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BCJ Relation

Momentum Kernel ⇥
<latexit sha1_base64="YawbQ+Tj+EjK/u51DVQzIZAVCHo=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOZpMxszPLTK8QQv7BiwdFvPo/3vwbJ8keNLGgoajqprsrSqWw6PvfXmFtfWNzq7hd2tnd2z8oHx41rc4M4w2mpTbtiFouheINFCh5OzWcJpHkrWh0O/NbT9xYodUDjlMeJnSgRCwYRSc1uygSbnvlil/15yCrJMhJBXLUe+Wvbl+zLOEKmaTWdgI/xXBCDQom+bTUzSxPKRvRAe84qqhbEk7m107JmVP6JNbGlUIyV39PTGhi7TiJXGdCcWiXvZn4n9fJML4OJ0KlGXLFFoviTBLUZPY66QvDGcqxI5QZ4W4lbEgNZegCKrkQguWXV0nzoho4fn9Zqd3kcRThBE7hHAK4ghrcQR0awOARnuEV3jztvXjv3seiteDlM8fwB97nD7YtjzQ=</latexit><latexit sha1_base64="YawbQ+Tj+EjK/u51DVQzIZAVCHo=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOZpMxszPLTK8QQv7BiwdFvPo/3vwbJ8keNLGgoajqprsrSqWw6PvfXmFtfWNzq7hd2tnd2z8oHx41rc4M4w2mpTbtiFouheINFCh5OzWcJpHkrWh0O/NbT9xYodUDjlMeJnSgRCwYRSc1uygSbnvlil/15yCrJMhJBXLUe+Wvbl+zLOEKmaTWdgI/xXBCDQom+bTUzSxPKRvRAe84qqhbEk7m107JmVP6JNbGlUIyV39PTGhi7TiJXGdCcWiXvZn4n9fJML4OJ0KlGXLFFoviTBLUZPY66QvDGcqxI5QZ4W4lbEgNZegCKrkQguWXV0nzoho4fn9Zqd3kcRThBE7hHAK4ghrcQR0awOARnuEV3jztvXjv3seiteDlM8fwB97nD7YtjzQ=</latexit><latexit sha1_base64="YawbQ+Tj+EjK/u51DVQzIZAVCHo=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOZpMxszPLTK8QQv7BiwdFvPo/3vwbJ8keNLGgoajqprsrSqWw6PvfXmFtfWNzq7hd2tnd2z8oHx41rc4M4w2mpTbtiFouheINFCh5OzWcJpHkrWh0O/NbT9xYodUDjlMeJnSgRCwYRSc1uygSbnvlil/15yCrJMhJBXLUe+Wvbl+zLOEKmaTWdgI/xXBCDQom+bTUzSxPKRvRAe84qqhbEk7m107JmVP6JNbGlUIyV39PTGhi7TiJXGdCcWiXvZn4n9fJML4OJ0KlGXLFFoviTBLUZPY66QvDGcqxI5QZ4W4lbEgNZegCKrkQguWXV0nzoho4fn9Zqd3kcRThBE7hHAK4ghrcQR0awOARnuEV3jztvXjv3seiteDlM8fwB97nD7YtjzQ=</latexit><latexit sha1_base64="YawbQ+Tj+EjK/u51DVQzIZAVCHo=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOZpMxszPLTK8QQv7BiwdFvPo/3vwbJ8keNLGgoajqprsrSqWw6PvfXmFtfWNzq7hd2tnd2z8oHx41rc4M4w2mpTbtiFouheINFCh5OzWcJpHkrWh0O/NbT9xYodUDjlMeJnSgRCwYRSc1uygSbnvlil/15yCrJMhJBXLUe+Wvbl+zLOEKmaTWdgI/xXBCDQom+bTUzSxPKRvRAe84qqhbEk7m107JmVP6JNbGlUIyV39PTGhi7TiJXGdCcWiXvZn4n9fJML4OJ0KlGXLFFoviTBLUZPY66QvDGcqxI5QZ4W4lbEgNZegCKrkQguWXV0nzoho4fn9Zqd3kcRThBE7hHAK4ghrcQR0awOARnuEV3jztvXjv3seiteDlM8fwB97nD7YtjzQ=</latexit>

