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Cosmological GW spectral energy density



Cosmological sources for gravitational waves

Astrophysical sources
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Current Upper Bounds 

Aoyama et al., arXiv:2105.04039

CMB – anisotropy + B-mode polarization
CMB&BBN – extra degrees of freedom
Cassini+LLR – radar launching

aLIGO – direct detection of wave strain
Pulsar – Shapiro time delay
Astrometry – gravitational lensing effect



About the NANOGrav PFC

Pulsar timing arrays are on track to detect long-period
gravitational waves by measuring their effects on the light-travel
times of pulses from rotating neutron stars (pulsars).
NANOGrav monitors a set of pulsars that together form a
Galactic scale gravitational-wave observatory. Our detector is
used to study supermassive black hole binaries in order to
understand the morphology, kinematics, gas content, and
feedback mechanisms of galaxies. Pulsars can also be used to
detect gravitational waves from topological defects in space
time called cosmic strings, which are predicted by some high
energy physics models.
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Gravitational Waves
n

Q= <++> - <xx>
U is the same as in 
a frame rotated by !/8 



CB
l =Σm (a*4,lm a4,lm − a*4,lm a-4,lm) B-polarization power spectrum

CT
l =Σm (a*lm alm)  anisotropy power spectrum

CE
l =Σm (a*4,lm a4,lm+ a*4,lm a-4,lm ) E-polarization power spectrum

GWB Anisotropy and Polarization Angular Power Spectra

Decompose the GWB sky into a sum of spherical harmonics: 

(Q − iU) (θ,φ) =Σlm a4,lm   4Ylm (θ,φ)

T(θ,φ) =Σlm alm Ylm (θ,φ),  V(θ,φ) =Σlm blm Ylm (θ,φ)

(Q + iU) (θ,φ) =Σlm a-4,lm   -4Ylm (θ,φ)

(Q,U) electric-type magnetic-type

l = 180 degrees/ q

q

CV
l =Σm (b*lm blm)  circular polarization power spectrum



GWB Anisotropy
from the

Sachs-Wolfe Effect



Collisionless Boltzman Equation for Gravitons e.g. Bartolo et al. 19 

Graviton phase space
distribution function

Newtonian potential
k-mode Transfer 

function

Initial scalar (density)
power spectrum 

Initial tensor
power spectrum 

Transfer 
function

GW background
k-mode

k-mode



Scalar 
contribution

Tensor 
contribution

Sachs-Wolfe or Integrated Sachs-Wolfe effects –
gravitational redshift of gravitons

"0 today
"in initial



7o resolution

GWB Anisotropy Map due to SW and ISW Effects  



GWB Anisotropy
from 

Primordial Black-Hole Seeds



Primordial black-hole seeds or density (scalar) perturbation 
associated GWs

16#GTij

Stress due to transverse 
traceless part of 2nd order 
curvature perturbation Tij(ζ2)
Δζ

2 = <ζζ> = (δρ/ρ)2 ~ 10-3

0      Free gravitational wave equation

De Sitter vacuum fluctuations during inflation lead to 
almost scale-invariant  primordial gravitational waves
Ph = 8#GH2   and  Δζ

2 = <ζζ> = (δρ/ρ)2 ~ 2x10-9 on CMB scales

When large density perturbation re-enter the horizon during 
the radiation-dominated era and collapse to form PBHs, 
they induce gravitational waves at short wavelengths
Ananda, Clarkson,Wands 2007, Baumann, Steinhardt,Takahashi,Ichiki 2007



Production of PBH seeds in axion monodromy
inflation with sinusoidal modulations 

MBH~20M¤MBH~10-13M¤MBH~108 g



GWs associated with PBHs in modulated axion inflation

Cheng, Lee, Ng 2018



Non-gaussian density perturbations

Newtonian potential 

subvolume =
observable universe



Induced GW power spectrum

which is the superhorizon-mode contribution 
( p$0 < %) of the SW effect

Planck data:     -40 < fNL< 40      l < 100



Implication

• Non-Gaussian super-horizon-
mode perturbations have been 
used to explain the large-scale 
CMB anomalies

