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Introduction

Mckay and Thompson made a remarkable observation between a modular object and 

Monster group M 

[1] modular object: j-function 

- invariant under SL(2,Z) under which  

- partition function of a (chiral) RCFT with c=24, conjectured to describe the quantum 

theory of gravity in AdS3 



Introduction

each coefficient of the above expansion can be expressed as a sum of dimensions 

of the irreducible representation of the monster group M. 

[2] Monster group: the largest sporadic finite group of order 

[3] Monster Moonshine 

Mckay and Thompson made a remarkable observation between a modular object and 

Monster group M 



Introduction

[1] modular object: the elliptic genus on K3

[Frenkel,Lepowsky,Meurman]

GOAL  Generalize the moonshine phenomena for a different sporadic group

- To the end, we need to find a relation between a modular object other than j-function 

and sporadic group other than the monster group M. 

- e.g. Mathieu moonshine

There exists a derivation of the Monster moonshine from an explicit construction of the 

c=24 chiral CFT based on the Leech lattice and Z2 orbifold

[2] sporadic group: Mathieu group M24

[Eguchi,Ooguri,Tachikawa]



Sporadic Groups

Diagram of 26 sporadic simple groups, showing subquotient relationships.



Sporadic Groups



Rational CFT

Any conformal field theory in 2 dimensions have two copies of infinite dimensional 

symmetry algebras, left and right moving Virasoro algebras

- We focus on parity-preserving CFTs with 

One can decompose the Hilbert space of a given CFT into representations of the 

Virasoro algebras degeneracy

representation of 

Virasoro algebra



Rational CFT

Torus Partition Function   CFT on a circle at 

Virasoro characters

- when c>1,  



Rational CFT

Torus Partition Function   CFT on a circle at 

Torus partition function is invariant under the modular transformation SL(2,Z), generated 

by T and S

[1] invariance under T requires states of integer spin  

[2] invariance under S then leads to strong constraints on the spectrum  

(                                                )  



Rational CFT

Modular Bootstrap 

[1] when c < 1, this consistency condition can be solved analytically. Those CFTs are 

classified and known as minimal models (m+1,m) with central charge  

[2] when c > 1, one consequence of the constraint is that any unitary CFTs have 

infinite number of Virasoro primaries. However, it is extremely to difficult to solve it.

[Zamolodchiov]…



Rational CFT

Rational CFT is a special type of CFT with a finite number of conformal primaries, which 

implies that 

conformal character w.r.t. an extended 

chiral algebra that includes Virasoro alg.  

When the partition function Z takes the above form, both central charge c and conformal 

weight h are rational [Anderson,Moore]

- e.g. Monster CFT with c=24: a single character RCFT

Virasoro characters



Rational CFT

Note that, since the partition function is modular invariant, the conformal characters 

should be weight 0 vector-valued modular functions,      

Conformal characters thus satisfy nth-order Modular Linear Differential Equation (MLDE). 

: modular form of weight 2(n-k)

p: weight of a modular form on which the 

covariant derivative D acts 



Rational CFT

MLDE is invariant under the modular transformation SL(2,Z), which implies that n 

independent solutions are vector-valued modular functions. 

From the fact that the conformal characters have poles only at                , one can show 

that n independent solutions can be expanded in powers of q as follows 

Remark use MLDEs to search for and classify possible characters of a new RCFT

[Mathur,Mukhi,Sen]



Rational CFT

Example: Ising model 

[1] Ising model has the identity operator and two primaries of  



Rational CFT

Example: Ising model 

[2] Three characters are solutions to the MLDE below 

[3] Modular matrices S and T are given by



Rational CFT

Example: Ising model 

[4] Modular invariant partition function becomes

[5] Fusion algebra can read from the Verlinde formula



GOAL  Generalize the moonshine phenomena for a different sporadic group

To the end, we need to find a relation between a modular object other than j-function 

and sporadic group other than the monster group M. 

MODULAR OBJECT: Conformal characters of an RCFT, vector-valued modular function



Bilinear Relation 

can be identified as characters of a dual rational CFT with central charge 24 - c

Mukhi et al observed recently that characters                                          of a certain rational 

CFT with central charge c obey an intriguing bilinear relation giving a modular invariant 

The bilinear relation implies that 

[Hampapura,Mukhi]



Baby Monster Moonshine?

Let us consider characters for the Ising model and characters for a certain RCFT satisfying 

MLDE below 

Dual RCFT has 

c=24-1/2 & primaries 

of h=3/2, 31/16  

These characters obey the bilinear relation 

(Note that the fusion algebra of the dual RCFT with c = 24 – ½  is well-defined) 



Baby Monster Moonshine?

Note that 4371 and 96256, the lowest order coefficients, are dimensions of irreducible 

representation of the double covering of baby Monster group       . Other coefficients have 

decomposition into irreducible representations. 



