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Holography
Boundary - - Bulk

[Denes Gabor '47] [‘t Hooft '93, Susskind ‘94]

CElopnRt == -+ on AdS .
[l [Maldacena '97]
How?

- Relevant RG defromation |
[Girardello-Petrini-Porrati-Zaffaroni ‘98] [Distler-Zamora '98]

- Wilsonian RG scale
[Heemskerk-Polchinski '10]

0 - Relative coordinate in bilocal field
[Das-Jevicki '03]

- entanglement entropy, cMERA
[Ryu-Takayanagi ‘06], [Swingle '09]
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cold atom system




Holography
Boundary - - Bulk
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Q: Possible to realize?
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Anistoropic scaling -> cf. Trapped cold atom system
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Anistoropic scaling -> cf. Trapped cold atom system
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Flow equation




(Gradient) flow equation

1. was introduced to help numerics of lattice QCD. cf. def of stress energy tensor

[Albanese et al. (APE) '87] [Narayanan-Neuberger '06] [Luscher '10,'13]

2. describes a non-local course-graining of an operator.
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(Gradient) flow equation

1. was introduced to help numerics of lattice QCD. cf. def of stress energy tensor

[Albanese et al. (APE) '87] [Narayanan-Neuberger '06] [Luscher '10,'13]

2. describes a non-local course-graining of an operator.

1
Consider a CFT, which contains a primary scalar ¢ (¢(z1)¢(x2)) = —x
L12

General flow equation T1o i= T1 — To

do(zin)  955(0) s
R e I A b e

NOTE: If S.coincide with the action of the theory, the flow equation is called the
gradient flow.




(Gradient) flow equation

1. was introduced to help numerics of lattice QCD. cf. def of stress energy tensor

[Albanese et al. (APE) '87] [Narayanan-Neuberger '06] [Luscher '10,'13]

2. describes a non-local course-graining of an operator.

1
Consider a CFT, which contains a primary scalar ¢ (¢(z1)¢(x2)) = —x
112
Free flow equation L12 -= T1 — X2

D _ o) ooty
o = 07¢(z;m).  o(x;0) = o(x) i
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(Gradient) flow equation

1. was introduced to help numerics of lattice QCD. cf. def of stress energy tensor
[Albanese et al. (APE) '87] [Narayanan-Neuberger '06] [Luscher '10,'13] '

2. describes a non-local course-graining of an operator.
1

28
L1z

Free flow equation L12 -= T1 — X2

Consider a CFT, which contains a primary scalar ¢ (¢(z1)¢(x2)) =

o(x;n).  &(x;0) = o(x) |

Op(x;n) 22
on )

—(z—y)*/4n
e N d o ey = &
The solution:  ¢(z;n) = /d y K(x —y;n)d(y). K(z —y;n) ()72

= Reminiscent of the block spin transformation!? i




Block spin v.s. Flowed operator




Block spin v.s. Flowed operator
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(Gradient) flow equation

1. was introduced to help numerics of lattice QCD. cf. def of stress energy tensor
[Albanese et al. (APE) '87] [Narayanan-Neuberger '06] [Luscher '10,'13] '

2. describes a non-local course-graining of an operator.
1

oA |
L1z

Free flow equation L12 -= T1 — X2

Consider a CFT, which contains a primary scalar ¢ (¢(z1)¢(z2)) =

WNED) _ gy, ola:0) = ola) |

on

e~ (z—y)? /4n

(4mrn)d/2

The solution:  ¢(x;n) = /ddy K(z —y;mo(y). K(z —y;n) =

Claim: Contact singularity in 2pt function is resolved. it
[Albanese et al. (APE) '87] [Narayanan-Neuberger '06]
1 2

(o) Bl ) = — F(251) Ny =11+
[/ T+

F(v;1) = / du(l — u) 2= A tgmvu/4y A1 d—2 ; 2 <A< -1 5 !
0 i




Construction of holographic space

[Aoki-Kikuchi-Onogi '15]
[Aoki-Balog-Onogi-Weisz '16,'17]
[Aoki-SY '17]
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Construction of holographic space

[Aoki-Kikuchi-Onogi '15]

Def. (Dimensionless normalized operator) [Aoki-Balog-Onogi-Weisz '16,'17]
o(zim) = o(;n) e =
M) = perator renormalization
Vo3 m)?)

