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Anomalies in chiral gauge theories
• Cancellation of gauge anomalies — in a chiral theory such as 

the standard model — is a fundamental constraint on a 
consistent quantum field theory.

• A U(1) chiral gauge theory is anomalous if the
anomaly cancellation condition

is not satisfied. Here {"#} and {"%} are U(1) 
charges of Weyl fermions.
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********

For a compact connected semi-simple Lie group G, the structure of perturbative gauge and

mixed gauge-gravitational anomalies in the theory has been well understood for a long time (there

is no pure gravitational anomalies in four dimensions). [? ]

*********

In general, G could acts on  in a chiral way and might be an anomalous symmetry in several

respects. As a global symmetry, G might be spoiled in the level of quantum partition function while

it is preserved classically. One can also partially gauge G by coupling the theory to background

gauge fields of an gaugeable (or anomaly-free) subgroup H (if exits) of G. Then the rest ungauged

part of G, as a global symmetry, might break down in the presence of those background gauge

fields (and metric, if the theory is formulated on a curved spacetime manifold).

************

The pathology of defining the quantum theory on arbitrary curved spacetime manifolds involves

two kinds of anomalies, the perturbative and global (or nonperturbative) ones. The structure of

the perturbative anomalies that correspond to infinitesimal di↵eomorphism or/and gauge non-

invariance can be studied by the associated anomaly polynomials in six dimensions. [? ] The

global anomalies, on the other hand, in general depend on the topologies of the manifold, with

possible spin and symmetry structures, on which the theory is formulated and are typically more

di�cult (comparing with the perturbative ones) to analyze. A traditional definition of global

anomalies is given by the non-invariance of the partition functions under large di↵eomorphisms

(or ones combined with gauge transformations if continuous gauge fields are present). It can be

evaluated by the eta-invariants of the Dirac operator on any twisted spinor bundles (by vector

bundles of the representations of G) over the mapping torus M ⇥ S
1. [? ? ] Recently, a more

refined definition of global anomalies was given in Ref. ? , and from that definition, one can relate

such anomalies to the corresponding fermionic topological phases in one dimension higher, through

the use of Dai-Freed theorem. [? ] In this paper, we study anomalies in theories of fermions with

discrete symmetries in this formalism, following the results in Ref. ? ? ? .

U(1)

U(1) U(1)
U(1)

grav grav



Q:While anomalies of cont. symm are well understood, how about 
the case of gauge anomalies associated with discrete symm?
ØIn this case, there are only global (non-perturbative) anomalies, and 

one can not use a “usual method” to calculate them
ØIn a paper by Krauss and Wilczek (1989), they also mentioned
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mention two caveats. First, there are discrete
symmetries —those associated with global anomalies—
that cannot be consistently gauged. Identification of
such anomalies is a di%cult but well developed art, '" into
which we shall not enter here. Second, it is not quite
true that the identifications we envisage in field space are
locally trivial —the discrete transformations, in most in-
teresting cases, have fixed points, leading to conical
singularities. It is conceivable that these singularities
lead to subtle problems that have not yet been discerned.
The situation here is reminiscent of orbifold construc-
tions in string theory, ' which, in fact, our discrete local
symmetries greatly resemble.
Indeed, it seems probable that many or all discrete

symmetries that arise in eA'ective theories derived from
underlying string theories will be local, since such sym-
metries typically are just those few elements of the huge
gauge symmetry groups [E(8)SE(8) and ten-dimen-
sional general covariance] in the underlying theory that
act trivially on all vacuum condensates. If so, then their
validity will not be afI'ected by the vicissitudes of
wormhole dynamics. Also, black holes will have plenty
of hair—perhaps just as much as any other elementary
particle —so that the apparently sharp distinction be-
tween su%ciently heavy elementary particles and small
black holes will fade away.
This research was supported in part by DOE and

NSF.
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Discrete Gauge Symmetry in Continuum Theories
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We point out that local symmetries can masquerade as discrete global symmetries to an observer
equipped with only low-energy probes. The existence of the underlying local gauge invariance can, how-
ever, result in observable Aharonov-Bohm-type eA'ects. Black holes can therefore carry discrete gauge
charges —a form of nonclassical "hair. " Neither black-hole evaporation, wormholes, nor anything else
can violate discrete gauge symmetries. In supersymmetric unified theories such discrete symmetries can
forbid proton-decay amplitudes that might otherwise be catastrophic.

PACS numbers: 11.30.—j, 13.30.Ce, 97.60.Lf

Although it is a common and fruitful practice to con-
sider local gauge invariance under discrete groups in lat-
tice theories, the implications of such invariance in the
continuum have not been widely discussed. (They have
been invoked in one class of solutions to the axion
domain-wall problem. ' )
At first sight the notion of local discrete symmetry in

the continuum appears rather silly. Indeed, the most im-
portant dynamical consequence of a continuous local
symmetry is the existence of a new field, the gauge field.
This field is introduced in order to formulate covariant
derivatives. Covariant derivatives are, of course, neces-
sary so that invariant interactions involving gradients
may be formed; such interactions in turn are necessary in
order that charged fields may propagate. In the case of a
discrete symmetry there is no similar need to introduce a
gauge potential, because the ordinary derivative already
transforms simply.
To make the discussion more concrete, let us consider

a specific realization of the general idea of discrete local
symmetry, where we produce a local Z~ symmetry. Con-
sider a U(1) gauge theory containing two scalar fields ri
and g carrying charge pe and e, respectively. Suppose
that g undergoes a condensation at some very high mass
scale iM, while g does not condense and produces quanta
of relatively small mass. Then the effective low-energy
theory wi11 simply be the theory of the single complex
scalar field g. This theory will be invariant under the
transformation.

