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BC| Relation

Sum of  Momentum Kernel X  Amplitudes = 0

Z S(TT,J)A(l,U,n) =0

TS,

4pt Example

sin (ima’s12) sin (ima’ (s13 + s23)) A (1,2,3,4) + sin (ima’s o) sin (ima’s13) A(1,3,2,4) =0

Bern,Carrasco,Johansson,08



String Monodromy Relation

Sum of Braiding Phase X  Amplitudes =0
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Quantum Algebra

HZ? HJ] =10 I — XZ._q_Hi/Q
' s i '
i, XF] = +la, 0 X > =X
18 it et i H,
[Xj,Xj_]:&jqq_qq_l K; =

Z(_l)k ( T]Z ) qi—k(m—k)/Q (Xzi)k in (X;_L)m_k g
q

g-Serre relation

Or equivalently od

[[XjaXi]q -Xz'] [Xian]q =X;®X; — ¢ X; ® X;

i %%
1—Aij times 5



Universal Enveloping Algebra

T@=Kogd(g29)D(RgR9)...

[ :1dea generated by elements of the form:

a®b—b®a—|a,b

or

a®b—q¢*Yb®a and (quantum Serre relation)



Hopf Algebra

= Bialgebra + Antipode
(Ha s I) A) E) S

C191 + C292

comultiplication A: H - HRQH
A(g1 - g2) = A(g1) - A(g2)

antipode S: H — H
m(S ® id)A(g) = e(g) I S(g) -9

algebra

Hopf algebra

(generalized inverse)



Quantum Algebra as Hopf Algebra



Nichols’ Algebra

V' : abraided vector space

9, . the quantum shuffle map

= Z o R R e T T

oES,

B (V) : Nichol’s algebra

B (V) i= ®n>oVO" /Ker (M)



Example: positive part of quantum algebra with
Cartan matrix A;;

V' vector space with braiding
s (015) i) ® |5) = ¢ |5) ® |i)
Kernel of the quantum shuffle map

R . Aijg,. .
{[Uj,?}i]q s '1—Ai_j1tz'mes B o : [’Ui,vj]q = 0% @Uj ) ’LJ?JJ X v;

LHS of quantum Serre relation
B (V) : Nichol’s algebra

Positive part of the quantum algebra



For String Amplitudes

BCJ relation

<f‘[[[T17T2]a’7T3]04’ o Intla
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A generalized quantum Serre relation



Phys. arXivi[hep-th]

numerator

String Numerator

!

Screening of OPE
&Annihilation operator

Algebra of Screening
Vertex operator

!

String BCJ Relation

!

monodromy sum

Maths. arXiv:Imath.QA]

Product of structure constant

Product of successive g-structure
Constant in quantum algebra

!

Full guantum algebra

T Drinfeld double

Positive part of quantum algebra

I

Quantum Serre relation

!

quantum symmetriser
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