• Anisotropy in GWB may give an 
independent evidence of the non-
Gaussianity



WMAP3 
CMB sky map



WMAP1 WMAP3

Low quadrupole



South-North Power Asymmetry

Eriksen et al 04

Eriksen et al 04
Park 04 

North pole (80o,57o)
northern hemisphere
southern hemisphere
full sky



“Axis of Evil” Land & Magueijo 05

l=2, quadrupole

l=3, octopole



GWB Circular Polarization 

In axion inflation, the coupling of the axion to 
photon can produce helical photons Tij

16#GTij

Stress due to transverse 
traceless part of 2nd order 
curvature perturbation Tij(ζ2)
Δζ

2 = <ζζ> = (δρ/ρ)2 ~ 10-3

Transverse traceless part 
of photon energy-momentum 

<E∙E> ~ <E∙B> ~ ζ

These helical photons source circularly polarized GWs



Overlap Reduction
Functions (ORFs) –

Reponses of detectors
to GWs 



GW observables

detector tensor

dij

GW power
spectrum



Current Pulsar Timing Arrays (PTAs)
Nano-Hz GWs cause 
small correlated 
changes to the times of 
arrival of radio pulses 
from millisecond 
pulsars (MSPs)

International 
Pulsar Timing Arrays



Pulsar Timing  – MSPs are precise clocks

pulsar residual 

Shapiro time delay

detector tensor

dij = pipj



=1 for an isotropic GWB & no pulsar term
Hellings and Downs (HD) curve
(ab) &( f ) =  (ab) &0

0(') 

Overlap 
Reduction 
Function

Earth term pulsar term  f L >> 1

Astrometric observation of polarized stochastic gravitational-wave background

Guo-Chin Liu1 and Kin-Wang Ng2,3
1Department of Physics, Tamkang University, Tamsui, New Taipei City 25137, Taiwan

2Institute of Physics, Academia Sinica, Taipei 11529, Taiwan
3Institute of Astronomy and Astrophysics, Academia Sinica, Taipei 11529, Taiwan

(Dated: October 12, 2021)

We study the observation of stochastic gravitational wave background (SGWB) made by pulsar-
timing arrays in the harmonic space. Instead of using the Shapiro time delay, we keep the Sachs-
Wolfe line-of-sight integral for the timing residual of an observed pulsar. We derive the power
spectrum of the timing residual, from which the overlap reduction functions for the SGWB intensity
and polarization anisotropies are constructed. Our harmonic-space method is useful for future
pulsar-timing-array observation on a few thousand pulsars and provides optimal estimators for the
statistical isotropy of the SGWB.

I. INTRODUCTION

(ab)�(f) =

Z
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The detection of gravitational waves (GWs) emitted
from the coalescence of binary black holes by the LIGO-
Virgo interferometers opens up a new era of GW as-
tronomy and cosmology [1, 2]. The long sought-after
stochastic gravitational-wave background (SGWB) has
become a key science goal in GW observation. Re-
cently, using data from Advanced LIGO’s and Advanced
Virgo’s third observing run (O3) combined with the ear-
lier O1 and O2 runs, upper limits have been derived
on the spectral energy density of an isotropic SGWB,
⌦GW < 3.9 ⇥ 10�10 at 25Hz [3], and on anisotropic
SGWB, ⌦GW < (0.56 � 9.7) ⇥ 10�9sr�1 [4]. Upcom-
ing and future GW interferometry experiments include
KAGRA, GEO600, Einstein Telescope, Cosmic Explorer,
as well as space missions such as LISA, DECIGO, Taiji,
and TianQin [5], aiming to detect a SGWB at frequencies
ranging from kilohertz to millihertz.