Amplitudes = 0
<latexit sha1_base64="BY4aZfWj2bYTLguxvLKkgzi6EYI=">AAAB6XicbZBNS8NAEIYn9avWr6pHL4tF8FQSEepFKHrxWMV+QBvKZrtpl242YXcilNB/4MWDIl79R978N27bHLT1hYWHd2bYmTdIpDDout9OYW19Y3OruF3a2d3bPygfHrVMnGrGmyyWse4E1HApFG+iQMk7ieY0CiRvB+PbWb39xLURsXrEScL9iA6VCAWjaK2Ha7dfrrhVdy6yCl4OFcjV6Je/eoOYpRFXyCQ1puu5CfoZ1SiY5NNSLzU8oWxMh7xrUdGIGz+bbzolZ9YZkDDW9ikkc/f3REYjYyZRYDsjiiOzXJuZ/9W6KYZXfiZUkiJXbPFRmEqCMZmdTQZCc4ZyYoEyLeyuhI2opgxtOCUbgrd88iq0Lqqe5fvLSv0mj6MIJ3AK5+BBDepwBw1oAoMQnuEV3pyx8+K8Ox+L1oKTzxzDHzmfP/qwjPs=</latexit><latexit sha1_base64="BY4aZfWj2bYTLguxvLKkgzi6EYI=">AAAB6XicbZBNS8NAEIYn9avWr6pHL4tF8FQSEepFKHrxWMV+QBvKZrtpl242YXcilNB/4MWDIl79R978N27bHLT1hYWHd2bYmTdIpDDout9OYW19Y3OruF3a2d3bPygfHrVMnGrGmyyWse4E1HApFG+iQMk7ieY0CiRvB+PbWb39xLURsXrEScL9iA6VCAWjaK2Ha7dfrrhVdy6yCl4OFcjV6Je/eoOYpRFXyCQ1puu5CfoZ1SiY5NNSLzU8oWxMh7xrUdGIGz+bbzolZ9YZkDDW9ikkc/f3REYjYyZRYDsjiiOzXJuZ/9W6KYZXfiZUkiJXbPFRmEqCMZmdTQZCc4ZyYoEyLeyuhI2opgxtOCUbgrd88iq0Lqqe5fvLSv0mj6MIJ3AK5+BBDepwBw1oAoMQnuEV3pyx8+K8Ox+L1oKTzxzDHzmfP/qwjPs=</latexit><latexit sha1_base64="BY4aZfWj2bYTLguxvLKkgzi6EYI=">AAAB6XicbZBNS8NAEIYn9avWr6pHL4tF8FQSEepFKHrxWMV+QBvKZrtpl242YXcilNB/4MWDIl79R978N27bHLT1hYWHd2bYmTdIpDDout9OYW19Y3OruF3a2d3bPygfHrVMnGrGmyyWse4E1HApFG+iQMk7ieY0CiRvB+PbWb39xLURsXrEScL9iA6VCAWjaK2Ha7dfrrhVdy6yCl4OFcjV6Je/eoOYpRFXyCQ1puu5CfoZ1SiY5NNSLzU8oWxMh7xrUdGIGz+bbzolZ9YZkDDW9ikkc/f3REYjYyZRYDsjiiOzXJuZ/9W6KYZXfiZUkiJXbPFRmEqCMZmdTQZCc4ZyYoEyLeyuhI2opgxtOCUbgrd88iq0Lqqe5fvLSv0mj6MIJ3AK5+BBDepwBw1oAoMQnuEV3pyx8+K8Ox+L1oKTzxzDHzmfP/qwjPs=</latexit><latexit sha1_base64="BY4aZfWj2bYTLguxvLKkgzi6EYI=">AAAB6XicbZBNS8NAEIYn9avWr6pHL4tF8FQSEepFKHrxWMV+QBvKZrtpl242YXcilNB/4MWDIl79R978N27bHLT1hYWHd2bYmTdIpDDout9OYW19Y3OruF3a2d3bPygfHrVMnGrGmyyWse4E1HApFG+iQMk7ieY0CiRvB+PbWb39xLURsXrEScL9iA6VCAWjaK2Ha7dfrrhVdy6yCl4OFcjV6Je/eoOYpRFXyCQ1puu5CfoZ1SiY5NNSLzU8oWxMh7xrUdGIGz+bbzolZ9YZkDDW9ikkc/f3REYjYyZRYDsjiiOzXJuZ/9W6KYZXfiZUkiJXbPFRmEqCMZmdTQZCc4ZyYoEyLeyuhI2opgxtOCUbgrd88iq0Lqqe5fvLSv0mj6MIJ3AK5+BBDepwBw1oAoMQnuEV3pyx8+K8Ox+L1oKTzxzDHzmfP/qwjPs=</latexit>

4pt Example

Bern,Carrasco,Johansson,08
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A (1,�, n) = 0

<latexit sha1_base64="LyICwKypCOlsadGLz7Y38+M5pI0="></latexit><latexit sha1_base64="LyICwKypCOlsadGLz7Y38+M5pI0="></latexit><latexit sha1_base64="LyICwKypCOlsadGLz7Y38+M5pI0="></latexit><latexit sha1_base64="LyICwKypCOlsadGLz7Y38+M5pI0="></latexit>

sin (i⇡↵0s12) sin (i⇡↵
0 (s13 + s23))A (1, 2, 3, 4) + sin (i⇡↵0s12) sin (i⇡↵

0s13)A (1, 3, 2, 4) = 0
<latexit sha1_base64="dl3NIxI/lH2h/i6Xd9x9ytfDyDY="></latexit>

Sum of 



String Monodromy Relation

A (j, i1, . . . , in�2, n) + ei⇡↵
0sjiiA (i1, j, . . . , in�2, n) + ...+ ei⇡↵

0sjiiA (i1, j, . . . , in�2, n) = 0
<latexit sha1_base64="Q1f5PJ0y3unTOZDqqNLW75j9D9I="></latexit>

