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> The so-called “OPE block” in its simplest form is a bi-local operator
arising from the OPE between two local primary operators: [Ferrara et
al, Mack et al, 1970s].

Op,(P1) Op,(P2) = Z Ba,s(P1, P2).
{A,7}

which is entirely kinematical and fixed by conformal symmetries.

» In Euclidean RY, the explicit form of Ba j(P1, P2) can be extracted
from contraction with the shadow projector:

QA,JO AJ

Ji(h -

N &

N /DEPwM(PDz)MOM(PZ)\ A=d-A, h=

where Dy is the embedding space spin Todorov operator.

> The shadow transformation is given through the following:

Ox ;(P,Z) = w— =T, /DdEP’ J(P,Z)Og ;(P',Dz))s Oa(P', Z')
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The generic form of OPE block can be expressed as:

o QA
B, (P, Py) = AJ AJ /D Po{On,(P1) Ony(P2) Og 4(Po, Dz,) )n On,a(Po, Zo)

where the normalized three point function is

[—2P1 - Cy - Po)7
Af—A+T  A+AL+T  A-ALHJ

2 2 2
P12 PlO P20

(01(P1) O2(P,) O 1(Po, Zo) JE s A =AEA

If we now consider the Feynman parametrization:

A+AL+J A-AR+J 1

1 -
——————— =2B s = S A P —
A+AL+]  A-AL+T < 2 2 ) (PIZ) A;r-’ ‘/7OC (72)((/\) . PO)AJrJ




> |t is interesting to note that the combined coordinate:

e)‘PlA + e*)‘P2A

T2 : XA()\)E T
P

, X(\)?2=-1

naturally belongs to AdS,.1 space and is interpreted as geodesic.

> We can now express the OPE block as the following integral:

ap,JQx, A+AL+J A-AL+J .
B(AE"')’(PI’P2):2J!(lL—1)J1B< 2 )/D“%P‘J

% i 1 Vo2’ |Zy—Dy,
x /,w (=2P; - X(\)21 (2P - X(V)22 (—2P - X(\))A+7

Ona,1(Po, Zo)

where the unique tensor structure is:

v _PiCo-Py_ —2P-Co-Py
%= Tp R P

Heng-Yu Chen National Taiwan University (Based on Ta



» For the scalar case, we can express the scalar OPE block into:

B A+Ay, A—Ap\ 1 [® .
ngph&):2aAB( ;25 H) éﬁd[wdxaﬁu¢gkxun

12

where we have introduced so-called HKLL scalar field CD(AE)(X)
[Hamilton et. al. 2006] such that:

[(A)

@@mmzm/%%r—i—fwmw,%:ﬁﬁ:m,

—2P) - X(\)A

which was first derived from solving the AdS scalar equation of
motion for arbitrary bulk point X.

» The natural interpretation of OPE block is that we integrating

CD(AE)(X) along the geodesic 712 with measure e®12A

[de Boer et. al. 2016], [da Cunha et. al. 2016]

. [Czech et. al. 2016],
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> For J # 0, notice that we have the identity along ~12:

dx ()

Y ~Co- X(N)

Vo2 = —

and rewrite the spinning OPE block as

205 A+AL+J A—AL+JT\ [ ~raxey 17
(E) _ A,J 12 12 A, (44 A) (E)
By (Pr, Py) = it~ %)JB< 5 , 3 )lm(lAe 12 [ o K| ®x5(X(\),W)

A+ AL A— AL 1 X
:Z%,JB( thptd 12+J) / e o® (X(,\) d (’\)>

2 ’ 2 afy
2

12

> Here we have introduced the spinning generalization of HKLL field:

B0 W) = gl -~ [ DR K, (X, P W, D) O (P 20
QA,J d
- DEPy ———— On (P, W - T (R
2J/E0(2PX) a3 (Po, W - T (P, X))

[HYC + Chen, Kobayashi, Nishioka, To Appear]
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> It is interesting to note that the boundary polarization vector:

(W - R)

(X By A

(W-J(Po,X))g=Wa—

is necessary for preserving the bulk symmetry: WA — WA + a XA,

> We therefore have the Euclidean Spinning OPE block as integrating
the pull-back of ¢(AE3)J(X, W) along ~12:

O1(P1)

Ba,s(P1, P2) / dX

O2(P2)
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Another way to derive CD(AE’)J(X, W) is to consider differential operator:

