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Quantum critical point and critical exponents

Slow quench across a quantum critical point and
Kibble-Zurek scaling of defect density

Slow quench along a quantum critical line and
non-linear quenching

Effect of spatial periodicity: variable critical exponent v

Slow quenching in a Tomonaga-Luttinger liquid



Quantum critical point (QCP)

The ground state of a quantum system may undergo a continuous
phase transition as some parameter ~ in the Hamiltonian is varied

Example: one-dimensional Ising model in a transverse magnetic field

H = — Y [ofof,1 + vorl, where of are Pauli matrices
n

ThereisaQCPat . =1

The two-spin correlation function (0Z02) — (0%)? goes to zero
exponentially with n with a correlation length ¢ which diverges
near the QCP as | v — . |7



QCP

Consider the low-lying excitation spectrum w(k). At the QCP
v =1 w(k) vanishes at some momentum k. as |k — k¢ |*

Near the QCP, the gap AE = w(k:) between the ground state
and the first excited state vanishes as AE ~ | v — ¢ |*?¥

These relations define two critical exponents v and z

For the transverse Ising model,
w(k) = 2y/(y — 1)2 + 4~ cos?(k/2)
sothat . =1 and ke =7

w goes to zero linearly as |y —1¢| for k = ke
and as |k —Kk¢| for v = ¢

So the critical exponentsare z = v = 1



Transverse Ising model

H= - Z [ohofnir + Y on ]
n

For v — oo, the ground state is

_— s — — — — — —  —
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For v — 0, the ground states are

rT11 11T TTTTTTT
and
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The lowest excited state is a domain wall
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Quenching in transverse Ising model

What happens if we change ~ from oo to 0 inatime 77

For v — 0, the ground states are

L O O A N O
and

I

But due to quenching at a finite rate, the state reached as
~ — 0 will have some defects
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Defect scaling law

How does the defect density depend on the quenching time 7 7
Consider a linear quench with v = —t/7, where —oco <t < 0

Main result: For the transverse Ising model, if 7 is much larger
than the inverse of the band width of the low-energy excitations,
then the density of defects n scalesas 1/,/7

Reason: On quenching across a QCP, there are necessarily
a number of low-energy modes for which the quenching is not
adiabatic. These modes give rise to defects

Zurek, Dorner and Zoller, Phys. Rev. Lett. 95 (2005) 105701
Polkovnikov and Gritsev, Nature Physics 4 (2008) 477



Jordan-Wigner transformation

The model can be solved exactly by mapping spin-1/2’s to
fermions using the Jordan-Wigner transformation

Lieb, Schultz and Mattis, Ann. Phys. 16 (1961) 407

n—1
o - [H ] ot

m=—oo
n—1

al = [H aé] o
m=—oo

where of = (1/2) (o} + id})

Then {am,a,} = 0 and {am,a}} = dmn

These operators create and annihilate spinless fermions



Hamiltonian

In terms of the fermion operators, the Hamiltonian
H= = Y [o%oka + 70} ]
n

becomes

H = - Z [(ai —an) (al+1+an+1) + 27a,T1an]
n

Define
ay = L Y ae™ and  a, = 1 > a el
VN 4 VN

where N is the number of sites. Then we get

H=2 > [~(y+cosk) (aja +a’,a_) —isink (axa_yx —al af)]
o<k<m



Energy spectrum

H=2 Z [—(v +cosk) (af(ak + aika,k) —isink (axa_x — aikali)]
O<k<m

This is a system of non-interacting fermions.