Braiding Phase ⇥
<latexit sha1_base64="YawbQ+Tj+EjK/u51DVQzIZAVCHo=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOZpMxszPLTK8QQv7BiwdFvPo/3vwbJ8keNLGgoajqprsrSqWw6PvfXmFtfWNzq7hd2tnd2z8oHx41rc4M4w2mpTbtiFouheINFCh5OzWcJpHkrWh0O/NbT9xYodUDjlMeJnSgRCwYRSc1uygSbnvlil/15yCrJMhJBXLUe+Wvbl+zLOEKmaTWdgI/xXBCDQom+bTUzSxPKRvRAe84qqhbEk7m107JmVP6JNbGlUIyV39PTGhi7TiJXGdCcWiXvZn4n9fJML4OJ0KlGXLFFoviTBLUZPY66QvDGcqxI5QZ4W4lbEgNZegCKrkQguWXV0nzoho4fn9Zqd3kcRThBE7hHAK4ghrcQR0awOARnuEV3jztvXjv3seiteDlM8fwB97nD7YtjzQ=</latexit><latexit sha1_base64="YawbQ+Tj+EjK/u51DVQzIZAVCHo=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOZpMxszPLTK8QQv7BiwdFvPo/3vwbJ8keNLGgoajqprsrSqWw6PvfXmFtfWNzq7hd2tnd2z8oHx41rc4M4w2mpTbtiFouheINFCh5OzWcJpHkrWh0O/NbT9xYodUDjlMeJnSgRCwYRSc1uygSbnvlil/15yCrJMhJBXLUe+Wvbl+zLOEKmaTWdgI/xXBCDQom+bTUzSxPKRvRAe84qqhbEk7m107JmVP6JNbGlUIyV39PTGhi7TiJXGdCcWiXvZn4n9fJML4OJ0KlGXLFFoviTBLUZPY66QvDGcqxI5QZ4W4lbEgNZegCKrkQguWXV0nzoho4fn9Zqd3kcRThBE7hHAK4ghrcQR0awOARnuEV3jztvXjv3seiteDlM8fwB97nD7YtjzQ=</latexit><latexit sha1_base64="YawbQ+Tj+EjK/u51DVQzIZAVCHo=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOZpMxszPLTK8QQv7BiwdFvPo/3vwbJ8keNLGgoajqprsrSqWw6PvfXmFtfWNzq7hd2tnd2z8oHx41rc4M4w2mpTbtiFouheINFCh5OzWcJpHkrWh0O/NbT9xYodUDjlMeJnSgRCwYRSc1uygSbnvlil/15yCrJMhJBXLUe+Wvbl+zLOEKmaTWdgI/xXBCDQom+bTUzSxPKRvRAe84qqhbEk7m107JmVP6JNbGlUIyV39PTGhi7TiJXGdCcWiXvZn4n9fJML4OJ0KlGXLFFoviTBLUZPY66QvDGcqxI5QZ4W4lbEgNZegCKrkQguWXV0nzoho4fn9Zqd3kcRThBE7hHAK4ghrcQR0awOARnuEV3jztvXjv3seiteDlM8fwB97nD7YtjzQ=</latexit><latexit sha1_base64="YawbQ+Tj+EjK/u51DVQzIZAVCHo=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOZpMxszPLTK8QQv7BiwdFvPo/3vwbJ8keNLGgoajqprsrSqWw6PvfXmFtfWNzq7hd2tnd2z8oHx41rc4M4w2mpTbtiFouheINFCh5OzWcJpHkrWh0O/NbT9xYodUDjlMeJnSgRCwYRSc1uygSbnvlil/15yCrJMhJBXLUe+Wvbl+zLOEKmaTWdgI/xXBCDQom+bTUzSxPKRvRAe84qqhbEk7m107JmVP6JNbGlUIyV39PTGhi7TiJXGdCcWiXvZn4n9fJML4OJ0KlGXLFFoviTBLUZPY66QvDGcqxI5QZ4W4lbEgNZegCKrkQguWXV0nzoho4fn9Zqd3kcRThBE7hHAK4ghrcQR0awOARnuEV3jztvXjv3seiteDlM8fwB97nD7YtjzQ=</latexit>

Amplitudes = 0
<latexit sha1_base64="BY4aZfWj2bYTLguxvLKkgzi6EYI=">AAAB6XicbZBNS8NAEIYn9avWr6pHL4tF8FQSEepFKHrxWMV+QBvKZrtpl242YXcilNB/4MWDIl79R978N27bHLT1hYWHd2bYmTdIpDDout9OYW19Y3OruF3a2d3bPygfHrVMnGrGmyyWse4E1HApFG+iQMk7ieY0CiRvB+PbWb39xLURsXrEScL9iA6VCAWjaK2Ha7dfrrhVdy6yCl4OFcjV6Je/eoOYpRFXyCQ1puu5CfoZ1SiY5NNSLzU8oWxMh7xrUdGIGz+bbzolZ9YZkDDW9ikkc/f3REYjYyZRYDsjiiOzXJuZ/9W6KYZXfiZUkiJXbPFRmEqCMZmdTQZCc4ZyYoEyLeyuhI2opgxtOCUbgrd88iq0Lqqe5fvLSv0mj6MIJ3AK5+BBDepwBw1oAoMQnuEV3pyx8+K8Ox+L1oKTzxzDHzmfP/qwjPs=</latexit><latexit sha1_base64="BY4aZfWj2bYTLguxvLKkgzi6EYI=">AAAB6XicbZBNS8NAEIYn9avWr6pHL4tF8FQSEepFKHrxWMV+QBvKZrtpl242YXcilNB/4MWDIl79R978N27bHLT1hYWHd2bYmTdIpDDout9OYW19Y3OruF3a2d3bPygfHrVMnGrGmyyWse4E1HApFG+iQMk7ieY0CiRvB+PbWb39xLURsXrEScL9iA6VCAWjaK2Ha7dfrrhVdy6yCl4OFcjV6Je/eoOYpRFXyCQ1puu5CfoZ1SiY5NNSLzU8oWxMh7xrUdGIGz+bbzolZ9YZkDDW9ikkc/f3REYjYyZRYDsjiiOzXJuZ/9W6KYZXfiZUkiJXbPFRmEqCMZmdTQZCc4ZyYoEyLeyuhI2opgxtOCUbgrd88iq0Lqqe5fvLSv0mj6MIJ3AK5+BBDepwBw1oAoMQnuEV3pyx8+K8Ox+L1oKTzxzDHzmfP/qwjPs=</latexit><latexit sha1_base64="BY4aZfWj2bYTLguxvLKkgzi6EYI=">AAAB6XicbZBNS8NAEIYn9avWr6pHL4tF8FQSEepFKHrxWMV+QBvKZrtpl242YXcilNB/4MWDIl79R978N27bHLT1hYWHd2bYmTdIpDDout9OYW19Y3OruF3a2d3bPygfHrVMnGrGmyyWse4E1HApFG+iQMk7ieY0CiRvB+PbWb39xLURsXrEScL9iA6VCAWjaK2Ha7dfrrhVdy6yCl4OFcjV6Je/eoOYpRFXyCQ1puu5CfoZ1SiY5NNSLzU8oWxMh7xrUdGIGz+bbzolZ9YZkDDW9ikkc/f3REYjYyZRYDsjiiOzXJuZ/9W6KYZXfiZUkiJXbPFRmEqCMZmdTQZCc4ZyYoEyLeyuhI2opgxtOCUbgrd88iq0Lqqe5fvLSv0mj6MIJ3AK5+BBDepwBw1oAoMQnuEV3pyx8+K8Ox+L1oKTzxzDHzmfP/qwjPs=</latexit><latexit sha1_base64="BY4aZfWj2bYTLguxvLKkgzi6EYI=">AAAB6XicbZBNS8NAEIYn9avWr6pHL4tF8FQSEepFKHrxWMV+QBvKZrtpl242YXcilNB/4MWDIl79R978N27bHLT1hYWHd2bYmTdIpDDout9OYW19Y3OruF3a2d3bPygfHrVMnGrGmyyWse4E1HApFG+iQMk7ieY0CiRvB+PbWb39xLURsXrEScL9iA6VCAWjaK2Ha7dfrrhVdy6yCl4OFcjV6Je/eoOYpRFXyCQ1puu5CfoZ1SiY5NNSLzU8oWxMh7xrUdGIGz+bbzolZ9YZkDDW9ikkc/f3REYjYyZRYDsjiiOzXJuZ/9W6KYZXfiZUkiJXbPFRmEqCMZmdTQZCc4ZyYoEyLeyuhI2opgxtOCUbgrd88iq0Lqqe5fvLSv0mj6MIJ3AK5+BBDepwBw1oAoMQnuEV3pyx8+K8Ox+L1oKTzxzDHzmfP/qwjPs=</latexit>

