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Molecular Dynamics (MD) Simulation

 Computer simulation method

which simulates dynamic evolution of a microscopic system (ie.
physical movements of atoms and molecules),

The behavior and properties of the system are then analyzed.

Typical size of system can be investigated: < 10° atoms.

b, = | - A k-
T v - *" il o
¥ s L - e
P T o 4 # b W
B gl b _1..[ | y
R A i L] y !
v 7 e :— : P s
"y o EAT TR
+ jo ¥ b, 505 AT
i *grt - MR B
*.o AP ¥ o
b L= :“I f " "idf:\-"..-
% P u 1 . _L‘rj £ j_;.
it
L BT N 4
PR e e
- i . iy
B i P T
) e i I T
i . . h'r-.;‘-H b
ook i

PEO chain MD |
(gfycat.com/lankyinsistentannashummingbird) Prof. Hsiao's group @ NTHU (2015) [cycle no. 0.00] water MD .(wiki)




Primary goal of MD simulation:
computing the trajectories of atoms/particles in a system

 Numerical method is applied to solve Newton’s equations of motion.

d r1

m;— = F,(ry, 1, ... =V
1 dt 1( 1,72, ); dt 1
d?)z dT'Z
m-—== F,(ry, 1 —= =7
dv; . ar; .
m;— = Fi(ru,r, ), =
fori=1,.., N

An initial value problem:

Given {r;(0),v;(0)}iL,, find atomic trajectories at any time moment: {r;(t), v;(t)}-,



Physics of a system are known if we know the trajectory,
more precisely, the phase-space trajectory {r;(t), p; (t)}/-,

(=1 2m;

— physical quantity A({r;,p;})

Hamitonian H({r;, p;}) = ( NP ) + U({ry, pi})

Topics of study: any kind of energy, pressure, temperature, force, interaction, ....
static properties: molecular shape, size, crystalline structure,
dislocation, g(r), ...
dynamic properties: diffusion, heat transfer, time correlaction,....

responses: shearing, stress, strain, electric field, temperature
gradient .....

Domains of application: physics, chemistry, engineering, materials sciences,
molecular biology,...




Examples:

" 2
* |Instantaneous Temperature: T(t) = S (N—DK ( Iiv=12p_n2)
— B i
NkgT 1 jaN <N
* Pressure: P(t) = VB —3V< i=12j=i+1rij'Fi'>

where 1 =1, -1, F;; = force exerted on i by j

* Shear viscosity n:

61k5TVE = Tapony,ysx ((Zia Mitia(Ovp(0) = Ty myria (0)v;5(0))’)

* Diffusion coefficient: MSD <% ?,:1(7"1'(% +t) — ri(to))2> = 6Dt



Time scale and system size can be handled by MD simulations

* Size of a molecule (monomer): o~ 10 A

* Mass of a molecule (monomer): M ~ 100 g/mol

* Energy: &~ kgT =(1.38x102%3) x 300 J

—>Characteristic time scale: t, = o,/ M /e~ 6.3 ps: |lenergy]| = [mass] [
—> time step to integrate Eq. of motion: At~0.001 — 0.01 ¢,~ 6.3-63fs

length]2
time

* No. of molecules: <~ 10% [limited by the memory of computer]
—> system size: L ~100 o~ 100 nm <« of order of nanometers
e Maximum no. of steps for integration: 10°

(4 byte integer: 22431=2.14 x10°) [limited by the speed of computer]
—> total simulation time up to ~ 63 us < of order of microseconds



Length & time scales accessible by different simulation methods

Coarse Graining '

Figure 1. Coarse-grained model derived from ¥ o
“ atomistic structure by representing each -
phosphate, sugar, and base group of a
nucleatide as one bead particle.

Markegard et al. JPCB 119 (2015) 1

CM: continuum mechanics
CG: coarse grained
AA: all-atom

MM: molecular mechanics
Nielsen et al. PCCP 12 (2010) 12401 QM: quantum mechanics




How to solve the equations of motion?

Finite difference method: approximating the derivatives by finite differences

dv _ : Av _ . L. Av v(t+At)-v(t) _ F(t)
:ln = F  approxi. by 7A’n = F, whichis A = (t+AAt) (t)_
T : r o Ar _r -r
—~ =V approxi. by ~ =, which is v v = v(t)
we have v(t+ At) = v(t) +—= F(t) At [Euler’s method: truncation error O (At?)]

r(t+ At) =r(t) + v(t)At

Physical meaning: the velocity and position at the next time step can be predicted by using
the information of the velocity, position, force at the current step.