For each pair of momenta + k, there are four states:

| ¢ > (empty state), |k >, | —k > (one-particle states),
and |k, —k > (two-particle state)

The states | ¢) and | k, —k) are governed by the Hamiltonian

h — —4(y+cosk) i2sink
kT —i 2sink 0

The ground state lies in this two-dimensional subspace, and the
energy spectrumis w(k) = 2y/(y — 1)? + 4 cos?(k/2)

As ~ varies with time, only these two states mix with each other



Quenching of ~

We only have to deal with a two-level system for
each value of +k

Damski, Phys. Rev. Lett. 95 (2005) 035701

For v = —t/7, the Hamiltonian is

he — 2(t/T — cosk) i 2sink
k= —i2sink  —2(t/r — cosk)
If we start in the ground state of this systemat t = — o,

which state dowe reachat t = 07
This is the Landau-Zener problem
Zener, Proc. R. Soc. London Ser A 137 (1932) 696

Landau and Lifshitz, Quantum Mechanics: Non-relativistic Theory
(Pergamon, Oxford, 1965)



Landau-Zener problem

Consider a two-level system with a time-dependent Hamiltonian

H = (tg _:)/T)

20
15 excited state p

10

5

-15 ground state

instantaneous energy levels
°
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If we start in the ground state at t — —oo, the probability of ending
in the excited state at t — co isgivenby p = exp [~ 7b?7 ]



Scaling argument for p

The probability of ending in the excited stateis p = exp [ — 7b?7 |

Notethat p — 0 or 1 as 7 — oo (adiabatic) or 0 (sudden quench)

A simple scaling argument shows that p must be a function of b./7.
The Schrodinger equation is

ig 1 - t/7 b 1
o\ 2 ) b -t/ V2
Multiply throughout by /7 and re-defining t' =t/\/7 to get

e (5) - (ol %) ()

Hence, if we start with ¢1(t' = —oc) = 1, then p = [¢1(t’ = c0)|?
must be a function of the single parameter b,/7, and the function
must — 0 or 1 as by/7 — oo or O



Defect scaling law

Returning to the Hamiltonian for the transverse Ising model

H=2 Y [~(y+cosk) (afax +ala_) + sink (axa_x +a’,af)]
O<k<m

the total defect density is

™ dk T dk o
nf/o Zpkf/o Zexp[—Zwrsm k]

For large 7, the integral is dominated by contributions from
k=0 and 7. Hence n ~ [;° dk exp [ —277k?] ~ 1//7T

The power law arises because the quench takes the system across
a QCP where the energy vanishes at some values of k. No matter
how slowly we quench across this point, there are modes with
energies < 1/,/7 for which the quenching is not adiabatic



Kibble-Zurek scaling at a QCP

General result: For a translation invariant system, if ~ is taken
across a QCP atarate 1/7, the density of defects scales as

1
~ rdu/(zvtl)

Polkovnikov, Phys. Rev. B 72 (2005) 161201(R)

A ‘hand waving’ argument: the defects are produced by a region in
momentum space with volume k9, atatime t ~ (y — )7 ~ 1/w,
where k ~ (y—~:)” and w ~ kZ*. Then the density of defects is
n ~ kd ~ 1/7_dy/(ZV+l)

For d >2(z +1/v), weget n ~ 1/72 due to contributions
from all momenta, not just the critical momenta



Generalizations of Kibble-Zurek scaling

The Kibble-Zurek scaling relation is

1
~ du/(zvtl)
We now discuss some generalizations of this relation;
() quenching across a gapless surface in momentum space
(ii) quenching along a critical line in parameter space

(iii) non-linear quenching

Each of these modifies the power law



Gapless surface in momentum space

Suppose that at v = v., the energy vanishes on a surface of d — m
dimensions in momentum space, rather than at a single point

Then the momentum integration appearing in the expression for the
defect density will be over m dimensions instead of d dimensions

Hence, we will get

1
7-my/(z v+1)

n o~ / d™k pi(kr/ )~
0

This happens in the Kitaev model which has d =2, m =1, and
v=z=1 Thus n~1/,/7 instead of 1/7 as it normally would
have been for a two-dimensional model with v =z =1



Kitaev model

Kitaev, Ann. Phys. 321 (2006) 2

Spin-1/2 model on a honeycomb lattice, with the Hamiltonian

_ X X y y z z
H = Z (J1 01041, + J2 0j_1,19 + Js Ui.,IUJ.,I+1)

j+l=even

Can assume that all couplings J; > 0

The model can be solved exactly by mapping it to Majorana
fermions by a Jordan-Wigner transformation