NOTE: (o(z;m)o(x;n)) =1
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Construction of holographic space

[Aoki-Kikuchi-Onogi '15]

Detf. (Dimensionless normalized operator) [Aoki-Balog-Onogi-Weisz '16,'17]
o) e 2T Rt lization”
) T erator renormailization
VA{p(x;m)?) P
NOTE: (o(z;m)o(z;n) =1
Def. (Metric operator and induced metric)

do(x;n) Oo(x; >
gun(z;n) = %(:Mn) %(:Nﬁ) gun (2) == (Gun(75m))oFT

M = (z#,7) with 7 oc \/

Comment: An induced metric can be interpreted as the information metric.
[Aoki-SY '17]
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Construction of holographic space

[Aoki-Kikuchi-Onogi '15] |
[Aoki-Balog-Onogi-Weisz '16,'17]

o(x;n) = ¢(x;1n) “Operat lization”
y L erator renormalization i
V(@ n)?) b |

Def. (Dimensionless normalized operator)

NOTE: (o(z;m)o(x;n)) =1

Det. (Metric operator and induced metric) i

. Oo(x;n) do(z; .
gun(z;n) = 2(;\477) %(:Nn) gunN(2) == (gun(x;n))cFr i

M = (z#,7) with 7 oc \/ i

Comment: An induced metric can be interpreted as the information metric. r"

[Aoki-SY '17]
In the current case, i

(oo m)a(eai ) = (2L )A 6 (Z2). )= Fluw1)/FO:)

T+




Smearing = Extra direction
?{O 7{71 7{72

0 dszl = Dinf(pz17p21+d2)2 — gMN(z)dszzN
[Aoki-SY '17]

Cf. Gelfand-Shirov thm




Non-relativistic Hybrid geometry

[Aoki-SY-Yoshida '19]

PRD (2019) no.12, 126002




Non-relativistic flow equation

Consider NRCFT, with a complex scalar primary field O(x,t)

1 =2

L19
F(52),

<O(f17 tl)O]L (3_7)27 t2)> — Ao
12




Non-relativistic flow equation

Consider NRCFT, with a complex scalar primary field O(x,t)

. . 1 T2
<O($1,t1)OT($2,t2)> = Ao f(2t1122)’

Introduce one extra direction x

, _ , _ 1 7
(0ot )0 @t 7)) = g f (et 32 )
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Non-relativistic flow equation

Consider NRCFT, with a complex scalar primary field O(x,t) I

1 T

(O(@1,11)01(Z2, t2)) = el 12 ),

5 2t19

Introduce one extra direction x il

= - = — 1 — fQ i:l!
<O(x1,xf,x1 )OT(xZaaj;?xQ )> — (xiB)AO f (3312 + i) . £C+ =1 i

Smear this operator O by a free NR flow equation: i

%g; W) — (im0 + 20,0+ Polain),  o(x:0) = O

.= (zl) = (Z,x27,z7) i




Non-relativistic flow equation
Consider NRCFT, with a complex scalar primary field O(x,t)

);

9
1 19

<O(fl,t1)OT(f2,t2)> A f(2t12

12

Introduce one extra direction x

L9

Smear this operator O by a free NR flow equation:

Op(x;n)
on

= (2imo_ [ 20,0_ + 0%)(x;m), ¢(x;0) = O(x)

R NS _ 1 _
(O(Z1, 27 ,27)0 (&2, 25 ,5)) = (5)5o f <x12 + i) . xt =t

—  ¢wsm) = /dDyK(i’? —y;n)0(y) K(x;m) = exp [—imw_]

NOTE: Contact singularity is generically resolved thanks tg a new term.




Holographic geometry for NR CFT

Def. Induced (holographic) metric

ds® = %(<8M0T8N0> + <8M05’N0T>)dajMda?N

where o is the normalized flowed field whose 2pt function is given by

Ao /2 I .
4 © 2(x{9 + 2emny)x{, + (2 X

(o(z1;m)ot (m2;m2)) :( 7712772) G( (215 14)%15 + (T12) | 12)
G T+ o




Holographic geometry for NR CFT

Def. Induced (holographic) metric

ds® = %(<8MO'T(9NO'> + <8MO'(9NO']L>)ddeZEN

where o is the normalized flowed field whose 2pt function is given by

Ro/2 =+ o » > \2 ot
4 © 2(x{9 + 2emny)x{, + (2 X
<‘7(5’713771)0T(332;772)> 2( 771772) G( (215 14)%15 + (T12) 12)

77—2|- M+ ’ N+
RESULT
_q0.2) ([ _a10 () — 2ima D (G .
ds? = pwe O) (gz+)? 4 92O ; MG O)) gt da= + 42620 (§) (dz— )2
A —5.. GO0 ..
+ —2d772 A ) dx*dx?
4n U

( ~Ao = (2d +2)GH(0) + 8imG™V (0) + 2imG D (0), )

1) If Gis a general function - Lifshitz . x R with Z=2

: = — NR hybrid geomet
2) GO0 =@tV (0)=0 - Schrodinger,,, Ll 24




Q: GR system for NR hybrid geometry?