Sum of 

4pt Example

A (2, 1, 3, 4) + ei⇡↵
0s12A (1, 2, 3, 4) + ei⇡↵

0(s12+s23)A (1, 3, 2, 4) = 0
<latexit sha1_base64="j4AjsynEhldQcv0U7IZs4Azddhc="></latexit>
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A (1,�, n) = 0

<latexit sha1_base64="LyICwKypCOlsadGLz7Y38+M5pI0="></latexit><latexit sha1_base64="LyICwKypCOlsadGLz7Y38+M5pI0="></latexit><latexit sha1_base64="LyICwKypCOlsadGLz7Y38+M5pI0="></latexit><latexit sha1_base64="LyICwKypCOlsadGLz7Y38+M5pI0="></latexit>

= lim
k2
4,↵

0!0

D
f
���[[[T1, T2]↵0 , T3]↵0 . . . , Tn�1]↵0

���vac
E
.

<latexit sha1_base64="/me0JEtpo2wahxGTzjL2k+F3Msc="></latexit><latexit sha1_base64="/me0JEtpo2wahxGTzjL2k+F3Msc="></latexit><latexit sha1_base64="/me0JEtpo2wahxGTzjL2k+F3Msc="></latexit><latexit sha1_base64="/me0JEtpo2wahxGTzjL2k+F3Msc="></latexit>

=

Ti =

Z 1

0

V (yi)