The above experiments involve laser detector-arms to
measure GW strain amplitudes directly. There are many
other indirect GW measurements, including but not lim-
ited to cosmic microwave background, pulsar timing, and
astrometry. They can be used to search for a SGWB
through the gravitational e↵ects of metric fluctuations
induced by GWs on respective observables. The last one
is the main subject of this paper.

GWs of cosmological scales leave an imprint on the
temperature anisotropy and polarization of the cosmic

microwave background [6]. Using Planck anisotropy
and polarization data, a constraint has been derived on
a SGWB, ⌦GW < 10�13(f/10�16Hz)3, for frequencies
within 10�16Hz < f < 10�14Hz [7]. This limit will be
improved in future CMB Stage-4 experiments [8].

Pulsar timing observes nanohertz GWs by moni-
toring the arrival times of radio pulses from pulsars
with ground-based radio telescopes [9]. Current pul-
sar timing array (PTA) experiments, monitoring roughly
100 Galactic millisecond pulsars, include EPTA [10],
NANOGrav [11], and PPTA [12]. The future SKA
project will observe about a few thousands of Galactic
millisecond pulsars to reach a sensitivity three to four or-
ders of magnitude better than the current PTAs [13, 14].
Recently, the NANOGrav Collaboration [15] has found
strong evidence of a stochastic common-spectrum pro-
cess across 45 Galactic millisecond pulsars, hinting at a
SGWB with ⌦GW ' 5.0⇥ 10�9 at a reference frequency
of 10�8Hz. A consistent common-spectrum process has
also been found in the second data release of the Parkes
Pulsar Timing Array [16]. However, both observations
have not found statistically significant evidence that this
process has quadrupolar interpulsar correlations, as pre-
dicted for the presence of a SGWB.

Astrometry is another indirect search for a SGWB us-
ing precise measurements of the positions, distances, and
motions of celestial objects [17–25]. The subject has re-
cently attracted a lot of attention due to high-precision
astrometric data made by the Gaia space optical observa-
tory [26]. A SGWB will induce fluctuations of the appar-
ent angular positions of stars, which are independent of
the star distances and correlated over the sky [17, 19, 20].
The rms fluctuation can be estimated as given by the GW
characteristic strain amplitude,

�rms ⇠ h
c

(f), with ⌦GW =
2⇡2

3H2
0

h2
c

f2 . (3)
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We have developed an efficient tool for generating ORF 
spherical harmonics &lm (f) for LIGO-Virgo-KAGRA detector pair

anisotropy circular polarization
linear polarization

Chu+Liu+Ng 21



We have developed an efficient tool for generating 
ORF &lm(() for any pulsar pair with separation angle (

anisotropy

circular polarization

linear polarization



Perspectives  
(personal viewpoints)



Future GW direct experiments

Einstein Telescope

Cosmic Explorer

LISA

GW space network



Current Pulsar Timing Arrays
Nano-Hz GWs cause 
small correlated 
changes to the times of 
arrival of radio pulses 
from millisecond pulsars 
(MSPs)

International 
Pulsar Timing Arrays



Image: sky map of NANOGrav pulsars in the 11-yr data set

The NANOGrav 12.5 year data set: 45 MSPs



Pulsar 
residual 

• Monopolar ORF &ab=1     (due to clock error)

• Dipolar ORF &ab= cos ' (due to error in solar system ephemeris) 

• Quadupolar ORF &ab = HD curve     (genuine GWB signal)  

Signal

Noise
white noises (instrumental) + pulsar intrinsic red noise 
( including pulsar spin noise, pulsar profile changes, 
dispersion measure variations,…)

