30 January 2019,
East Asia Joint Workshop on Fields and Strings 2019 and 12th Taiwan String Theory Workshop
@ NCTS, National Tsing Hua University, Taiwan

Momentum-space
entanglement in scalar field
theory on fuzzy spheres

-, Shoichi Kawamoto

4

Vgﬁgﬁ'} (Chung Yuan Christian University)

With T. Kuroki (Toyota Technological Institute)



1. Introduction
Quantum Gravity <> Random Geometry/Matrix Models

String, M-theory, Membranes

Nonperturbative definition: Yang-Mills type (SUSY) matrix models
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) Diagonal elements
= Location of D-branes

Matrix: Physical degrees of freedom (position and interaction)

==> Not a smooth geometry (Quantum Geometry)



Today, | will consider one of the simplest examples of “quantum geometry”

) A noncommutative geometry
[Xi,Xj] * 0
A fuzzy sphere: a finite dimensional approximation

of a smooth sphere

Fuzzy S2

2 _ p2
2=R

2
M

<~><N

Il

~J

N
Ngl

=

o~
1
=
o~
Il
[uEy

=

m
~
=

i = al;

L;: a matrix



2. Scalar Field Theory on Fuzzy Sphere
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Noncommutative Anomaly (NCA)

Loop correction to a two-point function
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There appears some “phase oscillation” but it is not singular.

m==)  Noncommutative Plane limit: [x, y] = i6

UV/IR mixing: UV divergence A — o <> IR divergence p — 0
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UV/IR mixing: Some characteristic feature of
Quantum Gravity/String Theory

Strong relation between
short distance physics (UV) and long distance physics (IR)

‘ Nonlocal nature of quantum gravity/quantum geometry

Non-locality: May be a key feature to understand Black hole Information Problem.
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Gravitational field has nonlocal (quantum) interaction




Entanglement Entropy (EE) and QFT

Example: Spatial entanglement ~ _A4¢ 9A
between A and A°.

How strongly different degrees

of freedom are correlated.

Entanglement entropy (von Neumann entropy) is a good measure:

Seg = —trgpgeInpg

Py Tracing out dA part degrees of freedom (reduced density matrix)



Entanglement Entropy in Momentum Space

p=0 Low X High p=A

Free QFT: Hilbert space is diagonal
2> S =0
Interacting QFT:

nontrivial Sgg

similar structure to Wilsonian RG

[Balasubramanian-McDermott-Van Raamsdonk (2012)]

* QFT in @ noncommutative space
Nonlocal, Relation between UV and IR d.o.f.



3. Entanglement Entropy in Momentum Space

p = o)Wyl [Yo) : Ground state

The matrix element of the density operator at temperature 8
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Separate the degrees of freedom into two subsets.
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Reduced density matrix

Entanglement Entropy PHO (kB) = pHI ((k — 1)B)
N (k=1,-,a)
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4. Perturbative Calculation 7
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One Loop ) _ABdfy
Low energy EE - 8R2 da a=1
by
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High energy No contribution at this order.

Non-planar Planar
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The result is very complicated. We quote the final expression.
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Contains both lower and higher modes propagators. (No all H or all L)



Matrix part (Schematically)
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5. Entanglement Entropy and Noncommutativity

Effect of NC geometry = Difference of Planar and Non-Planar
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Behavior of &), for some typical [; .
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Comments:

* Difference between planar and non-planar part
—> A measure of NCA for two-point functions

* Opening a loop for 2PI diagrams, we obtain 1Pl two-point
function - More direct relation between NCA and Sgg?



6. Summary

* Spr # 0 for mixed graphs of low/high modes at two loop level
 Noncommutative effect is from non-planar diagrams
 Matrix part is separated.
e Evaluated by

* Replica Method (Path-integral)

e Hamitonian formalism (skipped, ongoing)

Comments:

* Asymptotic (analytic) evaluation is required.
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