yi
<latexit sha1_base64="7Ae6UvCqehik59ppqslK2DyjQbY=">AAACHXicbVDLSsNAFJ34rPVVdekmWIS6KYkUdCMU3bis0Bc0NUymk3boZBJmboQy5Efc+CtuXCjiwo34N07aLrT1wIUz59zL3HuChDMFjvNtrayurW9sFraK2zu7e/ulg8O2ilNJaIvEPJbdACvKmaAtYMBpN5EURwGnnWB8k/udByoVi0UTJgntR3goWMgIBiP5pVrT1yy78pgAXzvZvXYzL5SY6LbHaQiVSW57kg1HcJbp6Ssr+qWyU3WmsJeJOydlNEfDL316g5ikERVAOFaq5zoJ9DWWwAinWdFLFU0wGeMh7RkqcERVX0+vy+xTowzsMJamBNhT9feExpFSkygwnRGGkVr0cvE/r5dCeNnXTCQpUEFmH4UptyG286jsAZOUAJ8YgolkZlebjLAJB0ygeQju4snLpH1edZ2qe1cr16/ncRTQMTpBFeSiC1RHt6iBWoigR/SMXtGb9WS9WO/Wx6x1xZrPHKE/sL5+AEpHo0U=</latexit><latexit sha1_base64="7Ae6UvCqehik59ppqslK2DyjQbY=">AAACHXicbVDLSsNAFJ34rPVVdekmWIS6KYkUdCMU3bis0Bc0NUymk3boZBJmboQy5Efc+CtuXCjiwo34N07aLrT1wIUz59zL3HuChDMFjvNtrayurW9sFraK2zu7e/ulg8O2ilNJaIvEPJbdACvKmaAtYMBpN5EURwGnnWB8k/udByoVi0UTJgntR3goWMgIBiP5pVrT1yy78pgAXzvZvXYzL5SY6LbHaQiVSW57kg1HcJbp6Ssr+qWyU3WmsJeJOydlNEfDL316g5ikERVAOFaq5zoJ9DWWwAinWdFLFU0wGeMh7RkqcERVX0+vy+xTowzsMJamBNhT9feExpFSkygwnRGGkVr0cvE/r5dCeNnXTCQpUEFmH4UptyG286jsAZOUAJ8YgolkZlebjLAJB0ygeQju4snLpH1edZ2qe1cr16/ncRTQMTpBFeSiC1RHt6iBWoigR/SMXtGb9WS9WO/Wx6x1xZrPHKE/sL5+AEpHo0U=</latexit><latexit sha1_base64="7Ae6UvCqehik59ppqslK2DyjQbY=">AAACHXicbVDLSsNAFJ34rPVVdekmWIS6KYkUdCMU3bis0Bc0NUymk3boZBJmboQy5Efc+CtuXCjiwo34N07aLrT1wIUz59zL3HuChDMFjvNtrayurW9sFraK2zu7e/ulg8O2ilNJaIvEPJbdACvKmaAtYMBpN5EURwGnnWB8k/udByoVi0UTJgntR3goWMgIBiP5pVrT1yy78pgAXzvZvXYzL5SY6LbHaQiVSW57kg1HcJbp6Ssr+qWyU3WmsJeJOydlNEfDL316g5ikERVAOFaq5zoJ9DWWwAinWdFLFU0wGeMh7RkqcERVX0+vy+xTowzsMJamBNhT9feExpFSkygwnRGGkVr0cvE/r5dCeNnXTCQpUEFmH4UptyG286jsAZOUAJ8YgolkZlebjLAJB0ygeQju4snLpH1edZ2qe1cr16/ncRTQMTpBFeSiC1RHt6iBWoigR/SMXtGb9WS9WO/Wx6x1xZrPHKE/sL5+AEpHo0U=</latexit><latexit sha1_base64="7Ae6UvCqehik59ppqslK2DyjQbY=">AAACHXicbVDLSsNAFJ34rPVVdekmWIS6KYkUdCMU3bis0Bc0NUymk3boZBJmboQy5Efc+CtuXCjiwo34N07aLrT1wIUz59zL3HuChDMFjvNtrayurW9sFraK2zu7e/ulg8O2ilNJaIvEPJbdACvKmaAtYMBpN5EURwGnnWB8k/udByoVi0UTJgntR3goWMgIBiP5pVrT1yy78pgAXzvZvXYzL5SY6LbHaQiVSW57kg1HcJbp6Ssr+qWyU3WmsJeJOydlNEfDL316g5ikERVAOFaq5zoJ9DWWwAinWdFLFU0wGeMh7RkqcERVX0+vy+xTowzsMJamBNhT9feExpFSkygwnRGGkVr0cvE/r5dCeNnXTCQpUEFmH4UptyG286jsAZOUAJ8YgolkZlebjLAJB0ygeQju4snLpH1edZ2qe1cr16/ncRTQMTpBFeSiC1RHt6iBWoigR/SMXtGb9WS9WO/Wx6x1xZrPHKE/sL5+AEpHo0U=</latexit>

10 10
v�2

v�3

v�4

[T1, T2]↵0 = T1T2 � e�i⇡↵0k1·k2T2T1



Quantum Algebra

[Hi, Hj ] = 0

[Hi, X
±
j ] = ±(↵i, ↵j)X

±
j

[X+
i
, X�

j
] = �i j

qHi � q�Hi

q � q�1

mX

k=0

(�1)k
✓

m
k

◆

q

q�k(m�k)/2
i

�
X±

i

�k
X±

j

�
X±

i

�m�k
= 0

q-Serre relation
m = 1�Ai j

Ei = X+
i
qHi/2

Fi = X�
i
q�Hi/2

Ki = qHi

Or equivalently

h
[Xj , Xi]q . . .1�A�1

ij times . . . Xi

i

q
[Xi, Xj ]q = Xi ⌦Xj � qAijXj ⌦Xi

<latexit sha1_base64="eIsUxucae7qXj1mguD8YLI7cKP8="></latexit>



Universal Enveloping Algebra

U (g) = T (g) /I
<latexit sha1_base64="SyvMkzcKt7bukuhfrr/SPdfn5mo=">AAACI3icdVDLSsNAFJ34rPEVdekmWIS6qakVXyAU3eiuQtMWmlAm00k6dPJg5kYoof/ixl9x40Ipblz4LyZtELV64MLhnHu59x4n4kyCYbwrc/MLi0vLhRV1dW19Y1Pb2m7KMBaEmiTkoWg7WFLOAmoCA07bkaDYdzhtOYPrzG/dUyFZGDRgGFHbx17AXEYwpFJXuzAtTl0oWT6GvivwIPFGlmBeHw4uG/9ah7eqqna1olE2JtBnSSUnRZSj3tXGVi8ksU8DIBxL2akYEdgJFsAIpyPViiWNMBlgj3ZSGmCfSjuZ/DjS91Olp7uhSCsAfaJ+n0iwL+XQd9LO7F7528vEv7xODO6ZnbAgioEGZLrIjbkOoZ4FpveYoAT4MCWYCJbeqpM+FphAGus0hPMMJ18vz5LmUblSLVfvjou1qzyOAtpFe6iEKugU1dANqiMTEfSAntALelUelWdlrLxNW+eUfGYH/YDy8QmqEqRY</latexit>

T (g) = K � g� (g⌦ g)� (g⌦ g⌦ g) . . .
<latexit sha1_base64="Yr87aBJr8t7j/wAoAl4qOV6NRJU="></latexit>