2+i /pg

as a consequence of the original gauge invariance. The
only implication of the original gauge symmetry for the
low-energy effective theory is the absence of interaction
terms forbidden by Eq. (1). And this implication does
not distinguish between local and global symmetry.
Nevertheless, there is a fundamental difference be-

tween local and global symmetries, whether continuous
or discrete. It is that global symmetry is a statement
that the laws of physics take the same form when ex-
pressed in terms of various distinct variables, while lo

cal symmetry is a statement that the variables used in a
physical theory are redundant In la.nguage that may be
more familiar, this redundancy is often stated as the fact
that in a gauge theory, only gauge-invariant quantities
are physically meaningful.
From this point of view, it is clear that no processes,

not even such exotic ones as black-hole evaporation or
wormhole tunneling, can violate a gauge symmetry.
There are two striking theoretical consequences of this
observation:
(i) It has been argued recently that wormhole tunnel-

ing induces all local interactions consistent with continu-
ous gauge symmetries. (The restriction to continuous
local symmetries is not always made explicitly, but has
been tacitly assumed in the conclusions drawn. ) The
theory of wormholes is presently in no fit state to supply
quantitative estimates of the magnitude of the induced
interactions. Still, something can be said. Plausibly,
nonrenormalizable interactions induced by wormholes
are suppressed by inverse powers of the Planck mass—or
the wormhole scale, if this is different —but there is no
evident small parameter suppressing renormalizable in-
teractions. Taken at face value, this feature is a consid-
erable embarrassment. For example, in models with
low-energy supersymmetry, there are numerous renor-
malizable interactions which violate baryon number, and
are capable of causing proton decay at a rapid rate.
Traditionally, such interactions have been argued away
by invoking R parity or discrete fiavor symmetries. If
wormholes made it impossible to maintain such sym-
metries, they would therefore create a great difhculty in
reconciling the interesting possibility of 1ow-energy su-
persymmetry with the stability of matter. As another
example, it is an attractive idea that the structure of the
quark mass matrix is largely dictated by discrete sym-
metries. This idea also appears to be endangered by
worm holes.
In either case, promoting the relevant discrete sym-

metries to local symmetries would permit us to ensure
that they are maintained, independent of the vicissitudes
of wormhole dynamics.

Qc 1989 The American Physical Society 1221



Q:While anomalies of cont. symm are well understood, how about 
the case of gauge anomalies associated with discrete symm?

• For example, how do we couple Weyl fermions consistently to a 
(topological) ℤ" gauge theory in 4d?

ØIn some cases, we might be able to write down such a theory as

4
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******* The introductory paragraph ********

Previously, it is argued that the anomaly constraints on Zn charges of a set of massless chiral

(Weyl) fermions in 3+1 dimensions can be deduced by embedding the Zn gauge symmetry in an

U(1) gauge group; these constraints are derived basing on the anomaly cancellation conditions of

the U(1) symmetry, which involve the perturbative gauge and mixed gauge-gravitational anomalies,

together with the constraints on the charges of the fermions that acquire mass through spontaneous

breaking of U(1) [1]. Specifically, let {{qi}, {Qj}} be the U(1) charges of a collection of right-

handed Weyl fermions. 1 To guarantee that the theory is anomaly-free, these charges must obey

the relations
P

i q
3
i +

P
j Q

3
j = 0 and

P
i qi +

P
j Qj = 0. We then introduce a Higgs field � of

charge n to spontaneously break the U(1) symmetry down to a Zn symmetry, and also add Yukawa

couplings between the � field and the charge-Qj fermions, so that these fermions gain mass from

the expectation value of � (while the charge-qi fermions are left massless in the low energy phase).

A generic Yukawa coupling includes the Dirac-type mass terms, which couple each pair of di↵erent

Weyl fermions, and the Majorana-type mass terms, which couple each Weyl fermion with itself.

As these mass terms are required to be gauge invariant when coupled to single-valued functions of

the Higgs field, the charges of the massive fermions must obey Qj0 + Qj00 = integer ⇥ n for each

pair of fermions with a Dirac mass and, if n is even, 2Ql = integer ⇥ n for each fermion with a

Majorana mass. Then, writing qi = q̃i + min, where q̃i, mi 2 Z and 0  q̃i < n, the U(1) anomaly

cancellation conditions plus the charge constraints on the massive states yield

X

i

q̃
3
i = pn + r
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3
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, p, r 2 Z; p 2 3Z if n 2 3Z,

X

i

q̃i = p
0
n + r

0 n

2
, p

0
, r

0
2 Z. (1.15)

Therefore, for a Zn gauge symmetry, the Zn charges {q̃i} of a set of Weyl fermions must satisfy

the above condition – the so-called Ibanez-Ross condition; it is understood to be necessary but not

su�cient, as the Zn gauge theory (coupled to Weyl fermions) are assumed to be the low energy

1 The contribution of a left-handed Weyl fermion of charge q to the anomaly is equal to a right-handed Weyl

fermon of charge �q. Without loss of generality, one can just consider fermions with a specific chirality to derive

the anomaly constraints.

[Kapustin-Seiberg JHEP (2014)]



Previous works
• There have been several attempts to tackle this problem, such as 

the works by Ibáñez-Ross, Banks-Dine, Csáki-Murayama, Araki 
et al., etc.

• Let’s review some of these works



Ibáñez-Ross
Their argument [Ibáñez-Ross PLB (1991)]

The result (a necessary cond.):

U(1) anomaly cancel. cond.

= +
charge constraints on massive states through SSB of U(1)   

Zn anomaly cancel. cond.

2
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Contribution from Dirac and Majorana masses, respectively



Banks-Dine
Comments on Ibanez-Ross [Banks-Dine PRD (1992)]

• Only the linear constraint should be satisfied

• The nonlinear (cubic) constraint might be too restrictive and 
might not be required for consistency of the low energy theory

Ø Not solely from the low energy considerations and would depend 
on assumptions about UV embedding theories

Ø Can be understood in terms of instantons (at low energy)



Csáki-Murayama
Argument by ’t Hooft anomaly matching. Two types of discrete 
anomalies are involved [Csáki-Murayama NPB (1998)]

• For Type I anomalies, the matching conditions have to be 
always satisfied regardless of the details of the massive bound 
state spectrum. 

• The Type II anomalies have to be also matched except if there 
are fractionally charged massive bound states in the theory.



Motivation
• The Type I anomaly (linear constraint) is actually the mixed 

anomaly btw ℤ" and gravity (i.e. Spin(4) spacetime symm of 
fermions)

• The full anomalies of Spin(4)×ℤ" should correspond to both 
Type I & II anomalies. But could we compute it without
referring to any UV embedding theory with cont. symm?