Phase diagram of Kitaev model

If J1 <J2+J3, J2<Jd3+J; and J3 < Ji + Jp, the system
is gapless along some lines in the Brillouin zone

For all other values of (J1, J2, J3), the system is gapped
The phase diagram can be shown in terms of points in an

equilateral triangle satisfying J; + J» + J3 = 1
(the value of J; is the distance from the opposite side)

J3

GAPPED

GAPLESS

GAPPED GAPPED

Jo Ji



Quenching in the Kitaev model

We hold J;, J; fixed, and vary J; intime as Jt/r, from
t=—00 to t = o0 (as shown by the red dotted line). Then
the system will pass through the gapless region for some time

GAPLESS

Ja

Sengupta, Sen and Mondal, Phys. Rev. Lett. 100 (2008) 077204
Mondal, Sen and Sengupta, Phys. Rev. B 78 (2008) 045101



Scaling of defect density

In the gapless region, the energy of the low-lying excitations vanishes
on some lines in the Brillouin zone as indicated in red below

Thus the Kitaev modelhas d =2 but m=1. Also, vr=z=1
Hence the defect density scalesas n~ 1/,/7 instead of 1/7

S8R [ e

pr e—27r-r [91 sin(K-My ) —J; sin(K-My)]? /J
k



Quenching along a critical line

A different scaling occurs if one quenches along a critical line in
parameter space. Interms of a two-level system, suppose that
the Hamiltonian for the modes with momenta +k is

oo (kPyTo kP
k[* —lk*t/r

A scaling argument then shows that the defect density goes as
n ~ 1/79/(22=3) for a systemin d dimensions

Example: the spin-1/2 XY chain with a transverse magnetic field
H= - Z [U)n(U;Jrl + U¥Ux+1 + V(U)n(U:Jrl - Uxaerl) + hoy]
n

Mukherjee et al., Phys. Rev. B 76 (2007) 174303
Divakaran, Dutta and Sen, Phys. Rev. B 78 (2008) 144301



Quenching along a critical line

_ X X y 'y X X y 'y z
H= - E [Un0n+1 + 0nohig +7(Un0n+1 - Un0n+1) + hon]
n

The critical linesare h=-1, h=1and —-1<h<1 =0
If we quench along thered line h=1, wegetd=1,z=2 a=1

Hence the defect density scales as n ~ 1/79/(2=3) ~ 1/71/3



Different quenching possibilities

Quenching along one of the vertical lines h = +1 gives n ~ 1/7%/3

The quenching procedure discussed earlier was to keep ~ fixed
at a non-zero value and cross one of the lines h = +1.
This gives n ~ 1/7/?

Finally, quenching through one of the multicritical points at
h=+1 v=0 gives d=1,z=3, a=0. Hence
n ~ 1/7.d/(227a) ~ 1/7.1/6



Non-linear quenching

We can change the quenching parameter ~ through a QCP in a
non-linear way. A ‘hand waving’ way of studying this is to take

AE sign(t) [k |?
H = < kP —AE sign(t) )

where AE ~ |y —7c|*¥ andwe set |y —c| = [t/7]

Then a scaling argument will show, for a systemin d dimensions,
that the defect density goes as n ~ 1/7dve/(zvatl)

This is like the power law for linear quenching but with v — v«
Ford=v=7= ]_’ we obtain n ~ 1/Ta/(a+1)

Sen, Sengupta and Mondal, Phys. Rev. Lett. 101 (2008) 016806
Mondal, Sengupta and Sen, Phys. Rev. B 79 (2009) 045128



Variation of power law with periodicity

For quenching across a QCP, the power law for the defect density
can depend on the periodicity of the term whose coefficient is varied
in time. Consider a tight-binding model in one dimension in which
the chemical potential is periodic in space