Naa(f) = Ared
2 ( f / fyr )-) fyr

-3



common-spectrum process across MSPs Saa(f)
6 The NANOGrav Collaboration

Figure 1. Posteriors for a common-spectrum process in NG12, as recovered with four models: free-spectrum (gray violin plots
in left panel), broken power law (solid blue lines and contours), five frequency power law (dashed orange lines and contours), and
30 frequency power law (dot-dashed green lines and contours). In the left panel, the violin plots show marginalized posteriors of
the equivalent amplitude of the sine-cosine Fourier pair at the frequencies on the horizontal axis; the lines show the maximum
likelihood power laws in the left panel, and the 1-� (thicker) and 2-� posterior contours for amplitude and spectral slope in the
right panel. The dotted vertical line in the left panel sits at fyr = 1yr�1, where PTA sensitivity is reduced by the fitting of pulsar
timing-model parameters; the corresponding free-spectrum amplitude posterior is unconstrained. The dashed vertical line in
the right panel sits at � = 13/3; the expected value for a GWB produced by a population of inspiraling SMBHBs. For both the
broken power law and five frequency power law models, the amplitude (ACP) posterior shown on the right is extrapolated from
the lowest frequencies to the reference frequency fyr. We observe that the slope and amplitude of the 30-frequency power law
are driven by higher-frequency noise, whereas the five-frequency power law recovers the low-frequency GWB-like slope of the
free spectrum and broken power law.

with �red. There is a separate (Ared, �red) pair for each
pulsar in the array.

As in NG9gwb and NG11gwb, we implemented power-
law Gaussian processes in rank-reduced fashion, by ap-
proximating them as a sum over a sine–cosine Fourier
basis with frequencies k/T and prior (weight) covari-
ance / S

ab

(k/T ), where T is the span between the min-
imum and maximum TOA in the array (van Haasteren
& Vallisneri 2014). We use the same basis vectors to
model all red noise in the array, both pulsar-intrinsic
noise and global signals, like the GWB. Using a common
set of vectors helps the sampling, and reduces the likeli-
hood computation time. In previous work, the number
of basis vectors was chosen to be large enough (with
k = 1, . . . , 30) that inference results (specifically the
Bayesian upper limit) for a common-spectrum signal be-
came insensitive to adding more components. However,
doing so has the disadvantage of potentially coupling
white noise to the highest-frequency components of the
red-noise process, thus biasing the recovery of the pu-
tative GWB, which is strongest in the lowest-frequency
bins.

For this paper, we revisit the issue and set the num-
ber of frequency components used to model common-
spectrum signals to five, on the basis of theoretical ar-
guments backed by a preliminary analysis of the data

set. We begin with the former. By computing a strain
spectrum sensitivity curve for the 12.5-year data set us-
ing the hasasia tool (Hazboun et al. 2019) and obtaining
the signal-to-noise ratio (S/N) of a � = 13/3 power-law
GWB, we observed that the five lowest frequency bins
contribute 99.98% of the S/N, with the majority coming
from the first bin. We also injected a � = 13/3 power-
law GWB into the 11-year data set NG11, and measured
the response of each frequency using a 30-frequency free
spectrum model, in which we allowed the variance of
each sine–cosine pair in the red-noise Fourier basis to
vary independently. We observed that the lowest few
frequencies are the first to respond as we raised the
GWB amplitude from undetectable to detectable lev-
els (see Figure 13). The details of this injection analysis
are described in Appendix A.

Moving on to empirical arguments, in Figure 1
we plot the power-spectrum estimates for a spatially-
uncorrelated common-spectrum process in the 12.5-year
dataset, as computed for a free-spectrum model (gray
violin plots), for variable-� power-law models with five
and 30 frequency components (dashed lines, showing
maximum a posteriori values, as well as 1-�/2-� poste-
rior contours), and for a broken power-law model (solid



Spatial correlation Sab(f)
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Figure 4. Distributions of the optimal statistic S/N for
HD (blue), monopole (orange), and dipole (green) spatial
correlations, as induced by the posterior probability distri-
butions of pulsar-intrinsic red noise parameters in a Bayesian
inference run that includes a spatially uncorrelated common-
spectrum process. The means of each distribution are the
noise-marginalized Â2 given in Table 3. All three correlations
patterns are identified in the data with modest significance;
but it is only for an HD-correlated process that the ampli-
tude estimate is compatible with the posteriors of Figure 2.