I.e., could we determine discrete anomalies from first principles?
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This work
• We study discrete gauge anomalies in (3+1)d chiral fermion 

theories from a more modern perspective, based on
1. the concept of symmetry-protected topological (SPT) phases 
2. a refined definition of global anomalies by Witten (2016)

• In particular, we give a purely low energy description of 
discrete gauge anomalies — as gauge symmetries in many 
situations are emergent [Witten NatPhys (2018)]

A cosmic string
associated to a ℤ" symm
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perspective

conserved. Cosmic inflation elegantly 
explains the near flatness and homogeneity 
of the Universe. It has been extraordinarily 
successful at predicting and describing the 
almost scale-invariant fluctuations in the 
cosmic microwave background (CMB) that 
are believed to have provided the seeds for 
galaxy formation. However, the inflationary 
Universe really only works if the laws of 
nature violate B. The reason for this is that 
an early period of exponential expansion of 
the Universe dilutes the density of matter 
and radiation to an extremely low level. 
Upon the end of inflation, the Universe 
can reheat to a reasonable temperature, 
eventually leading, after further expansion, 
to the CMB as we see it today.

However, unless the baryons can be 
spontaneously generated when (or after) 
the Universe reheats, we will be left with a 
world that is symmetrical between matter 
and antimatter, very unlike what we observe. 
But to spontaneously generate the baryons is 
only possible if the laws of nature violate B 
(and also the discrete symmetries C and CP 
that exchange baryons with antibaryons).

To understand these matters more deeply, 
we should discuss the physical meaning of 
gauge and global symmetries. The meaning 
of global symmetries is clear: they act on 
physical observables. Gauge symmetries 
are more elusive as they typically do not act 
on physical observables. Gauge symmetries 
are redundancies in the mathematical 
description of a physical system rather than 
properties of the system itself.

One of the important developments in 
our understanding of quantum field theory 
that came to fruition in the 1990s (following 
earlier clues16) makes it clear that this 
distinction is unavoidable.

Gauge theories that are different 
classically can turn out to be equivalent 
quantum mechanically. For example, a 
gauge theory in four spacetime dimensions 
with gauge group SO(2n + 1) and maximal 
supersymmetry is equivalent to the same 
theory with gauge group Sp(2n). The 
global symmetry is the same in the two 
descriptions, but the gauge symmetry is 
different. It is up to us whether to describe 
the system using SO(2n + 1) or Sp(2n) 
gauge fields. So neither of the two gauge 
symmetries is intrinsic to the system.

Gauge symmetry develops an invariant 
meaning that must be reflected in any 
description only if it produces conservation 
laws that result from conserved flux 
integrals at infinity. But there are multiple 
ways for this to fail to happen. Two such 
mechanisms are observed in the standard 
model: the gauge symmetry of QCD does 
not lead to conservation laws because 
of quark confinement, and the gauge 

symmetry associated to the W and Z bosons 
of the weak interactions does not lead to 
conservation laws because of spontaneous 
symmetry breaking. A third option, not yet 
seen in nature, is that gauge symmetry can 
fail to generate a conservation law because 
infrared divergences prevent one from 
defining the would-be conserved quantity 
(this is actually what happens in the example 
mentioned earlier with SO(2n + 1) or Sp(2n) 
gauge symmetry). In the standard model 
with SU(3) × SU(2) × U(1) symmetry, only 
the U(1) leads to conservation laws, namely 
conservation of electric and magnetic charge.

To put it differently, global symmetry is 
a property of a system, but gauge symmetry 
in general is a property of a description of 
a system. What we really learn from the 
centrality of gauge symmetry in modern 
physics is that physics is described by subtle 
laws that are geometrical. This concept is 
hard to define, but what it means in practice 
is that the laws of nature are subtle in a way 
that defies efforts to make them explicit 
without making choices. The difficulty 
of making these laws explicit in a natural 
and non-redundant way is the reason for 
gauge symmetry.

We can see the relation between gauge 
symmetry and global symmetry in another 
way if we imagine whether physics as 
we know it could one day be derived 
from something much deeper — maybe 
unimaginably deeper than we now have. 

Maybe the spacetime we experience and 
the particles and fields in it are all emergent 
from something much deeper.

Condensed-matter physicists are 
accustomed to such emergent phenomena, 
so to get an idea about the status of 
symmetries in an emergent description 
of nature, we might take a look at what 
happens in that field. Global symmetries 
that emerge in a low-energy limit are 
commonplace in condensed-matter physics. 
But they are always approximate symmetries 
that are explicitly violated by operators 
of higher dimension that are irrelevant in 
the renormalization group sense. Thus the 
global symmetries in emergent descriptions 
of condensed-matter systems are always 
analogous to Le – Lμ and Lμ – Lτ in the 
standard model — or to strangeness from 
the point of view of QED or QCD.

By contrast, useful low-energy 
descriptions of condensed-matter systems 
can often have exact gauge symmetries 
that are ‘emergent’, meaning that they do 
not have any particular meaning in the 
microscopic Schrödinger equation for 
electrons and nuclei. The most familiar 
example would be the emergent U(1) gauge 
symmetries that are often used in effective 
field theories of the fractional quantum Hall 
effect in 2 + 1 dimensions. These are indeed 
exact gauge symmetries, not explicitly 
broken by high-dimension operators. 
Gauge theory with explicit gauge symmetry 
breaking is not ordinarily a useful concept.

An emergent gauge theory in condensed-
matter physics is never a pure gauge theory 
without charged fields. On the contrary, 
such a theory always has quasiparticles from 
whose charges one can make all possible 
representations of G. Otherwise, from the 
effective theory of the emergent gauge 
field, one could deduce exact degeneracies 
among energy levels that have no natural 
interpretation in the underlying Schrödinger 
equation of electrons and nuclei. For the 
same reason, an emergent gauge theory in 
condensed-matter physics will contain all 
of the magnetic objects whose existence is 
suggested by the low-energy physics; the 
details depend on G and on the spacetime 
dimension. For G = U(1), the magnetic 
objects are instantons in 2 + 1 dimensions 
(corresponding in condensed-matter physics 
to a thin film) and magnetic monopoles in 
3 + 1 dimensions. For G a finite group, there 
are vortex quasiparticles in 2 + 1 dimensions 
and strings in 3 + 1 dimensions, as sketched 
in Fig. 1.

This has an echo in quantum gravity — 
or at least in string theory, where we are able 
to test the matter. In string theory, gauge 
fields always couple to the full complement 
of electric and magnetic charges suggested 

Figure 1 | A cosmic string associated to a ℤn 
symmetry.