[Aoki-Balog-SY-Yoshida]

arXiv:1910.11032




GR system to realize NR hybrid?

drT)? dr? +dz? + 2(1 drTdr~
dsQ:A@[—a( x4) L4 tdat (2+ﬁ) rtdr +7(d:1:_)2].
T T
 ApGOA(0) o 2imGEYD(0)  4m2G20(0))
T uceo@Ee’ VT Teuo@ T T Ao

Field contents?
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GR system to realize NR hybrid?

drt)? dr? +dz? + 2(1 drTdx™
ds2:A@[—oz( $4) + =L o (2+5>$ = 7(dm‘)2].
4 T it
AoG2)(0) 2im G- (0) 4m2G20)(0))
= p—ry 3 e gy , ’y —
Boundary Field contents? Bulk

U(1). global action

o(z;n) = o(zsn) = eo(z;n)

U(1). invariant operators

A 1
3 e 2(131\40 o — ZO’JraMO')
iAGO-1) (0) )

T 200 (§)r2
IJMN = 5(8M0T8NJ + 8N0T8Ma)




GR system to realize NR hybrid?

T2 dr? +dr? +2(1 dotdr~
d32:A@[—a(dx4) L4 tdat (2+B)x T +7(dx_)2].
T T
Ao G2 (0) 2imG 11 (0) 4m2G20(0))
= = , = — , Y =
1G00) ()2 G110 (0) Ao
Boundary Field contents? Bulk
U(1). global action —- U(1), gauge action
: [Witten '98]
o(z;n) 2> ol@;n) =eolan)e ey O(X)
i\
U(1). invariant operators D= nic
A 1
3 A = Q(ZaMU == ZO'TaMO') T AM(X)
= 0,10 :
(A_(z) = oy Y ) Ay — Apr — 10\
2G(1,0)(0)72

(6MJT8NJ + 3N0T5’M0) —- gumn (X)

cf. [Balasubramanian-McGreevy '10]



GR system to realize NR hybrid? i"ﬂ

+\2 2 =2 2(1 d —|—d — |
ds2:A@[—a(dx4) _|_d7' + dx° + (2+B) xtdx +7(da:_)2]. ';5
4 T |
A oGO (0) 2im G (0) 4m>G20) (0)) .
= = , = — , Y= |
4G00) (0)2 G0 (0) Ao
Boundary Field contents? Bulk
U(1). global action —- U(1), gauge action
. [Witten '98]
o(z;n) = o(z;n) = €0(2;))  —m—m—m— B(X)
i
U(1), invariant operators O —e”d
~ 1
3 A = (Z@Ma o —ZO'TaMO') T AM(X)

~ AGOD(D) )
- 2G10(0)72
Gun = = (000 ONT + ONOT0y0) ——— gun (X)

cf. [Balasubramanian-McGreevy '10]
— Einstein-Maxwell-Higgs system

1
5= /dD“xw ( 5(R—2A) — 2g"g"" FupFuo ~- gD, ®'D,® —V(|<I>\)) ?
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GR system to realize NR hybrld? ;ﬂ
2 dr? 4 da® + 2(1 + B)dat da "
dSQZAO{_&(dx ) _|_d7' +dz* +2(1 4 B)dx"dx (). .
7—4 7—2 ii
o DoGOA@) | 2mGDE)  4m GO () 2 !;
4G(1,0) (0)2 G(l,O) (0) AO
Boundary Field contents? Bulk
U(1). global action —- U(1), gauge action
. [Witten '98]
o(z;1) = 0(2;0) = €70(2)1) e— D(X)
iX
U(1). invariant operators P —ed
~ 1
F = (owoio-loye) - == > Apr(X)
5 0,1) (o .
(A_(z) = oy Y ) Ay — Apr — 10y A
- 2G(1.0) (0)72
,QMN:§(6MUT8NU—|—8NUT8MU) —- gMN(X)
cf. [Balasubramanian-McGreevy '10]
— Einstein-Maxwell-Higgs system [Taylor '08] cf. [Kachru-Liu-Mulligan 08] {i
1
5= /dD“xw ( 5(R—28) = 2¢"g" FupFuo — g"'D,®'D,® — V(|<I>\))




GR system to realize NR hybrid?

S TR ST TLelTEIUIE L T SLuGLoLuliiITh

+\2 2 72 1 9(1 + Jp—
dSQZAo[—OA(de) _|_d7' + di* 4+ 2(1 4 B)dx™dx N
AoGOA(@) || . 20mGID@G) 4m2GEO(0)

4((1,0) ((‘)’)2 ’

Boundary

U(1). global action

A

o(z;n) = o(x;n) = e o(x;n)

U(1). invariant operators

3 Ay 1= 1(2(9Ma o — wT(‘?MJ)

— Einstein-Maxwell-Higgs system + gravitataional gauge fixing term!!

