N mD, where M−1
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the CF method to M−1
N , one can decompose it into M−1

N ≡ LT
ND

−1
N LN without loss of

generality, where D−1
N is diagonal matrix with mass inverse of dimension and DN and LN

can uniquely be rewritten in terms of MN(≡ m−1
NSµS(mT

NS)
−1) as can be seen Appendix xxx

in the CF method. Then one can rewrite it as mν ≈ mT
DL

T
ND

−1
N LNmD ≡ MT

DD
−1
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with MD ≡ LNmD. As a result, one finds the same CI form in Eq.(II.4), just by replacing

mD → MD and MN → DN .

”Linear seesaw” can also be parametrized by the CI parametrization but needed a mod-

ification. This can be realized by introducing an arbitrary anti-symmetric matrix A with

complex values; A+ AT = 0. Then mD can be parametrized by [61] 4

mD = −1

2
mT

NS(m
T
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−1(U∗
MNSDνU

†
MNS + A). (II.22)

Non-unitarity: At the end of this part, we should mention the possibility of non-unitarity

matrix UMNS. This is typically parametrized by the form

U ′
MNS ≡

(
1− 1

2
FF †

)
UMNS, (II.23)

where F is a hermitian matrix that is determined by each of model, UMNS is the three by

three unitarity matrix, while U ′
MNS represents the deviation from the unitarity. Then F is

respectively given by

Canonical seesaw : F = M−1
N mT

D, (II.24)

Inverse(Linear) seesaw : F = (mT
NS)

−1mT
D, (II.25)

The global constraints are found via several experimental results such as the SM W boson

mass MW , the effective Weinberg angle θW , several ratios of Z boson fermionic decays,

invisible decay of Z, EW universality, measured CKM, and LFVs. [? ] The result can be

given by [? ]

|FF †| ≤

⎡

⎢⎢⎢⎣

2.5× 10−3 2.4× 10−5 2.7× 10−3

2.4× 10−5 4.0× 10−4 1.2× 10−3
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. (II.26)
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N LN without loss of

generality, where D−1
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−1) as can be seen Appendix xxx

in the CF method. Then one can rewrite it as mν ≈ mT
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The global constraints are found via several experimental results such as the SM W boson

mass MW , the effective Weinberg angle θW , several ratios of Z boson fermionic decays,

invisible decay of Z, EW universality, measured CKM, and LFVs. [? ] The result can be

given by [? ]

|FF †| ≤
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⎢⎢⎢⎣
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where



 If you have a specific texture of a Yukawa coupling 
related to the neutrino mass matrix (such as two-zero 

texture) or the undefined inverse matrix 
(due to the reduction of rank), 

applying “CI” is not recommended.  

H. Fritzsch, Z. Xing, S. Zhou, etc,…

Juan Herrero-Garcia, Miguel Nebot, Nuria Rius, Arcadi Santamaria, etc,…   

Careful points to applying CI!  

Textures

Reduced matrix of y_D

https://arxiv.org/find/hep-ph/1/au:+Herrero_Garcia_J/0/1/0/all/0/1
https://arxiv.org/find/hep-ph/1/au:+Nebot_M/0/1/0/all/0/1
https://arxiv.org/find/hep-ph/1/au:+Rius_N/0/1/0/all/0/1
https://arxiv.org/find/hep-ph/1/au:+Santamaria_A/0/1/0/all/0/1


Radiatively induced neutrino mass models:

It provides a concrete structure of Λ at loop levels.
=> Theory can be within low energy scale(~TeV).

2. Dark matter candidate,  muon anomalous magnetic dipole 
moment, origin of Baryon number asymmetry via  

leptogenesis, can be explained linking to the active neutrinos!

Note: One has to take care of Lepton flavor 
violations(LFVs), since they are always arisen from  

the related neutrino Yukawa couplings !!
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Interacting term

Scalar potential term

exact symmetry, in analogy with the well-known R−parity of the Minimal Supersymmetric

Standard Model (MSSM), hence this term is strictly forbidden. As a result, η0 has zero

vacuum expectation value and there is no Dirac mass linking νi with Nj . Neutrinos remain

massless at tree level as in the SM.

The Yukawa interactions of this model are given by

LY = fij(φ
−νi + φ̄0li)l

c
j + hij(νiη

0 − ljη
+)Nj + H.c. (5)

In addition, the Majorana mass term

1

2
MiNiNi + H.c.

and the quartic scalar term
1

2
λ5(Φ

†η)2 + H.c.

are allowed. Hence the one-loop radiative generation of Mν is possible, as depicted in Fig. 1.

This diagram was discussed in Ref. [3], but without recognizing the crucial role of the exact

Z2 symmetry being considered here.

νi νjNk

η0 η0

φ0 φ0

Figure 1: One-loop generation of neutrino mass.

The immediate consequence of the exact Z2 symmetry of this model is the appearance

of a lightest stable particle (LSP). This can be either bosonic, i.e. the lighter of the two

mass eigenstates of Reη0 and Imη0, or fermionic, i.e. the lightest mass eigenstate of N1,2,3.

3

+

※ yν is restricted by LFVs at one-loop level.

The lightest of N_R and or 
η_{R/I} can be dark matter candidate!



Along this line of ideas, a vast of literature has arisen,  

Summary

More than 110 ideas at one-loop level,

 since nonzero theta_13 has been measured (2012),

More than 40 ideas at two-loop level,
More than 30 ideas at three-loop level,

and a few ideas at four-loop level…



⚫ Several anomalies of indirect detections from cosmic-rays as 
a  DM candidate could be explained.

Another applications: 

⚫ Small mass SM fermions(e,u,d,muon) can be explained by introducing 
exotic charged fermions. 

⚫ Anomaly such as b->s,mu mu_bar could be explained by introducing  
leptoquarks with/without flavor dependent gauged symmetries. 

⚫ Collider signatures could be expected in the near future.

Thanks.