Cosmic string
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This work
• We focus on the simplest case that the discrete internal 

symmetries are cyclic groups. I.e, the full symmetry group of 
fermions is Spin(4)×ℤ#

• Some of the discussions in this work can also be found in recent 
papers I. García-Etxebarria & M. Montero, arXiv:1808.00009
and S. Monnier & G. Moore arXiv:1808.01334

spacetime internal



• Consider a set of left-handed Weyl ferm Ψ = {$%} with 

The anomalies of Spin(4)×ℤ) are computed as follows:

1. We formulate the above theory on a manifold endowed with both a 
spin structure and a ℤ* structure

2. Then, we compute the global anomalies of the resulting theory, based 
on Dai-Freed Theorem for fermion partition functions 
[Dai-Freed JMP (1994), Witten RMP (2016)]

Zn symm:  i ! e
2⇡isi/n

 i, si 2 Zn (1.4)

twisted Z2m symm:  i ! e
⇡is̃i/m

 i, s̃i 2 2Z + 1 (1.5)

s̃i (1.6)

s̃i (1.7)

Spin(4) ⇥ Zn or Spin
Z2m(4) bundle (1.8)

Spin(4) ⇥ Zn bundle (1.9)

Spin(5) ⇥ Zn or Spin
Z2m(5) bundle (1.10)

Spin(5) ⇥ Zn bundle (1.11)

Z (X) = |Z (M)| exp(�2⇡i⌘R(X)) (1.12)

⌘R(X) =
1

2
lim
s!0

0

@
X

� 6=0

sign(�) · |�|�s
+ dim Ker (DR(X))

1

A (1.13)

exp(�2⇡i⌘R(X
⇤
)) = 1 (1.14)

⌘R mod Z (1.15)

– 2 –



• Let M be a 4-manifold endowed with a spin×ℤ# structure. 

• Let X be a 5-manifold w/ boundary ∂X = M s.t. the spin×ℤ# structure on M
extends over X. 

• Then the Dai-Freed theorem gives a definition of the part. func. of fermions 
in the rep. R of ℤ# on X:
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Cancellation of gauge anomalies is a fundamental constraint on a consistent quantum
field theory. For example, in a (3+1)-dimensional U(1) chiral gauge theory — Weyl fermions
coupled to a U(1) gauge theory — the U(1) charges of fermions must satisfy the following
relation
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to ensure the consistency of the theory, where qL and qR are charges of left- and right-
handed Weyl fermions, respectively. The first constraint is required for cancellation of
purely gauge anomaly, while the second one is required for cancellation of mixed gauge-
gravitational anomaly. Note that the effect of gravity is considered, as the theory should
also make sense when coupled to a generic gravitational background. These two kinds
of anomalies are both perturbative anomalies and can be computed by a conventional
Feynman-diagram approach. Alternatively, one can also consider a fermion theory coupled
to both a background U(1) gauge field and gravity and require vanishing of the associated ’t
Hooft anomalies (obstruction of having a well-defined partition function in the above setup),
which correspond to the coefficients proportional to �q3 and �q1 of the (4+1)-dimensional
U(1) gauge and mixed gauge-gravitational Chern-Simons terms, respectively.
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“eta-invariant” of the Dirac op on X



• In order to have a purely 4d theory, the part. func. must not 
depend on how the theory extends in one dimension higher

• Anomaly-free condition:                                       

4

more specific, let X be a five-manifold with boundary @X = M . Then the Dai-Freed theorem [Dai-

Freed1994] gives a physically sensible definition of the partition function of the whole system [Wit-

ten2015, Witten2016, Yonekura2016] (add a footnote about the convention of exp(�2⇡i⌘Spin,R(X)))

Z = | detD+
R(M)| exp(�2⇡i⌘Spin,R(X)). (3)

Here D+
R(M) is the (chiral) Dirac operator on S

+(M) ⌦ VR described previously and ⌘Spin,R(X)

is the Atiyah-Patodi-Singer (APS) eta-invariant of the Dirac operator DR(X) on a twisted spinor

bundle over X that equals S+(M) ⌦ VR when restricted to the boundary M ; (add some footnote

about the standard APS boundary condition here) it is defined as an analytic measure of the

spectral asymmetry of DR(X):

⌘Spin,R(X) =
1

2
lim
s!0

0

@
X

� 6=0

sign(�) · |�|�s + dimKer (DR(X))

1

A , (4)

where � are nonzero eigenvalues of DR(X) and a regularization of the infinite sum at s = 0 is

taken.

mention why the expression (3) is physical sensible

Then we like to ask if the formula (3) depends on the twisted spinor bundle (over a five-manifold)

on which ⌘Spin,R is evaluated. If so, the theory of massless fermions  on (M, g, s, f), with the

partition function defined via the formula (3), is anomalous, in the meaning of being a purely four-

dimensional theory [i.e. formula (3) includes the contribution from the (bulk) partition function in

five dimensions]. This is the refined definition of the global anomalies given in Refs. [Witten2015,

Witten2016]. The condition for whether a theory is free from such anomaly can be determined

in the following way. Suppose there exist two five-manifolds X and X
0 with the same boundary

M such that the metric and all the structures on M extend over each of them. The two twisted

spinor bundles over X and X
0 restrict to the same twisted spinor bundle S+(M)⌦VR over M . By

reversing the orientation of X 0 and by taking appropriate spin and G structures associated with this

reversal, one can then glue X and X
0 (and all their structures) together along M to make a closed

manifold X
⇤. (add footnote here to mention unorientable cases) Since the eta-invariant respects

a gluing law as the usual one of local e↵ective actions on manifolds (and bundles) [Witten2016 or

Dai-Freed1994], one has
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same boundary M such that the metric and all the structures on M extend over each of
them. The two twisted spinor bundles over X and X

0 both coincide with S
+
(M)⌦VR when

restricted to M . By reversing the orientation of X
0 and by taking an appropriate spin ⇥ G

or spinG structure associated with this reversal, one can then glue X and X
0 (and all their

structures) together along M to make a closed manifold X
⇤

= X [ (�X
0
), as shown in

FIG. 1. Since the ⌘ invariant respects a gluing law as the usual gluing relation for any local
effective action on manifolds (and bundles) [8, 15], one has
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Now it is obvious that Z given by the formula (2.2) does not depend on the choice of X

as well as the spin ⇥ G or spinG structure on it if and only if exp(�2⇡i⌘R(X
⇤
)) equals 1 on

any closed five-manifolds X
⇤ together with the associated structures.