= n
H = -2 > [clens + ¢licn + h(t) cos(FJraS) cien 1,
nN=—oo
t
ht) = -
(t) =

where q=1,2,3,---. The chemical potential has period 2q

The ground state at t = —oo is half-filled, and the Fermi momenta
lie at k = +7/2. Only states near these momenta contribute to the
defect density. So we find the effective Hamiltonian governing pairs
of statesat —r/2+k and 7/2+k, where k| <« w/2

Sen and Vishveshwara, EPL 91 (2010) 66009
Thakurathi et al., Phys. Rev. B 85 (2012) 165425



Effective Hamiltonian

H = — Y 4coskcice — > 2h cos(%n+¢) clicn

k=—m n=-—o0

The low-energy states near + x/2 differ by a momentum of .
They are connected by matrix elements coming from the
cos(mn/q + ¢) term. Since this has Fourier components at
+7/q, we have to go to the g-th order in perturbation theory;
this involves going through g — 1 intermediate states along

one of two possible paths, shown by red and for g =2

4




Effective Hamiltonian

The matrix element between the states near + /2 is given by

q

A = :71 q2|1C°S(q¢)| if q isodd
4 [13Z; sin(zs/q)

= h 2| sin(q9)| if g iseven
4971 11927 sin(ns/q)

for small h. The cos(q¢) or sin(q¢) comes from the
relative phase between the two possible paths

The effective Hamiltonian for the states +7/2 +k is
-4k A
He = < N 4k)
for |k| < w/2. Since A ~ h4, theQCPat h=0 has v=q

and z = 1. So we expect the excitation probability px to be a
function of k79/(9+1) and the defect density to scale as 1/79/(4+1)



log (P)

05 1 15 2 25 3 35
log (1)

Log - log plot of defect density versus 7
A linear fit gives P ~ 1/7%67 which is closetoa — 2/3 power law

Sen and Vishveshwara, EPL 91 (2010) 66009
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pk for =3 and ¢=0

5
(k+ —ﬂ)r%
6

Plot of excitation probability p, versus scaled variable (k + 57/6) 7%/2

for 7 = 2 (red), 4 (blue) and 8 (black)

Thakurathi et al., Phys. Rev. B 85 (2012) 165425



Effect of interactions

Consider a nearest-neighbor interaction between particles

oo
V= > V cicn €l 1Cnia

n=—o0

This gives a Tomonaga-Luttinger liquid which is characterized by
a Luttinger parameter K and avelocity v. K =1 for Vo =0
and <1 for Vo> 0 (repulsive interactions)

In terms of a bosonic field ¢, the action is of the sine-Gordon form

) 2 ) 2
o3 o [5G v () s

The ‘cosine’ term has scaling dimension K. So it gives rise to a
finite correlation length which scales as ¢ ~ h=9/Z=K)_ Hence
the correlation length exponentis v = q/(2 — K)

If h(t) is quenched across the QCP at h =0, the defect density
will scale as 1/77/(+1) = 1/79/(@+2-K)



Quenching in a Tomonaga-Luttinger liquid

The loading of interacting bosons in a one-dimensional optical lattice
gives another example of quenching in a Tomonaga-Luttinger liquid

Suppose that the periodic potential of the optical lattice is changed in
time as V(x,t) = V(t) cos(2nx/a), where the lattice spacing a is
commensurate with the bosonic density

a)

NV

T
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De Grandi, Barankov and Polkovnikov, Phys. Rev. Lett. 101 (2008)
230402



Tomonaga-Luttinger liquid

This is a special case of our model with q =1, i.e.,
there is only one particle in each well of the periodic potential

If the periodic potential is changed slowly as V(t) = t/7, the
number of defects (potential wells having less than or more than
one particle) will scale as

n ~ 1/TQ/(Q+2*K) _ 1/T1/(3*K)
This result holds only for K < 2
K = 2 is the Kosterlitz-Thouless point
For K > 2, the cosine term is irrelevant, and the defects receive

contributions from all modes, not just the low-momentum modes.
Then one finds that n ~ 1/7 for any value of q
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