: Idea generated by elements of the form:I
<latexit sha1_base64="PxeQz9Ht0HxYnsekP9mYkE0qq9A=">AAAB6HicbVDLSsNAFL2pr1pfVZduBovgqiRWfOyKbnTXgn1AG8pkOmnHTiZhZiKU0C9w40IRt36SO//GSRpErQcuHM65l3vv8SLOlLbtT6uwtLyyulZcL21sbm3vlHf32iqMJaEtEvJQdj2sKGeCtjTTnHYjSXHgcdrxJtep33mgUrFQ3OlpRN0AjwTzGcHaSM3bQbliV+0MaJE4OalAjsag/NEfhiQOqNCEY6V6jh1pN8FSM8LprNSPFY0wmeAR7RkqcECVm2SHztCRUYbID6UpoVGm/pxIcKDUNPBMZ4D1WP31UvE/rxdr/8JNmIhiTQWZL/JjjnSI0q/RkElKNJ8agolk5lZExlhiok02pSyEyxRn3y8vkvZJ1alVa83TSv0qj6MIB3AIx+DAOdThBhrQAgIUHuEZXqx768l6td7mrQUrn9mHX7DevwC3xY0E</latexit>

a⌦ b� b⌦ a� [a, b]
<latexit sha1_base64="DrjIcO4WDVSAb48j4SDsHJvj5aQ=">AAACEHicbZDJSgNBEIZ74hbjFvXopTGIHkyYGHG5Bb14jGAWyAyhptOTNOlZ6K4RQsgjePFVvHhQxKtHb76NnUVR4w8NH39VUV2/F0uh0bY/rNTc/MLiUno5s7K6tr6R3dyq6ShRjFdZJCPV8EBzKUJeRYGSN2LFIfAkr3u9y1G9fsuVFlF4g/2YuwF0QuELBmisVnYfnAhFwDX18t4XQt6R3McmHHqOEp0uuplWNmcX7LHoLBSnkCNTVVrZd6cdsSTgITIJWjeLdozuABQKJvkw4ySax8B60OFNgyGYxe5gfNCQ7hmnTf1ImRciHbs/JwYQaN0PPNMZAHb139rI/K/WTNA/cwcijBPkIZss8hNJMaKjdGhbKM5Q9g0AU8L8lbIuKGBoMpyEcD7SyffJs1A7KhRLhdL1ca58MY0jTXbILjkgRXJKyuSKVEiVMHJHHsgTebburUfrxXqdtKas6cw2+SXr7RPSZ5yU</latexit>

or

a⌦ b� q(a,b)b⌦ a
<latexit sha1_base64="lZQ9SkddE5fLLTS29YfUsG8mxNg=">AAACFHicbVDJSgNBEO1xjXGLevTSGISIGiYqLregF48RzAKZGGo6PUljz2J3jRCGfIQXf8WLB0W8evDm39hZFDU+KHi8V0VVPTeSQqNtf1gTk1PTM7OpufT8wuLScmZltaLDWDFeZqEMVc0FzaUIeBkFSl6LFAfflbzqXp/1/eotV1qEwSV2I97woR0ITzBAIzUz22lwQhQ+19TdvblKHMk9zMGO6yjR7uBWz/2yId3MZO28PQAdJ4URyZIRSs3Mu9MKWezzAJkEresFO8JGAgoFk7yXdmLNI2DX0OZ1QwMwexrJ4Kke3TRKi3qhMhUgHag/JxLwte76run0ATv6r9cX//PqMXrHjUQEUYw8YMNFXiwphrSfEG0JxRnKriHAlDC3UtYBBQxNjsMQTvo4/H55nFT28oX9/P7FQbZ4OoojRdbJBsmRAjkiRXJOSqRMGLkjD+SJPFv31qP1Yr0OWyes0cwa+QXr7RN5u535</latexit>

and (quantum Serre relation)



Hopf Algebra

= Bialgebra + Antipode
(H, ·, I, �, ✏) S

algebrag1 · g2
<latexit sha1_base64="akVxRZhi9099oos8GWcbXhbGk14=">AAAB+nicbZDLSsNAFIYnXmu9pbp0M1gEVyVpxcuu6MZlBXuBNoTJZNIOncyEmYlSYh/FjQtF3Pok7nwbJ20Qtf4w8PGfczhn/iBhVGnH+bSWlldW19ZLG+XNre2dXbuy11EilZi0sWBC9gKkCKOctDXVjPQSSVAcMNINxld5vXtHpKKC3+pJQrwYDTmNKEbaWL5dGfqZOx3gUGhosD4t+3bVqTkzwUVwC6iCQi3f/hiEAqcx4RozpFTfdRLtZUhqihmZlgepIgnCYzQkfYMcxUR52ez0KTwyTggjIc3jGs7cnxMZipWaxIHpjJEeqb+13Pyv1k91dO5llCepJhzPF0Upg1rAPAcYUkmwZhMDCEtqboV4hCTC2qQ1D+Ei1+n3lxehU6+5jVrj5qTavCziKIEDcAiOgQvOQBNcgxZoAwzuwSN4Bi/Wg/VkvVpv89Ylq5jZB79kvX8Bc1OTmw==</latexit>

c1g1 + c2g2
<latexit sha1_base64="tS+coEXTxh0M0Uu5tuvc2E4rLcM=">AAACAHicbZDLSsNAFIZPvNZ4i7pw4SZYBEEoSStedkU3LivYC7ShTKaTduhkEmYmQgnZ+CpuXCji1sdw59s4aYOo9YcZPv5zDjPn92NGpXKcT2NhcWl5ZbW0Zq5vbG5tWzu7LRklApMmjlgkOj6ShFFOmooqRjqxICj0GWn74+u83r4nQtKI36lJTLwQDTkNKEZKW31rH/dTNxvm14nGao7VzDT7VtmpOFPZ8+AWUIZCjb710RtEOAkJV5ghKbuuEysvRUJRzEhm9hJJYoTHaEi6GjkKifTS6QKZfaSdgR1EQh+u7Kn7cyJFoZST0NedIVIj+beWm//VuokKLryU8jhRhOPZQ0HCbBXZeRr2gAqCFZtoQFhQ/Vcbj5BAWOnMZiFc5jr7XnkeWtWKW6vUbk/L9asijhIcwCEcgwvnUIcbaEATMGTwCM/wYjwYT8ar8TZrXTCKmT34JeP9C13llb0=</latexit>

bialgebracomultiplication � : H ! H⌦H

�(g1 · g2) = �(g1) ·�(g2)