As G is finite, exp(�2⇡i⌘R(X
⇤
)) or ⌘R(X

⇤
) mod Z is a bordism invariant. That is,

if X
⇤ bounds a six-dimensional spin manifold Z such that all the structures on X

⇤ extend
over Z, the APS index theorem [30, 31] tells us that ⌘R(X

⇤
) equals the index of the Dirac

operator on the twisted spinor bundle over Z (with the APS boundary condition) and thus
⌘R(X

⇤
) is an integer. Note that there is no contribution from the local invariant in the

bulk of Z to this index, because the Dirac genus of Z, Â(Z), vanishes in six dimensions.
(This also means there is no perturbative gravitational anomalies in the four-dimensional
fermion theory, as mentioned before.)

The Dai-Freed theorem gives a natural way to “classify” the anomaly of the four-
dimensional massless fermions  in an arbitrary ordinary G-representation or spinG repre-
sentations R, through the ⌘ invariant map

⌘R : ⌦
Spin
5 (BG) ! R/Z by [(X

⇤
, g, s, f)] 7! ⌘R(X

⇤
) mod Z, (2.5)

or

⌘R : ⌦
SpinG

5 ! R/Z by [(X
⇤
, g, sG)] 7! ⌘R(X

⇤
) mod Z, (2.6)

where ⌦Spin
5 (BG) and ⌦SpinG

5 are the bordism groups of closed five-manifolds with spin⇥G

and spinG structures, respectively. We denote elements of ⌦Spin
5 (BG) / ⌦SpinG

5 by the bor-
dism classes of topological spaces [(X

⇤
, g, s, f)] / [(X

⇤
, g, sG)]. Furthermore, ⌘R mod Z or

its exponential exp(�2⇡i⌘R) is also regarded as an element of the fermionic SPT phases with
G in five dimensions. The U(1)-valued topological (bordism) invariant exp(�2⇡i⌘R(X

⇤
))

is the partition function of an invertible topological quantum field theory (TQFT), which
describes a fermionic SPT phase at low energy, on a closed five-dimensional spin ⇥ G or
spinG manifold X

⇤.
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s̃i (1.5)

s̃i (1.6)

Spin(4) ⇥ Zn or Spin
Z2m(4) bundle (1.7)

Spin(5) ⇥ Zn or Spin
Z2m(5) bundle (1.8)

Z (X) = |Z (M)| exp(�2⇡i⌘R(X)) (1.9)

⌘R(X) =
1

2
lim
s!0

0

@
X

� 6=0

sign(�) · |�|�s
+ dim Ker (DR(X))

1

A (1.10)

exp(�2⇡i⌘R(X
⇤
)) = 1 (1.11)

Cancellation of gauge anomalies is a fundamental constraint on a consistent quantum
field theory. For example, in a (3+1)-dimensional U(1) chiral gauge theory — Weyl fermions
coupled to a U(1) gauge theory — the U(1) charges of fermions must satisfy the following
relation

�q3 :=

X

L

q
3
L �

X

R

q
3
R = 0, �q1 :=

X

L

qL �
X

R

qR = 0 (1.12)

to ensure the consistency of the theory, where qL and qR are charges of left- and right-
handed Weyl fermions, respectively. The first constraint is required for cancellation of
purely gauge anomaly, while the second one is required for cancellation of mixed gauge-
gravitational anomaly. Note that the effect of gravity is considered, as the theory should
also make sense when coupled to a generic gravitational background. These two kinds
of anomalies are both perturbative anomalies and can be computed by a conventional
Feynman-diagram approach. Alternatively, one can also consider a fermion theory coupled
to both a background U(1) gauge field and gravity and require vanishing of the associated ’t
Hooft anomalies (obstruction of having a well-defined partition function in the above setup),
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where G (H ) can be Spin ⇥ G or Spin
G (Spin ⇥ H or Spin

H)
and all G, H, and K are finite.
Given a homomorphism H ! G , if a nontrivial 4d anomaly
(5d cobordism class) is pulled back to a trivial class in ⌦

5
H

, we
say that the anomaly � is trivialized by extending G to H .
Take an anomaly e

�2⇡i↵R 2 ⌦
5
Spin(BZ4) with R = ⇢1 � ⇢1 � ⇢2 2 RU(Z4).

One can check, for some suitable homo Z8 ! Z4, the pullback class
We can also consider group extensions from a twisted symm to an untwisted symm
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X is bordant to Y if @W = X t Y . (1.21)

X (w/ a spin⇥Zn str) is bordant to Y (w/ a spin⇥Zn str) if @W = X t Y . (1.22)

Any 5d X (w/ a spin⇥Zn str) is bordant to X1 t X1 t · · · X2 t X2 t · · · (w/ their spin⇥Zn strs).
(1.23)

Such X1 and X2 are called generators of the bordism group (associated w/ spin⇥Zn str)
(1.24)

exp(�2⇡i⌘R(X)) = exp(�2⇡i⌘R(Y )) (1.25)
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mixed anomaly btw
ℤ# and Spin(4)  

↵R := (⌘R(X1) modZ, ⌘R(X2)) mod), (1.26)

or equivalently by

↵R := (⌘R(X1) mod Z, ⌘R(X2) mod Z)
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where G (H ) can be Spin ⇥ G or Spin
G (Spin ⇥ H or Spin

H)
and all G, H, and K are finite.
Given a homomorphism H ! G , if a nontrivial 4d anomaly
(5d cobordism class) is pulled back to a trivial class in ⌦

5
H

, we
say that the anomaly � is trivialized by extending G to H .
Take an anomaly e

�2⇡i↵R 2 ⌦
5
Spin(BZ4) with R = ⇢1 � ⇢1 � ⇢2 2 RU(Z4).

One can check, for some suitable homo Z8 ! Z4, the pullback class
We can also consider group extensions from a twisted symm to an untwisted symm
Take an anomaly e

�2⇡i↵̃R 2 ⌦
5
SpinZ4

with R = ⇢1 � ⇢1 � ⇢1 � ⇢1 2 RU(Z4).
Then the pullback class e

�2⇡i↵R becomes trivial in ⌦
5
Spin(BZ4).

The physical meaning of such a trivialization is that four left-handed Weyl
ferm with symm transf  i ! i i cannot consistently couple to a spin

Z4 gauge
field, while there is no problem for them to couple to a Z4 gauge field.
If the Z4 gauge field is dynamical, the corresponding (top.) Z4 gauge theory
to which the massless fermions couple must be a spin TQFT.
(if not, the whole theory including both the massless and topological sectors can also be
formulated on any non-spin manifold, which is a contradiction because of the presence of
the Spin

Z4(4) anomaly).

