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Quantum Gravity  ↔ Random Geometry/Matrix Models

String, M-theory, Membranes

ℒ ∼
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2
𝐷Φ𝑖𝐷Φ𝑖 +

1

4
Φ𝑖 , Φ𝑗

2
+ fermions

Φ𝑖 ∼

𝑎11 ⋯ 𝑎𝑛1

⋮ ⋱ ⋮
𝑎1𝑛 ⋯ 𝑎𝑛𝑛

Diagonal elements 
= Location of D-branes

Open strings

Nonperturbative definition: Yang-Mills type (SUSY) matrix models

Matrix: Physical degrees of freedom (position and interaction)

Not a smooth geometry (Quantum Geometry)



Today, I will consider one of the simplest examples of “quantum geometry”

A noncommutative geometry

𝑥𝑖 , 𝑥𝑗 ≠ 0

A fuzzy sphere: a finite dimensional approximation
of a smooth sphere

𝑆2: 
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3

 𝑥𝑖
2 = 𝑅2

 𝑥𝑖 = 𝛼𝐿𝑖

Fuzzy 𝑆2

𝑥𝑖 ∈ 𝑹

𝐿𝑖: a matrix
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𝜙 𝑡, 𝜃, 𝜑 =  

𝑙=0
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 𝑥𝑖 = 𝛼𝐿𝑖 𝑅2 =
𝛼2 𝑁2 − 1
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𝑁 × 𝑁 matrix 

𝑁 = 2𝐿 + 1

Matrix regularization of Spherical harmonics

𝐿𝑖: 𝑁 dimensional repr. Of SU(2)
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Noncommutative Anomaly (NCA)

Loop correction to a two-point function

−

𝐼𝑃 𝐼𝑁𝑃

≃  
−1

1

𝑑𝑡
1 − 𝑃𝐿 𝑡

1 − 𝑡
+ 𝒪 𝐿−1

[Chu-Madore-Steinacker JHEP2001(08)]

There appears some “phase oscillation” but it is not singular.

Noncommutative Plane limit: 𝑥, 𝑦 = 𝑖𝜃

𝐼𝑁𝑃 ≃ 2  
0

Λ

𝑑𝑘
𝑘𝐽0 𝜃𝑝𝑘

𝑘2 + 𝑚2
↔
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2𝜋
 
0

Λ

𝑑𝑘
𝑒𝑖𝜃𝑝×𝑘

𝑘2 + 𝑚2

UV/IR mixing: UV divergence Λ → ∞ ↔ IR divergence 𝑝 → 0

Λ𝑒𝑓𝑓
2 =

1

Λ−2 + 𝑝𝜃2𝑝
(Open-Closed String Interpretation: 
Seiberg-Minwalla-Van Raamsdonk JHEP2000]



UV/IR mixing:  Some characteristic feature of
Quantum Gravity/String Theory

Strong relation between
short distance physics (UV) and long distance physics (IR)

Nonlocal nature of quantum gravity/quantum geometry

Non-locality: May be a key feature to understand Black hole Information Problem.

Unitary evolution

Gravitational field has nonlocal (quantum) interaction

[e.g. Osuga-Page PRD97]



Entanglement Entropy (EE) and QFT

𝒜

𝜕𝒜𝒜𝑐Example: Spatial entanglement 
between 𝒜 and 𝒜𝑐 .
How strongly different degrees
of freedom are correlated.

Entanglement entropy (von Neumann entropy) is a good measure:

𝑆𝐸𝐸 = −tr𝑎𝜌𝑎 ln 𝜌𝑎

𝜌𝑎: Tracing out 𝜕𝒜 part degrees of freedom (reduced density matrix) 



Entanglement Entropy in Momentum Space

• Free QFT: Hilbert space is diagonal
→ 𝑆𝐸𝐸 = 0

• Interacting QFT:
nontrivial 𝑆𝐸𝐸

similar structure to Wilsonian RG

[Balasubramanian-McDermott-Van Raamsdonk (2012)]

• QFT in a noncommutative space
Nonlocal,  Relation between UV and IR d.o.f.

𝜙(𝑝)

𝑝 = 0 𝑝 = Λ𝑥Low High



𝜓0 :  Ground state𝜌 = 𝜓0 𝜓0

The matrix element of the density operator at temperature 𝛽

𝜙 𝜌 𝜙′ =
1

𝑍
lim
𝛽→∞

𝜙 𝑒−𝛽𝐻 𝜙′ =
1

𝑍
lim
𝛽→∞

 
𝜙 0 =𝜙′

𝜙 𝛽 =𝜙

𝒟𝜙 𝑒−𝑆

Separate the degrees of freedom into two subsets.