Hopf algebra
antipode S : H ! H

(generalized inverse)
m(S ⌦ id)�(g) = ✏(g) I S(g) · g = I

S(g) = g�1



Quantum Algebra as Hopf Algebra

�(Hi) = Hi ⌦ I + I ⌦Hi

�(X±
i
) = X±

i
⌦ q�Hi/2 + qHi/2 ⌦X±

i

S(Hi) = �Hi

S(X±
i
) = q�

P
i HiX±

i
q
P

i Hi



Nichols’ Algebra

V
<latexit sha1_base64="vLSad7A9j3NBBJrUP0P+Q4WBfhE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU/LgVvXhswX5AG8pmO2nXbjZhdyOU0l/gxYMiXv1J3vw3JmkQtT4YeLw3w8w8LxJcG9v+tApLyyura8X10sbm1vZOeXevpcNYMWyyUISq41GNgktsGm4EdiKFNPAEtr3xTeq3H1BpHso7M4nQDehQcp8zahKp0eqXK3bVzkAWiZOTCuSo98sfvUHI4gClYYJq3XXsyLhTqgxnAmelXqwxomxMh9hNqKQBaneaHTojR4kyIH6okpKGZOrPiSkNtJ4EXtIZUDPSf71U/M/rxsa/dKdcRrFByeaL/FgQE5L0azLgCpkRk4RQpnhyK2EjqigzSTalLISrFOffLy+S1knVOa2eNs4qtes8jiIcwCEcgwMXUINbqEMTGCA8wjO8WPfWk/Vqvc1bC1Y+sw+/YL1/Act5jRE=</latexit> ：a braided vector space

Mn :=
X

�2Sn
s (�) : V ⌦n ! V ⌦n

<latexit sha1_base64="8qaLIA9zQ4ZdL5I1kjPKYcgypig="></latexit>

:  the quantum shuffle mapMn
<latexit sha1_base64="sBmH0ZblvIJf/xLRiZwfMb0jGq0=">AAAB+nicbVDLSsNAFL2pr1pfqS7dBIvgqiQqPnZFN26ECvYBbQiT6aQdOpmEmYlSYj7FjQtF3Pol7vwbJ20QtR4YOJxzL/fM8WNGpbLtT6O0sLi0vFJeraytb2xumdXttowSgUkLRywSXR9JwignLUUVI91YEBT6jHT88WXud+6IkDTit2oSEzdEQ04DipHSkmdW+yFSo0CgcXqdeSnPKp5Zs+v2FNY8cQpSgwJNz/zoDyKchIQrzJCUPceOlZsioShmJKv0E0lihMdoSHqachQS6abT6Jm1r5WBFURCP66sqfpzI0WhlJPQ15N5UPnXy8X/vF6igjM3pTxOFOF4dihImKUiK+/BGlBBsGITTRAWVGe18AgJhJVua1bCeY6T7y/Pk/Zh3TmqH90c1xoXRR1l2IU9OAAHTqEBV9CEFmC4h0d4hhfjwXgyXo232WjJKHZ24BeM9y+ArZRK</latexit>

B (V )
<latexit sha1_base64="7bPcv/SWwzaCqWxllHGeBvT4UP8=">AAACBHicbVDLSsNAFJ34rPUVddnNYBHqpiRWfOxK3bisYB/QhDKZTtqhkwczN0IJXbjxV9y4UMStH+HOv3HSBlHrgQuHc+7l3nu8WHAFlvVpLC2vrK6tFzaKm1vbO7vm3n5bRYmkrEUjEcmuRxQTPGQt4CBYN5aMBJ5gHW98lfmdOyYVj8JbmMTMDcgw5D6nBLTUN0tOQGDkSzJOG1NHMB8qbUfy4QiOi32zbFWtGfAisXNSRjmaffPDGUQ0CVgIVBClerYVg5sSCZwKNi06iWIxoWMyZD1NQxIw5aazJ6b4SCsD7EdSVwh4pv6cSEmg1CTwdGd2svrrZeJ/Xi8B/8JNeRgnwEI6X+QnAkOEs0TwgEtGQUw0IVRyfSumIyIJBZ3bPITLDGffLy+S9knVrlVrN6fleiOPo4BK6BBVkI3OUR1doyZqIYru0SN6Ri/Gg/FkvBpv89YlI585QL9gvH8BWfKYBg==</latexit>

:   Nichol’s algebra

B (V ) := �n�0V
⌦n/Ker (Mn)