1 ! Z2 ! Spin ⇥ Z8 ! Spin ⇥ Z4 ! 1 (1.29)

1 ! Z2 ! Spin ⇥ Z4 ! Spin
Z4 ! 1 (1.30)

**************************
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Cancellation of gauge anomalies is a fundamental constraint on a consistent quantum
field theory. For example, in a (3+1)-dimensional U(1) chiral gauge theory — Weyl fermions
coupled to a U(1) gauge theory — the U(1) charges of fermions must satisfy the following
relation

�q3 :=

X

L

q
3
L �

X

R

q
3
R = 0, �q1 :=

X

L

qL �
X

R

qR = 0 (1.19)

to ensure the consistency of the theory, where qL and qR are charges of left- and right-
handed Weyl fermions, respectively. The first constraint is required for cancellation of
purely gauge anomaly, while the second one is required for cancellation of mixed gauge-
gravitational anomaly. Note that the effect of gravity is considered, as the theory should
also make sense when coupled to a generic gravitational background. These two kinds
of anomalies are both perturbative anomalies and can be computed by a conventional
Feynman-diagram approach. Alternatively, one can also consider a fermion theory coupled
to both a background U(1) gauge field and gravity and require vanishing of the associated ’t
Hooft anomalies (obstruction of having a well-defined partition function in the above setup),
which correspond to the coefficients proportional to �q3 and �q1 of the (4+1)-dimensional
U(1) gauge and mixed gauge-gravitational Chern-Simons terms, respectively.

While anomalies of continuous symmetries such as U(1) are well understood, the cases
of discrete symmetries have been studied much less. Because discrete gauge symmetries can
play an important role in constraining the low energy physics of some important theories
such as the standard model, the study of discrete gauge anomalies deserves research efforts.
Some early results about this issue can be found in [1–6]. One of the arguments for can-
cellation of discrete gauge anomalies, e.g., in the pioneering work [1] by Ibáñez and Ross,
is based on the cancellation condition of a continuous symmetry in which the low energy
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↵R := (⌘R(X1) modZ, ⌘R(X2)) mod), (1.26)

or equivalently by
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where G (H ) can be Spin ⇥ G or Spin
G (Spin ⇥ H or Spin

H)
and all G, H, and K are finite.
Given a homomorphism H ! G , if a nontrivial 4d anomaly
(5d cobordism class) is pulled back to a trivial class in ⌦

5
H

, we
say that the anomaly � is trivialized by extending G to H .
Take an anomaly e

�2⇡i↵R 2 ⌦
5
Spin(BZ4) with R = ⇢1 � ⇢1 � ⇢2 2 RU(Z4).

One can check, for some suitable homo Z8 ! Z4, the pullback class
We can also consider group extensions from a twisted symm to an untwisted symm
Take an anomaly e

�2⇡i↵̃R 2 ⌦
5
SpinZ4

with R = ⇢1 � ⇢1 � ⇢1 � ⇢1 2 RU(Z4).
Then the pullback class e

�2⇡i↵R becomes trivial in ⌦
5
Spin(BZ4).

The physical meaning of such a trivialization is that four left-handed Weyl
ferm with symm transf  i ! i i cannot consistently couple to a spin

Z4 gauge
field, while there is no problem for them to couple to a Z4 gauge field.
If the Z4 gauge field is dynamical, the corresponding (top.) Z4 gauge theory
to which the massless fermions couple must be a spin TQFT.
(if not, the whole theory including both the massless and topological sectors can also be
formulated on any non-spin manifold, which is a contradiction because of the presence of
the Spin

Z4(4) anomaly).

1 ! Z2 ! Spin ⇥ Z8 ! Spin ⇥ Z4 ! 1 (1.29)

1 ! Z2 ! Spin ⇥ Z4 ! Spin
Z4 ! 1 (1.30)
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• In the presence of both chiralities, the cancel cond becomes

• Let’s see some examples:

(coupled to Weyl fermions) usually comes from the presence of non-perturbative or global
anomalies. In this situation, the perturbative Feynman-diagram method might not be useful
for studying such anomalies. There should be a topological approach to detect these gauge
anomalies; however, we will not take this route in this paper. Instead, we consider the ’t
Hooft anomalies of the Spin(4)⇥Zn or the Spin

Z2m(4) symmetry of a chiral fermion theory.
That is, we look at the consistency, based on the Dai-Freed theorem [8], of formulating a
fermion theory on a generic spacetime manifold endowed with a structure associated with
the Spin(4) ⇥ Zn or the Spin

Z2m(4) group. We explicitly compute these anomalies in the
main text, with the main result summarized as follows.

For a theory of Weyl fermions transforming under the “untwisted” symmetry group
Spin(4) ⇥ Zn, the anomaly-free condition is

�
n

2
+ 3n + 2

�
�s3 = 0 mod 6n, 2�s1 = 0 mod n, (1.33)

where �s3 :=
P

L
s
3
L

�
P

R
s
3
R

and �s1 :=
P

L
sL �

P
R

sR are defined in terms of the Zn

charges of fermions that are integers modulo n. On the other hand, for fermions transform-
ing under the “twisted” symmetry group Spin

Z2m(4), the anomaly-free condition is

(2m
2
+ m + 1)�s̃3 � (m + 3)�s̃1 = 0 mod 48m, m�s̃3 + �s̃1 = 0 mod 2m, (1.34)

where �s̃3 :=
P

L
s̃
3
L

�
P

R
s̃
3
R

and �s̃1 :=
P

L
s̃L �

P
R

s̃R are defined in terms of the Z2m

charges of fermions that are odd integers modulo 2m.
There is an essential difference between the anomaly cancellation condition of a con-

tinuous U(1) symmetry and the one of a discrete symmetry: While (1.31) is independent
of the normalization of U(1) charges and of whether the fermions, if all the charges are
odd, couple to a U(1) or a spin

c gauge field, (1.32) or (1.33) is sensitive to these changes,
e.g. a lift from Zn to Zln or a change from the twisted to the untwisted symmetry — all
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Z4(4) symmetry, but has no anomaly for an enlarged symmetry
Spin(4)⇥Z8 (so the two fermions can consistently couple to a (topological) Z8 gauge theory
and the total symmetry is extended from Spin

Z4(4) to Spin(4) ⇥ Z8). The dependence of
discrete anomalies on symmetry extensions is an important issue, which we will discuss in
more detail later.