0 0
A A AB AB ApB A B
Dp=7 (Z'E)Z)ic 3PF c*P =2°P° - P*Z

on both sides of scalar conformal integral

/ d aa 1 (-x?)h-h
D Py . . = .
. (2P - X)A (=2P - Pp)A  (—2P-X)A

We can deduce the following relation:

(O8.4(P,Z) 0" (X) )p
= / Dgpﬂﬁ (Oa (P, Z) TNBY Py, X) ... TV B (Py, X) Oa ... 5,(P0) )i

This allows us to directly verify CD(AE’)J(X, W) satisfies the bulk equation of
motion.
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Connection with Geodesic Witten Diagram

For J € Z>q in RY, the holographic dual is “Geodesic Witten Diagram”
(GWD) [Hijano et. al ]

O, (Pr)

Oy (P3)

Here we have diagrammatically introduced the “split representation”, and
their building block: three point GWD [chen, Kyono, Kuo ]
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This picture also generalizes holographically the earlier proposal for “two
point” function of OPE block yields conformal block:

(Ba,s(Pr, P2) Ba,j(P3, Ps))
— (205,)%B <A+A1’2+J7 A7A13+J)B <A+A§4+J7A7A§4+J>
: 2 2 2 2
E) dx(\ E S dxo
et (P00 55 o) (500, 45)
oo 2P - X(A))A1(=2P; - X(A))A2(—2P5 - X(X))23(—2P; - X (\))A«

where we can directly identify the pull back of bulk to bulk propagator
for spin-J tensor field.[Hijano et. a]
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Generalization to Lorentzian CFT/AdS?

> It is interesting to ask if we can extend the construction of
Euclidean Holographic OPE block to Lorentzian case? [see Tatsuma's talk]

BY,(Py, Py) / DEPy (O, (PL) Ony(P2) O 5 (Poy D) b O s (Po, Zo) 77

Basically three issues:

1. Integration Region?
2. Which 3 pt function?
3. Which bulk field and geodesic?

» This belongs to part of the systematic program of relating boundary
primary fields to bulk ones (i.e. Lorentzian HKLL?), their
correlation functions to the corresponding Witten diagrams in
Lorentzian setting.
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Non-local Primary Operators in Lorentzian CFT

» Now consider CFT in M“~1, a primary operator O (x) is labeled
by (A, J, \) of SOa(L,1) x SO,(1,1) x SOA(d — 2) & SO(2, d).

> The restrict Weyl group is now Dg, whose elements can be
generated by two transformations: [kravchuk, Simmons-Duffin]

SAlA, TN = (A,2—d—J,A%), LA LN =(1-J1-A,%

which satisfy (SJ)2 = (L)2 = (LS))* =1.

> Using the combinations of S; and L, the eight elements of Dg are:

w order A J’ X
1 1 A J A
Sa =LS,L 2 d—A J AR
Sy 2 A 2-d—J ME
S =(S/L)?*| 2 d—A 2—-d—J A
L 2 1-J 1-A A
F =S,LS; 2 |J4+d-1 A—d+1 X
R =S,L 4 1-J A—-d+1 M\E
R =18, 4 |J+d—-1 1-A AE
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The non-local primary operators corresponding to S (Spin-Shadow) and
L (Light Ray) transformations can be constructed through integrals:

. ) 1
Shadow : Oy_a s(z,2) = z/ddx'WOAJ(x',I(x —1z')z),

Spin Shadow : Opp g s(z,2) = /Ddfzz/(—Qz NI O (2, 2),

+o00

Light Ray : O1_j1-a(z,2) = / do(—a/) AT Op sz — 2,2).

here we have introduced the embedding function for continuous J:

Oaylaz, Bz) = a 20704 s(2,2), c f. Oagl(z,2)=2" ... 2" 07 . 4, (@)

while the integration measure over z* is:

d%260(z)6(2%)

Dd72
# volR*

Both shadow and spin-shadow transformations can be treated equally.
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For example, if we now include the spin-shadow transformation to define
“full shadow" projector (2¢ = d — 2):

Onsl = Basbs,s [ DPP [ D105, 5P )) (On (P )]

For space-like P15 > 0, we are led to the following proposal for the
spinning Lorentzian OPE block:

o .
B2 =258 (AR B Gt d) L (" s oanal), (xo, )

2 ’ 2 IS ax
1:)122
where the HKLL field is now:
w - / 2 / a p [w- T (@ —0) - z0]”
o' (X, w) = D DEPR, U O (P,
ag (X,w) = Bas 20 Comaze v apy - X)A A7 (Po, z0)

with Ty (x = y) = b, — 202500
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