Baby Monster Moonshine

It is known that the Ising model has Z2 symmetry. The identity operator and the energy field 

are even while the spin field is odd under Z2 action. 

When the Ising characters are replaced by their Z2 twined characters, one obtains the

McKay-Thompson series of class 2A of 



The above generalized bilinear relation then implies that Z2 can be elevated into an 

element of 2A class of     , which acts trivially on the Hilbert space (a=0,1,2) of dual 

RCFT. 

Baby Monster Moonshine

It implies that the dual RCFT with c = 24 – ½  has the centralizer of [2A]M as symmetry. 

Note that the centralizer of [2A]M is the double covering of the Baby Monster group. 

This explains why the RCFT dual to the Ising model can exhibit the moonshine 

phenomena for 



[Conway,Norton]



3.Fi24 Moonshine

Note that the centralizer of [3A]M is the triple covering of the largest Fischer group Fi24

To look for a RCFT exhibiting the 3.Fi24 moonshine, all we need is to find a good RCFT 

with Z3 symmetry. One such RCFT is the Zk parafermion theory with k=3

Zk parafermion theory                              with

[1] Primaries          of conformal weight  

[2] Zk symmetry



3.Fi24 Moonshine

Z3 parafermion theory, a.k.a. three-state Pott’s model,  has 6 primaries of conformal weight 

0,2/3,2/3,2/5,2/5,1/15.  Note that primaries with h=2/3 and h=2/5 appear twice, because 

they transform non-trivially under Z3

The characters          of the dual RCFT with c = 116/5 could exhibit the moonshine for 3.Fi24, 

which is the centralizer of [3A]M



3.Fi24 Moonshine

One can show that the bilinear relations can be satisfied with parafermion characters and 

their dual characters, independent solutions to the 4th order MLDE below 

Note also that one can utilize the Hecke operator method to obtain the dual characeters.  

[Harvey, Wu]



3.Fi24 Moonshine

Note that 783, 8671 and 64584, the lowest order coefficients, are indeed dimensions of 

irreducible representation of 3.Fi24.  Other coefficients have decomposition into irreducible 

representations. 



3.Fi24 Moonshine

When the three-state Pott’s model characters are replaced by their Z3 twined characters, 

one obtains the McKay-Thompson series of class 3A of 



Conclusion



[3] There has been a recent development solving the constraint numerically.

e.g. upper bound on the twist gap of the lowest primary above the vacuum 

Rational CFT

On the boundary, we have RCFTs!

NO CFTs HERE

[Collier,Lin,Yin][J.Bae,SL,J.Song]



Rational CFT

For a consistent unitary RCFT, each fusion rule coefficient         has to be a non-negative 

integer.  

Fusion rule coefficients can be computed from the Verlinde formula

When a solution to MLDE have a negative fusion rule coefficient, a corresponding

candidate RCFT is not well-defined.  

[Verlinde]



Generalized Bilinear Relation

Replacing the dual characters with the twined characters, defined below,  gives the 

Mckay-Thompson series of the Monster. For instance, 

where



Generalized Bilinear Relation

This generalized bilinear relation implies that an element of 2B class of      could reduce 

to an element of 2D class of        



Generalized Bilinear Relation

We have generalized bilinear relations for other classes as well, which strongly suggests 

that the RCFT with c = 24-1/2, dual to the Ising model, has          as symmetry. 





Thompson Moonshine

Note that the centralizer of [3C]M is the Thompson group Th

To look for a RCFT exhibiting the Th moonshine, all we need is to find a good RCFT with 

Z3 symmetry. However we already used up Z3 parafermion theory to obtain an RCFT 

exhibiting 3.Fi24 Moonshine. 

Instead, let us consider Z9 parafermion theory. One can show that a set of linear 

combination of Z9 parafermion characters is closed under SL(2,Z) action.  



Thompson Moonshine

Since the linear combination of characters all have m=0 mod 3, Z9 symmetry reduces to 

Z3 symmetry on these characters fi (i=0,1,2,3,4).   

Thus one can naturally expects that the characters          of the dual RCFT with c = 248/11 

could exhibit the moonshine for the Thompson group, which is the centralizer of [3C]



Thompson Moonshine

One can show that the dual characters are solutions to the 5th MLDE below 

Five independent solutions can be expanded in powers of q as follows 



Thompson Moonshine

As expected, the lowest order coefficients 248, 4123, 30628 and 61256 are indeed 

dimensions of irreducible representation of the Thompson group.  Other coefficients have 

decomposition into irreducible representations. 



Thompson Moonshine

Replacing the parafermion characters with their Z3 twined ones            leads to the Mckay-

Thompson series of [3C]M, which strongly suggests that the dual RCFT has the Thompson 

group as symmetry.    