In addition to studying the anomalies of gauge theories, we are also interested in theories
with anomalous global symmetries, such as the boundary theories of SPT phases. In some
situations, anomalous global symmetries can even be emergent in the low energy phases of
a physical system by itself. By looking at the ’t Hooft anomalies of the global symmetries
(incorporating with spacetime symmetry) of a system, we can know some universal prop-
erties of the system at low energy, e.g., deformability to a (topologically) trivial/nontrivial
gapped phase in a symmetry-preserving fashion. There have been many discussions and
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or equivalently by
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n = 2 : 12�s3 = 0 mod 12, 2�s1 = 0 mod 2, (1.29)

n = 3 : 20�s3 = 0 mod 18, 2�s1 = 0 mod 3, (1.30)

n = 4 : 30�s3 = 0 mod 24, 2�s1 = 0 mod 4, (1.31)
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where G (H ) can be Spin ⇥ G or Spin
G (Spin ⇥ H or Spin

H)
and all G, H, and K are finite.
Given a homomorphism H ! G , if a nontrivial 4d anomaly
(5d cobordism class) is pulled back to a trivial class in ⌦

5
H

, we
say that the anomaly � is trivialized by extending G to H .
Take an anomaly e

�2⇡i↵R 2 ⌦
5
Spin(BZ4) with R = ⇢1 � ⇢1 � ⇢2 2 RU(Z4).

One can check, for some suitable homo Z8 ! Z4, the pullback class
We can also consider group extensions from a twisted symm to an untwisted symm
Take an anomaly e

�2⇡i↵̃R 2 ⌦
5
SpinZ4

with R = ⇢1 � ⇢1 � ⇢1 � ⇢1 2 RU(Z4).
Then the pullback class e

�2⇡i↵R becomes trivial in ⌦
5
Spin(BZ4).

The physical meaning of such a trivialization is that four left-handed Weyl
ferm with symm transf  i ! i i cannot consistently couple to a spin

Z4 gauge
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=> any rep of ℤ" is anomaly free!

=> a (nontrivial) ℤ# anomaly-free rep: 9 left-handed ferm with sL,i=1

=> a (nontrivial) ℤ$ anomaly-free rep: 4 left-handed ferm with sL,i=1



• The anomaly-free conditions we derived basing on the Dai-
Freed theorem have similar forms as the the Ibáñez-Ross cond

ØOnly linear terms and cubic terms of the ℤ" charges are involved

• However, our result should be a necessary and sufficient cond
for consistently gauging a ℤ" symm of a chiral ferm theory, 
while the Ibáñez-Ross cond is in principle a necessary cond↵̃R :=
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Cancellation of gauge anomalies is a fundamental constraint on a consistent quantum
field theory. For example, in a (3+1)-dimensional U(1) chiral gauge theory — Weyl fermions
coupled to a U(1) gauge theory — the U(1) charges of fermions must satisfy the following
relation

�q3 :=

X

L

q
3
L �

X

R

q
3
R = 0, �q1 :=

X

L

qL �
X

R

qR = 0 (1.19)

to ensure the consistency of the theory, where qL and qR are charges of left- and right-
handed Weyl fermions, respectively. The first constraint is required for cancellation of
purely gauge anomaly, while the second one is required for cancellation of mixed gauge-
gravitational anomaly. Note that the effect of gravity is considered, as the theory should
also make sense when coupled to a generic gravitational background. These two kinds
of anomalies are both perturbative anomalies and can be computed by a conventional
Feynman-diagram approach. Alternatively, one can also consider a fermion theory coupled
to both a background U(1) gauge field and gravity and require vanishing of the associated ’t
Hooft anomalies (obstruction of having a well-defined partition function in the above setup),
which correspond to the coefficients proportional to �q3 and �q1 of the (4+1)-dimensional
U(1) gauge and mixed gauge-gravitational Chern-Simons terms, respectively.

While anomalies of continuous symmetries such as U(1) are well understood, the cases
of discrete symmetries have been studied much less. Because discrete gauge symmetries can
play an important role in constraining the low energy physics of some important theories
such as the standard model, the study of discrete gauge anomalies deserves research efforts.
Some early results about this issue can be found in [1–6]. One of the arguments for can-
cellation of discrete gauge anomalies, e.g., in the pioneering work [1] by Ibáñez and Ross,
is based on the cancellation condition of a continuous symmetry in which the low energy
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Ĩm/{Ĩm \ RU0(Zm)
6} ⇠=

8
>>>><

>>>>:

0, if m = 1,

Z8m � Zm/2, if m = 2
v

> 1,

Z3m � Zm/3, if m = 3
v
,

Zm � Zm, if m = p
v
, p > 3,

(1.22)

Cancellation of gauge anomalies is a fundamental constraint on a consistent quantum
field theory. For example, in a (3+1)-dimensional U(1) chiral gauge theory — Weyl fermions
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Ĩm/{Ĩm \ RU0(Zm)
6} ⇠=

8
>>>><

>>>>:

0, if m = 1,

Z8m � Zm/2, if m = 2
v

> 1,

Z3m � Zm/3, if m = 3
v
,

Zm � Zm, if m = p
v
, p > 3,

(1.22)

Cancellation of gauge anomalies is a fundamental constraint on a consistent quantum
field theory. For example, in a (3+1)-dimensional U(1) chiral gauge theory — Weyl fermions

– 3 –

Ibáñez-Ross (Csáki-Murayama)Dai-Freed + Cobordism theory

?



Outline
• Review of discrete gauge anomalies

• Anomalies revisited: Modern perspective and reformulation
ØExample: ℤ" symmetry

• Role of symmetry extensions in discrete anomalies

• Conclusion



Role of symm extensions in discrete anomalies

• We know that the Ibanez-Ross cond. are subject to the issue of 
symm extensions [Banks-Dine 92], which is also crucial in our 
situation – discrete anomalies can in general change or even 
disappear when symm are extended.