The trajectory can be calculated, step by step, if the initial value is given:
r;,(0),v;(0O}, = {r;(AD),v;(At)} = {r;(2A1),v;(2A1)} — {r;(3AL), v;(3AL)} — ......

---- an initial value problem (IVP)



Other methods learned in Numerical Analysis (1)
* Runge-Kutta method (4" order) for 2"¥ order ODE; truncation error O (At*)

dv dx
yrie F(t,x,v), i G(t,x,v), x(0) = x,, v(0) = v,
Time step: At = h, t, =nAt
ki = hG(tn, Xp, Vn) (ex) Simple Harmonic Oscillator
£ = hF(tn, Xn, V) v _ _kx  dx _
k, = hG(t, + 0.5h, x, + 0.5k;, v, + 0.5¢;) N ,odt S om’ dt
£, = hE(t, + 0.5h, x, + 0.5k, v, + 0.5¢,) .
ks = hG(t, + 0.5k, x, + 0.5k,, v, + 0.5¢,) NG
5 = hF(t, + 0.5k, x, + 0.5ky, vy, + 0.52,) \3.\
ky = hG(ty +h, Xy + ks, vy +£3) \é‘\*uﬁ
2, =hFE(t, +h, x, + ks, v, + £3) 3 RS
= Xne1 = Xn + 3 (e + 2k, + 2k + ky) \‘g"‘\“uﬁ_

UVn+1 = Un +%(’£1 + 2{)2 + 2’£3 +'£4)
For time steps ty, ty, ..., ty x(0),v(0) — x(At), v(At) — x(2At), v(2At) - x(3At), v(3At) > ......



Other methods learned in Numerical Analysis (2)
* Predictor-corrector method of order g: (PEC)— (PEC) — (PEC) — ...

r(t + At) = r(t) + 2O ap + O A2, 7O pp3y
1! 2! 3!

r'(t+At) =r'(t) + %('t)At + %@Ath%:(t) At3+...
; ! ! !

, 1 1 1 1 1
r'at/1! 0 1 2 3 4
let & = | 1"'At?/2! (1) Prediction: E@ |, ar =10 0 1 3 6 |&],
' At3 /3! 00 0 1 4
r'""At* /4! 0 0 0 0 1
(2) Calculate the acceleration r"'(t + At) , , "
TABLE 4.1 Values of a; Parameters in Gear’s Predictor-Corrector Algorithm® for
from the DFEdiCtEd position T(p) (t + At) Second-Order Differential Equations Using Predictors of Order ¢ B
2 a - = -
Discrepancy AR = Azi' (r'"(t + At) — r" @) (t + Ab)) ' : ] : q; q; —
| g ) : . "
o, G q 360
a1 a, 1 1 1
(3) Correction: &lpypr = EP|pypr + AR | A2 . : ; i
(04} 1 1
ay ay - 12 6

1
60

Qg -

I

Truncation error: O (At9*1)

%From ref. 9, except that for g =5, ay=3/16 seems to be somewhat better than Gear’s original
value.



At

Chasing only for the accuracy of calculation:
Essential requirement: time-reversal symmetry,| ¢, v)‘ (r v)
is not held in the above methods

)

|t+At

G

—At
* Verlet’s method (1967): a time-reversible algorithm,
r(t + At) = 2r(t) —r(t — At) + " (t)At? + 0(At?)
__ r(t+At)-r(t-At) 3
v(t) = ~y + 0(At>)
derived by adding and subtracting the two Taylor series expansions:
r(t + At) =r(t) + r'(t)At + %r"(t)AtZ + %r”’(t)At3 + 0(AtY)

r(t —At) = 7(t) — ' (DAL + 27" (D)AL2 — —r'" ()AL + O(At*)

Advantages: simplicity, good stability, time symmetry,
suitable for studying molecular dynamics



Leapfrog algorithm, a modern version of Verlet’s method
* position is updated by using midpoint rule for velocity
* velocity is also updated by using midpoint for position

r(ta) = rlto) + vtos)AL AT
v(tys) = v(tes) + alr(t)At Qz\;\_}v&\;\;\;

We'd like the position and velocity being calculated at the same time:

(1) velocity Verlet: (2) position Verlet:
V(tnros) = V(ta) + alr(ta)) F(tnros) = 7(tn) + v(t) 5
r(thi1) = 1(ty) + v(thio5)AL V(tpt1) = v(tn) + a(r(thtos))
V(tns1) = V(tnros) + a0 () 5 r(tne1) = T(tnros) + V(tni) 5

By this way, we have the value (7, v) at each time step t = nAt.
So physical quantities can be calculated at each time step.



