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Introduction

�Complexity� plays an important role in AdS/CFT.

CV conjecture: [Susskind '14]

complexity =
V

GNL
(V : co-dim 1 maximum volume, L : length scale)

CA conjecture: [Brown-Roberts-Susskind-Swingle-Zhao '15]

complexity =
IWDW

π
(IWDW : WDW action)

Both of conjectures provide similar

divergence structures

late time behaviours

=⇒ Basically, two proposals give us almost the same results.
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Recently, Chapman et. al. argue that [Chapman-Ge-Policastro '18]

defect distinguishes action from volume!!

Gravity computation: AdS3/DCFT2 model [Azeyanagi-Karch-Takayanagi-Thompson '07]

∆C
defect
V := C

DCFT
V − C

CFT
V 6= 0 , ∆C

defect
A := C

DCFT
A − C

CFT
A = 0

CFT computation: Circuit complexities

candidate of de�nition

for speci�c DCFT models vanish,

∆C
defect
circuit := C

DCFT
circuit − C

CFT
circuit = 0

Their argument: CA complexity is a good holographic dual

=⇒ Does this argument hold in other holographic models
or in other de�nitions of complexity?
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Path-integral Optimization [Caputa et. al. '17]

Ground state wave functional

ΨBCFT
δ
ab

[ϕ̃(x)] =

∫
M
Dϕ e

−SBCFT[ϕ]
∏
x>0

δ(ϕ(ε, x)− ϕ̃(x))

To estimate ΨBCFT
δab

e�ectively, path integral is redundant since some
high-energy degrees of freedom would be suppressed in the deep region ofM.

To reduce such degrees of freedom, we deform the background metric with a
boundary condition keeping the wave functional.

In CFT2, it can be realized by Weyl transformation,

δab → e
2φδab ⇒ ΨBCFT

e
2φδab

[ϕ̃(x)] = e
SL[φ]−SL[0] ΨBCFT

δab
[ϕ̃(x)]

The overall factor re�ects how much redundant degrees of freedom (or lattice
sites) can be reduced.

Optimized complexity: CL = SL|on-shell where SL is Liouville action
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x

z

∂M0

∂M1 M Optimize

x

z
x = −αz

∂M0

∂M1 M

The path-integral optimization leads the time slice of the Poincaré AdS,

ds
2 = L

2 dz
2 + dx2

z2

with boundary x = −αz in the radial direction.

This is the same geometry appearing in Takayanagi's AdS/BCFT model.

Optimized complexity

∆C
bdy
L = C

BCFT
L − 1

2
C
CFT
L =

c

6π
α log

(
z∞

ε

)
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AdS/BCFT model [Takayanagi '11]

Metric : ds
2 = GMNdX

M
dX

N = L
2 dz

2 + ηµνdx
µ
dxν

z2

Action :

8πGNI =
1

2

∫
B

√
−G

(
R +

d(d − 1)

L2

)
+

∫
Q

√
−Ĝ (K − T ) +

∫
M

√
−Ĝ K

We introduce the boundary Q with a brane of tension T = d−1
L

α√
1+α2

.

=⇒ the isometry of the metric is reduced from SO(2, d) to SO(1, d).

x

z
x = −αz

M

Q B
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CV complexity

CV conjecture [Susskind '14]

CV =
V

GNL
(V : co-dim maximal volume, L : length scale)

The the maximum volume, V , at t = 0 is just a t = 0 time-slice,

V =

∫ ∞
ε

dz

∫ ∞
−αz

dx1

∫ d−1∏
i=2

dxi
Ld

zd

=
1

2
Vd−1L

d

∫ ∞
ε

dz

zd
+ α

LdVd−2

(d − 2)εd−2

=⇒ ∆C
bdy
V = C

BCFT
V − 1

2
C
CFT
V = α

Ld−1Vd−2

(d − 2)GNεd−2
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CA complexity

CA conjecture [Brown-Roberts-Susskind-Swingle-Zhao '15]

CA =
IWDW

π

8πGNIWDW =
1

2

∫
BWDW

√
−G

(
R +

d(d − 1)

L2

)
+

∫
QWDW

√
−Ĝ (K − T ) +

∑
i=ε,∞

∫
Si

d
d
X

√
−Ĝ K

+
2∑

i=1

εκ

(∫
Ni

dλdx
√
γκ+

∫
Ni

dλdx
√
γΘ log(`ct|Θ|)

)

+
∑
J

εa

∫
J

d
d−1

X

√
ha +

∑
J
εφ

∫
J
d
d−1

X

√
−hφ .

z

x1

t

SεQWDW

N1

N2

Jn,1

Jn,2

Js,ε+

Js,ε−

Jt,ε
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d > 2 :

∆C
bdy
A =

Ld−1Vd−2

8π2GNεd−2
(d − 2)

(
α
√
1 + α2 + arcsinhα

)
+

Ld−1Vd−2

4π2GNεd−2
log

(
`ct(d − 2)

L

)
arcsinhα

+
Ld−1Vd−2

4π2GNεd−2

(√
1 + α2 arccos

(
α√

1 + α2

)
− π

2

)
Contributions from z =∞ are ignored.

For d > 2, the divergence structure is the same as CV.

d = 2 :

∆C
bdy
A =

L

4πGN

(√
1 + α2 − 1

)
The boundary complexity does not diverge.
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Conclusion

We study the boundary complexity ∆Cbdy = CBCFT − CCFT/2.

By applying the path-integral optimization to BCFT2, we obtained

∆C
bdy
L =

c

6π
α log

(
z∞

ε

)
⇒ imply that vanishment of ∆Cbdy (or ∆Cdefect) depends on the de�nition
of the complexity or models in BCFT (or DCFT).

In AdSd+1/BCFTd model, we showed

∆C
bdy
V ∼ ∆C

bdy
A ∝ 1/εd−2

Especially, in AdS3/BCFT2 model,

∆C
bdy
V =

αL

GN
log
(
z∞

ε

)
, ∆C

bdy
A =

L

4πGN

(√
1 + α2 − 1

)
=⇒ Boundary (or defect) can not detect the de�nite di�erence

of CV and CA except a special case.
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Thank you for your attention!
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