• This is the essential difference btw the anomaly cancel. cond. of 
a cont. symm and the one of a discrete symm: 

Indep of the normalization of U(1) charges

Sensitive to symm extensions, e.g. a lift from ℤ" to ℤ#"



• For example, let’s consider the following symm extension

• Take a set of ℤ" charges R={1, 1, 2}, which is anomalous. When ℤ" is 
extended to ℤ# w/ R' ={2, 2, 4}, the anomaly is gone (“trivialized”)

s
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where G (H ) can be Spin ⇥ G or Spin
G (Spin ⇥ H or Spin

H)
and all G, H, and K are finite.
Given a homomorphism H ! G , if a nontrivial 4d anomaly
(5d cobordism class) is pulled back to a trivial class in ⌦

5
H

, we
say that the anomaly � is trivialized by extending G to H .
Take an anomaly e

�2⇡i↵R 2 ⌦
5
Spin(BZ4) with R = ⇢1 � ⇢1 � ⇢2 2 RU(Z4).

One can check, for some suitable homo Z8 ! Z4, the pullback class
We can also consider group extensions from a twisted symm to an untwisted symm
Take an anomaly e

�2⇡i↵̃R 2 ⌦
5
SpinZ4

with R = ⇢1 � ⇢1 � ⇢1 � ⇢1 2 RU(Z4).
Then the pullback class e

�2⇡i↵R becomes trivial in ⌦
5
Spin(BZ4).

The physical meaning of such a trivialization is that four left-handed Weyl
ferm with symm transf  i ! i i cannot consistently couple to a spin

Z4 gauge
field, while there is no problem for them to couple to a Z4 gauge field.
If the Z4 gauge field is dynamical, the corresponding (top.) Z4 gauge theory
to which the massless fermions couple must be a spin TQFT.
(if not, the whole theory including both the massless and topological sectors can also be
formulated on any non-spin manifold, which is a contradiction because of the presence of
the Spin

Z4(4) anomaly).

1 ! Z2 ! Spin ⇥ Z8 ! Spin ⇥ Z4 ! 1 (1.19)
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or equivalently by

↵R := (⌘R(X1) mod Z, ⌘R(X2) mod Z)
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n = 2 : 12�s3 = 0 mod 12, 2�s1 = 0 mod 2, (1.31)

n = 3 : 20�s3 = 0 mod 18, 2�s1 = 0 mod 3, (1.32)

n = 4 : 30�s3 = 0 mod 24, 2�s1 = 0 mod 4, (1.33)
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where G (H ) can be Spin ⇥ G or Spin
G (Spin ⇥ H or Spin

H)
and all G, H, and K are finite.
Given a homomorphism H ! G , if a nontrivial 4d anomaly
(5d cobordism class) is pulled back to a trivial class in ⌦

5
H

, we

– 4 –



• For example, let’s consider the following symm extension

• This means three left-handed ferm w/ ℤ" charges {1, 1, 2} cannot 
consistently couple to a ℤ" gauge field, but can couple to a ℤ# gauge 
field (with rescaled ℤ# charges{2, 2, 4})

• On the other hand, the linear anomaly cannot anomaly (present for a 
single ferm w/ a unit ℤ" charge) can never be trivialized upon any 
symm extension
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where G (H ) can be Spin ⇥ G or Spin
G (Spin ⇥ H or Spin

H)
and all G, H, and K are finite.
Given a homomorphism H ! G , if a nontrivial 4d anomaly
(5d cobordism class) is pulled back to a trivial class in ⌦

5
H

, we
say that the anomaly � is trivialized by extending G to H .
Take an anomaly e

�2⇡i↵R 2 ⌦
5
Spin(BZ4) with R = ⇢1 � ⇢1 � ⇢2 2 RU(Z4).

One can check, for some suitable homo Z8 ! Z4, the pullback class
We can also consider group extensions from a twisted symm to an untwisted symm
Take an anomaly e

�2⇡i↵̃R 2 ⌦
5
SpinZ4

with R = ⇢1 � ⇢1 � ⇢1 � ⇢1 2 RU(Z4).
Then the pullback class e

�2⇡i↵R becomes trivial in ⌦
5
Spin(BZ4).

The physical meaning of such a trivialization is that four left-handed Weyl
ferm with symm transf  i ! i i cannot consistently couple to a spin

Z4 gauge
field, while there is no problem for them to couple to a Z4 gauge field.
If the Z4 gauge field is dynamical, the corresponding (top.) Z4 gauge theory
to which the massless fermions couple must be a spin TQFT.
(if not, the whole theory including both the massless and topological sectors can also be
formulated on any non-spin manifold, which is a contradiction because of the presence of
the Spin

Z4(4) anomaly).

1 ! Z2 ! Spin ⇥ Z8 ! Spin ⇥ Z4 ! 1 (1.19)
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Ø A ℤ$ symm w/ non-vanishing linear anomaly cannot be gauged!

↵R := (⌘R(X1) modZ, ⌘R(X2)) mod), (1.26)

or equivalently by
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n = 2 : 12�s3 = 0 mod 12, 2�s1 = 0 mod 2, (1.31)

n = 3 : 20�s3 = 0 mod 18, 2�s1 = 0 mod 3, (1.32)

n = 4 : 30�s3 = 0 mod 24, 2�s1 = 0 mod 4, (1.33)
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where G (H ) can be Spin ⇥ G or Spin
G (Spin ⇥ H or Spin

H)
and all G, H, and K are finite.
Given a homomorphism H ! G , if a nontrivial 4d anomaly
(5d cobordism class) is pulled back to a trivial class in ⌦

5
H

, we

– 4 –



In summary:
Ø For any consistent chiral gauge theory w/ a definite full symm group:

The discrete charges of the massless Weyl ferm must strictly satisfy the 
whole anomaly cancel cond

massless + massive (topological)
full symm group (e.g. Spin(4)×ℤ#) is known



In summary:
Ø If only the (effective) symm on the massless ferm is known:

The anomaly constrains for the massless ferm should only be respected 
up to symmetry extensions

massless + massive (topological)
only eff symm (e.g. Spin(4)×ℤ#) is detected

In some situations—with the knowledge of “anomalies”—we can predict 
the existence of massive particles carrying “fractional” charges
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Conclusion 
• We revisit discrete gauge anomalies in chiral fermion theories in 3 + 1 

dimensions — from a more modern perspective based on the concept 
of SPT phases. 

• Focusing on the simplest case that the internal symm are cyclic
groups, a reformulation of the “discrete anomaly cancellation’’ 
conditions, first proposed by Ibáñez and Ross in 1991, is given. 

• The role of symmetry extensions in discrete anomalies is clarified in a 
formal fashion, respecting the viewpoint in the previous work by 
Banks and Dine.



Thank You!