S = / s = (

EEh e o X x5

G(1.9) (0)

L IT L SIS

Field contents? Bulk

= .'.'_ ET_T'l_—.

——-
[Witten '98]

—

U(1)g gauge action

d(X)
d — PP

e e e
RIS L fadiiISiECTLTLEIT. i SO

#
iAGOD (0

S g

. STLIE

(R0

~ 2600072
(6MUT3NU + 3N0T3MU)

I

gun (X)

cf. [Balasubramanian-McGreevy '10]

—

ST am e =

——
=

L i

74 o 174 1 —
1" FupFo — ¢ D@ D,® - V(2] + 52 (5 )?)

e TR TR e e



GR system to realize NR hybrid?

1

S = / s = (

(A_(z) = 4mG0(0), Ai(z) =

U(1). global action

A

o(x;n) = o(z;n)" = e o(z;n)
U(1). invariant operators

- 1
3 e 2(28M0 o — wT(‘?MJ)

——-

[Witten '98]

—

—-

(B_2h) -

IJMN = 5(6M0T8NU + 3N0T8M0)

iAGO-1) (0) )

2G(1.0)(0)72

—
cf. [Balasubramanian-McGreevy '10]

+\2 2 2 2 1 + —
ds2:A@[—a(dx4) _|_d7' + dz® + (2+6)dw dx +7(da:_)2].
T T
Ao G2 (0) 2imG 11 (0) 4m2G20(0)) T
T \o 6 — = S
IGO0 (0)2 GO (D) Ao -
Boundary Field contents? Bulk

U(1)g gauge action

d(X)
P — P
A (X)

gun (X)

— Einstein-Maxwell-Higgs system + gravitataional gauge fixing term!!

1 o
Sghvgee e

4 7DD~ V(B + 55 &)

choice of smearing

1?2
A————-

choice of gauge

By

I T T T U

e e e

--'._ET_. T'.ﬁ.—_—.—T__'r;—' P

_.I'IT_‘;-_‘:_E
e Bt o ot e - o
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Summary

We investigated holographic geometry for NRCFT employing NR flow equation.

We obtained a new geometry interpolating the Schrodinger and Lifshitz
geometries (=NR hybrid geometry) as a general holographic space of NRCFT.

We showed that NR hybrid geometry is realized by Einstein-Maxwell-Higgs
system with gravitational gauge fixing term.
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Summary

We investigated holographic geometry for NRCFT employing NR flow equation.

We obtained a new geometry interpolating the Schrodinger and Lifshitz
geometries (=NR hybrid geometry) as a general holographic space of NRCFT.

We showed that NR hybrid geometry is realized by Einstein-Maxwell-Higgs
system with gravitational gauge fixing term.

Future directions

- Dynamics in the bulk? For excited states? working in progress [Aoki-Balog-SY]
- Locality in the bulk? Bulk causality? cf. [Hamilton-Kabat-Lifshitz-Lowe ‘06]
-+ 1-loop calculation of dual gravity (higher-spin)? cf. [Giombi-Klebanov ‘02]...

- Finite temperature? BH?

- Thank you!
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Summary

We investigated holographic geometry for NRCFT employing NR flow equation.

We obtained a new geometry interpolating the Schrodinger and Lifshitz
geometries (=NR hybrid geometry) as a general holographic space of NRCFT.

We showed that NR hybrid geometry is realized by Einstein-Maxwell-Higgs
system with gravitational gauge fixing term.

Future directions

- Dynamics in the bulk? For excited states? working in progress [Aoki-Balog-SY]
- Locality in the bulk? Bulk causality? cf. [Hamilton-Kabat-Lifshitz-Lowe ‘06]
-+ 1-loop calculation of dual gravity (higher-spin)? cf. [Giombi-Klebanov ‘02]...

- Finite temperature? BH?

- Thank you!
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GR system to realize NR hybrid? -"c

(dx™)?  dr? +d7d* +2(1 + B)dxtdx™
T4 i T2

+ v(dﬂc—)Q] -

~ ApG2 (0) B 2imG 1 (0)  4m?GR0) (0)) .
Cacuo@e T T eioE) T Ao

ds2:A@[—a

Boundary Field contents? Bulk

U(1). global action —- U(1), gauge action
[Witten '98]

O — P 'r

e Ay (X)
1
JMN = 5(8M0T8N0 + (9N0T8Ma) ———- gMN(X)

cf. [Balasubramanian-McGreevy '10]

o(x;n) = o(ayn) = e
U(1). invariant operators
1

Ay 1= i(ié?MaTJ — iaTﬁMa)

— Einstein-Maxwell-Higgs system

1 1
5= /dDHx\/—g (ﬁ(}z —2A) = 29"9" FupFro — g"'D,®'D,® — V(|<I>\)) ?
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