<latexit sha1_base64="168AhkH/m+w3VjkH4MiHcq87iOo="></latexit>



Example: positive part of quantum algebra with 
Cartan matrix 

V
<latexit sha1_base64="vLSad7A9j3NBBJrUP0P+Q4WBfhE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU/LgVvXhswX5AG8pmO2nXbjZhdyOU0l/gxYMiXv1J3vw3JmkQtT4YeLw3w8w8LxJcG9v+tApLyyura8X10sbm1vZOeXevpcNYMWyyUISq41GNgktsGm4EdiKFNPAEtr3xTeq3H1BpHso7M4nQDehQcp8zahKp0eqXK3bVzkAWiZOTCuSo98sfvUHI4gClYYJq3XXsyLhTqgxnAmelXqwxomxMh9hNqKQBaneaHTojR4kyIH6okpKGZOrPiSkNtJ4EXtIZUDPSf71U/M/rxsa/dKdcRrFByeaL/FgQE5L0azLgCpkRk4RQpnhyK2EjqigzSTalLISrFOffLy+S1knVOa2eNs4qtes8jiIcwCEcgwMXUINbqEMTGCA8wjO8WPfWk/Vqvc1bC1Y+sw+/YL1/Act5jRE=</latexit>

： vector space with braiding  

Kernel of  the quantum shuffle map

B (V )
<latexit sha1_base64="7bPcv/SWwzaCqWxllHGeBvT4UP8=">AAACBHicbVDLSsNAFJ34rPUVddnNYBHqpiRWfOxK3bisYB/QhDKZTtqhkwczN0IJXbjxV9y4UMStH+HOv3HSBlHrgQuHc+7l3nu8WHAFlvVpLC2vrK6tFzaKm1vbO7vm3n5bRYmkrEUjEcmuRxQTPGQt4CBYN5aMBJ5gHW98lfmdOyYVj8JbmMTMDcgw5D6nBLTUN0tOQGDkSzJOG1NHMB8qbUfy4QiOi32zbFWtGfAisXNSRjmaffPDGUQ0CVgIVBClerYVg5sSCZwKNi06iWIxoWMyZD1NQxIw5aazJ6b4SCsD7EdSVwh4pv6cSEmg1CTwdGd2svrrZeJ/Xi8B/8JNeRgnwEI6X+QnAkOEs0TwgEtGQUw0IVRyfSumIyIJBZ3bPITLDGffLy+S9knVrlVrN6fleiOPo4BK6BBVkI3OUR1doyZqIYru0SN6Ri/Gg/FkvBpv89YlI585QL9gvH8BWfKYBg==</latexit>

:   Nichol’s algebra

s (�i,j) |ii ⌦ |ji = qAij |ji ⌦ |ii
<latexit sha1_base64="/rhF7tzCKytYCLjJfXCmbBf29Ys="></latexit>

Aij
<latexit sha1_base64="rkGHdy9HMCc+lGE7VxebPTKkzL8=">AAAB7nicbVDJSgNBEK2OW4xb1KOXxiB4CjNGXG5RLx4jmAWSIfR0epI2PT1Dd48QhnyEFw+KePV7vPk39iSDuD0oeLxXRVU9PxZcG8f5QIWFxaXlleJqaW19Y3OrvL3T0lGiKGvSSESq4xPNBJesabgRrBMrRkJfsLY/vsr89j1Tmkfy1kxi5oVkKHnAKTFWal/0U343LfXLFafqzID/EjcnFcjR6Jffe4OIJiGThgqiddd1YuOlRBlOBZuWeolmMaFjMmRdSyUJmfbS2blTfGCVAQ4iZUsaPFO/T6Qk1HoS+rYzJGakf3uZ+J/XTUxw5qVcxolhks4XBYnAJsLZ73jAFaNGTCwhVHF7K6Yjogg1NqF5COcZTr5e/ktaR1W3Vq3dHFfql3kcRdiDfTgEF06hDtfQgCZQGMMDPMEzitEjekGv89YCymd24QfQ2yfoAI9s</latexit>

h
[vj , vi]q . . .1�A�1

ij times . . . vi
i

q
[vi, vj ]q = vi ⌦ vj � qAijvj ⌦ vi

<latexit sha1_base64="h1Ps91fSDzkA9NzAK2TvAdqH1Dg="></latexit>

Positive part of the quantum algebra 

LHS of quantum Serre relation



For String Amplitudes

= lim
k2
4,↵

0!0

D
f
���[[[T1, T2]↵0 , T3]↵0 . . . , Tn�1]↵0

���vac
E
.

<latexit sha1_base64="/me0JEtpo2wahxGTzjL2k+F3Msc="></latexit><latexit sha1_base64="/me0JEtpo2wahxGTzjL2k+F3Msc="></latexit><latexit sha1_base64="/me0JEtpo2wahxGTzjL2k+F3Msc="></latexit><latexit sha1_base64="/me0JEtpo2wahxGTzjL2k+F3Msc="></latexit>

= 0
<latexit sha1_base64="pkAr77yoPGzyGWTqs8tUwgY2gEY=">AAAB6XicbVDLSsNAFL2pr1pfVZduBovgqiS2+FgIRTcuq9gHtKFMppN26GQSZiZCCf0DNy4UcesfufNvnKRB1HrgwuGce7n3Hi/iTGnb/rQKS8srq2vF9dLG5tb2Tnl3r63CWBLaIiEPZdfDinImaEszzWk3khQHHqcdb3Kd+p0HKhULxb2eRtQN8EgwnxGsjXR3aQ/KFbtqZ0CLxMlJBXI0B+WP/jAkcUCFJhwr1XPsSLsJlpoRTmelfqxohMkEj2jPUIEDqtwku3SGjowyRH4oTQmNMvXnRIIDpaaBZzoDrMfqr5eK/3m9WPvnbsJEFGsqyHyRH3OkQ5S+jYZMUqL51BBMJDO3IjLGEhNtwillIVykOP1+eZG0T6pOrVq7rVcaV3kcRTiAQzgGB86gATfQhBYQ8OERnuHFmlhP1qv1Nm8tWPnMPvyC9f4FE4WNMg==</latexit>

BCJ relation

A generalized quantum Serre relation
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