(with each bin hosting a similar number of pairs). The
error bars show the standard deviations of angular sepa-
rations and cross-correlated power within each bin. The
dashed and dotted lines show the values expected theo-
retically from HD- and monopolar-correlated processes
with amplitudes set from the measured Â

2 (the first col-
umn of Table 3). While errors are smaller for NG12 than
for NG11, neither correlation pattern is visually appar-
ent.

4.3. Bayesian measures of spatial correlation

Inspired by the optimal statistic, we have developed
two novel Bayesian schemes to assess spatial correla-
tions. We report here on their application to the 12.5-
year data.

First, we performed Bayesian inference on a model
where the uncorrelated common-spectrum process is
augmented with a second HD-correlated process with
auto-correlation coe�cients set to zero. In other words,
we decouple the amplitudes of the auto- and cross-
correlation terms. The uncorrelated common-spectrum
process regularizes the overall covariance matrix, which
would not otherwise be positive definite with this new
“o↵ diagonal only” GWB. Figure 6 shows marginalized
amplitude posteriors for the diagonal and o↵-diagonal
processes, which appear consistent. It is however evi-
dent that cross correlations carry much weaker informa-
tion: as a matter of fact, the log10 Bayes factor in favor
of the additional process (computed à la Savage–Dickey,
see Dickey 1971a) is 0.10 ± 0.01 with fixed DE438 and

Figure 5. Average angular distribution of cross-correlated
power, as estimated with the optimal statistic on the 11-year
data set (top) and 12.5-year data set (bottom). The num-
ber of pulsar pairs in each binned point is held constant for
each data set. Due to the increase in pulsars in the 12.5-yr
data set, the number of pairs per bin increases accordingly.
Pulsar-intrinsic red-noise amplitudes are set to their maxi-
mum posterior values from the Bayesian analysis, while the
SSE is fixed to DE438. The dashed blue and dotted orange
lines show the cross-correlated power predicted for HD and
monopolar correlations with amplitudes Â2 = 4⇥ 10�30 and
9⇥ 10�31, respectively.

�0.03 ± 0.01 under BayesEphem. These factors are
smaller than the HD-vs.-uncorrelated values of Table 2,
arguably because the o↵-diagonal portion of the model is
given the additional burden of selecting the appropriate
amplitude.

Second, we performed Bayesian inference on a
common-spectrum model that includes a parametrized
ORF: specifically, inter-pulsar correlations are obtained
by the spline interpolation of seven nodes spread across
angular separations; node values are estimated as inde-
pendent parameters with uniform priors in [�1, 1] (Tay-
lor et al. 2013). Figure 7 shows the marginalized posteri-
ors of the angular correlations, and bears direct compar-
ison with Figure 5. The posteriors are consistent (but
somewhat inconclusively) with the HD ORF, which is
overplotted in the figure. However, they are inconsis-
tent with the monopolar ORF, also overplotted in the
figure. This is similar to the evidence reported in Ta-
ble 2.



NANOGrav projection



COBE 1992
First Results 7o resolution

~ 4000 pixels





Future SKA will observe 
thousands of millisecond pulsars



Power spectrum of the correlation (l-space)

---- HD power spectrum
Full power spectrum

Earth term pulsar term  f L >> 1

Ng 21

To map this small-
scale power 
needs tens of 
thousands of 
MSPs; however, 
we can search for 
a signal of close-
by pulsar pair in 
globular clusters



Gaia space optical telescope (2013-2022) for astrometry: 
measuring the positions, distances and motions of a billion 
stars with micro arcsecond precision.

Gaia map of the sky by star density

The angular deflection of a star in direction n due to GWs hij

Book+Flanagan 11

Future missions:
NEAT, Theia,..

Gaia



Conclusion
• GWB is a main goal in GW experiments
• GWB monopole and Doppler dipole
• GWB anisotropy and polarization
• Correlate with other cosmological data 

such as LSS, CMB
• GWB is a deep probe into the very early 

Universe
• NANOGrav and PPTA saw the GW 

monopole? If so, then the game may 
have started…
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