Higher and lower modes

𝜙𝑙𝑚 𝑡

𝜙𝑙𝑚
𝐿 (𝑡) 0 ≤ 𝑙 ≤ 2𝐿 − 𝑥

𝜙𝑙𝑚
𝐻 𝑡 (2𝐿 − 𝑥 + 1 ≤ 𝑙 ≤ 2𝐿)

Low

High

𝑙 = 2𝐿

𝑙 = 0

𝑙 = 2𝐿 − 𝑥



Reduced density matrix
𝜌𝐿 = 𝜙𝐿 𝜌 𝜙𝐿′ =

1

𝑍
 
𝜙𝐿 0 =𝜙𝐿′

,𝜙𝐻 0 =𝜙𝐻

𝜙𝐿 𝛽 =𝜙𝐿,𝜙𝐻 𝛽 =𝜙𝐻

𝒟𝜙𝐻 𝑒−𝑆

Entanglement Entropy

𝑆𝐸𝐸 𝜌𝐿 = −Tr𝐿 𝜌𝐿 log 𝜌𝐿

= − lim
𝛼→1

𝜕

𝜕𝛼
Tr 𝜌𝐿

𝛼

Replica trick

Tr𝐿 𝜌𝐿
𝛼 =

1

𝑍1
𝛼

 𝒟𝜙𝐿𝒟𝜙𝐻 𝑒−𝑆

𝜙𝐿 𝛼𝛽 = 𝜙𝐿 0

𝜙𝐻(𝑘) 𝑘𝛽 = 𝜙𝐻(𝑘) 𝑘 − 1 𝛽

𝑘 = 1, ⋯ , 𝛼

𝛼
copies

𝜙𝐻(1)

⋮

𝜙𝐻(𝛼)

𝜙𝐻(𝑘)

⋮



Tree level

 𝐹𝑥
𝛼

𝜆0
= − log

𝑍𝛼
0

𝑍1
0

𝛼

Ω𝑙
2 =

𝑙 𝑙 + 1

𝑅2
+ 𝜇2

𝑆𝐸𝐸
0

∼ 𝑒−
𝛽Ω𝑙1

2

Zero temperature limit, 
𝛽 → ∞

0 The Hamiltonian is diagonal !!

One Loop

𝑘 𝑘

Non-planar Planar

High energy

Low energy

𝑆𝐸𝐸
1

=
𝜆𝛼𝛽

8𝑅2
 

𝑑𝑓1
𝑑𝛼

𝛼=1

𝛽 → ∞
𝑒−

𝛽Ω𝑙1
2 → 0

No contribution at this order.



Two Loop −1 2

2!
𝑆𝑖𝑛𝑡

2 =
𝜆2𝑅4

32
 
0

𝛼𝛽

𝑑𝑡𝑑𝑡′
1

𝑁
tr 𝜙 𝑡 4

1

𝑁
tr 𝜙 𝑡′ 4

(𝐻𝐻𝐻𝐻)(𝐻𝐻𝐻𝐻) planar (𝐿𝐻𝐿𝐻)(𝐿𝐿𝐻𝐻) Non-planar

The result is very complicated. We quote the final expression.

Contains both lower and higher modes propagators. (No all H or all L)

𝐿𝐻𝐻𝐻

𝐿𝐿𝐿𝐻

𝐿𝐿𝐻𝐻



Matrix part (Schematically)

Planar Non-Planar 1 Non-Planar 2



Effect of NC geometry → Difference of Planar and Non-Planar

Commutation relation 𝑇𝑙1𝑚1
, 𝑇𝑙2𝑚2

=  

𝑙3𝑚3

𝐺𝑙1𝑚1;𝑙2𝑚2

𝑙3𝑚3 𝑇𝑙3𝑚3

Structure constant: 𝐺𝑙1𝑚1;𝑙2𝑚2

𝑙3𝑚3 = 𝐹𝑙1𝑚1 𝑙2𝑚2

𝑙3𝑚3 − 𝐹𝑙2𝑚2 𝑙1𝑚1

𝑙3𝑚3

𝐹𝑙1𝑚1 𝑙2𝑚2

𝑙3𝑚3 = 𝑁 2𝑙1 + 1 2𝑙2 + 1 2𝑙3 + 1 −1 2𝐿+𝑙1+𝑙2+𝑙3+𝑚3 1 − −1 𝑙1+𝑙2+𝑙3
𝑙1 𝑙2 𝑙3
𝑚1 𝑚2 −𝑚3

𝑙1 𝑙2 𝑙3
𝐿 𝐿 𝐿

Fusion coefficient

Ξ𝑙1𝑙2𝑙3𝑙4 −  Ξ𝑙1𝑙2𝑙3𝑙4 Planar
∼  

𝑚𝑖

−1 𝑚1+𝑚2+𝑚3+𝑚4 ⋅
1

𝑁
tr 𝑇𝑙1𝑚1

𝑇𝑙2𝑚2
𝑇𝑙3𝑚3

𝑇𝑙4𝑚4

×  

𝑙5,𝑚5

−1 𝑚5𝐺𝑙3−𝑚3 𝑙4−𝑚4

𝑙5𝑚5 6𝐹𝑙1−𝑚1 𝑙2−𝑚2

𝑙5−𝑚5 + 𝐺𝑙1−𝑚1 𝑙2−𝑚2

𝑙5−𝑚5



Behavior of Ξ𝑙1𝑙2𝑙3𝑙4 −  Ξ𝑙1𝑙2𝑙3𝑙4 Planar
for some typical  𝑙𝑖 .

• Difference between planar and non-planar part
→ A measure of NCA for two-point functions

• Opening a loop for 2PI diagrams, we obtain 1PI two-point
function → More direct relation between NCA and 𝑆𝐸𝐸?

Comments:



• 𝑆𝐸𝐸 ≠ 0 for mixed graphs of low/high modes at two loop level
• Noncommutative effect is from non-planar diagrams
• Matrix part is separated.
• Evaluated by

• Replica Method (Path-integral)
• Hamitonian formalism (skipped, ongoing)

Comments:

• Asymptotic (analytic) evaluation is required.