How to choose integration time step At ?
* Generally, w;At <1

where w; is the frequency of interaction j.

— Lennard-Jones potential

So that, the oscillation behavior due to the interaction 3\ Mmoo
. . . 1 1.5
can be described correctly in the numerical method. X
T | I I ©
°l round- rror uncati <
* The smaller At, the smaller the U e dominetes | @®
truncation error, and the shorter 5 g ° ® -
duration time and the trajectory g o ® .
1 e -4 o .
distance can be explored. B [ smom e 3
QO double precision o N
é 10- 6} cmo -
Note: Extremely small At also lead to - 6° -
. . -8L -
large error in the calculation " o o
, - 106 105 1004 10°3 4p-2 10!
because of computer’s round-off error. FTGURD 43 e

[Haile’s MD book]



Calculation of force
* Total potential energy = U (7,75, 13, ...)

The force exerted on the ith particle: ﬁi

(ex) particles interacting with each other via van der Waals interaction:

S 1
U(771»7”2»773:---)=5 121 1. 16

Fi_ arlU Z] 1.8 l] —Z] 1fl]
j#i ” j#i
The equation of motion for particle i,
L oqr X’ dr X
dv; dr
m; e iy > = (%]
dt y d y
dvi, dri, . .
l dt - lZ’ dt - iZ ) l - 1’ ,N’

==V, U(ry, 13,73,

) = —— U(rl, Ty, T3y e

or;

[totally, 6N ODEs]



Interaction: (1) non-bonded, (ll) bonded interaction

100

(1) non-bonded interactions: grem | |} Repulsive +AV2
a. Lennard-Jones interaction: :

uy(r) = rilz B f6 = 4y [(%)12 - (%)6]

b. Buckingham potential:

ugn(r) = Ae™¢" — —

S8 = Xu 5.0 6.0 7.0 8.0
r/A

c. Coulomb interaction:

q14q
Ueo1 (1) = 47;827,

Can be further distinguished into “short-range interaction”: a, b
and “long-range interaction” : ¢



(I1) bonded interaction

a. Harmonic bond: ubd(rij) = %kb(rij - bij)z

b. Morse potential:

e (11) = Dij[1 — exp(=By;(ryj — byj)]’
c. Harmonic angle potential:

Energy

re
0 2 Internuclear Separation (r)

<> ua(eijk) — %ka(gijk — Oijk

d Dihedral angle potential: MI:]; zﬂ% é‘im

up(dijrr) = kn(1 + cos(ndijr — ho)) 15

)‘iju

10

gauche - gauche +
5

Potential Energy (kJ/mol)

trans
Dihedral Angle 0 60 120 180 240 300 360

up(p) =k (1 + COS(¢)) + k(1 + COS(ZQI’))) + k3(1 + COS(3¢)) Dihedral Angle 2C—C~C—C




Class | Force field: Viwa =Ko(6-,)’

E= ) ky(b-b)+ ) ke(0 -6,

I’:?'dem.’ = K(p (l e ; (COS n¢ B 6))
bonds angles

+ z k(1 + cos(ng — 6))

dihedrals

N
+ Z k(x) ((1) - (1)0)2 @/_H I/jmpmper - ka) (CU _ wO)z

impropers

+ Z k,(u—uy)? H\ e

Urey—Bradley T

o 12 o 6 q:q;
SR G| R
BT Tij rij 47T€€0Tij

coulomb

CHARMM, AMBER, GROMACS, OPLS



Class Il Force field:
involving further anharmonic terms and cross terms

E=FE,qnw + Ecour +
E[K”-ﬁ(b - bof*Kb.s(b‘ b0)3 +K, (b- 59)4]

+ E[Kslz(g - 90)2 + KB.B(H - 60)3 + Kﬂ‘“‘(g B 60)4]

+ 2[ (1- cosp)+ K, ,(1- cos2p)+ K, ,(1- cos3p)]

dihedrals

+ YK

+52‘.b§xb,,.(b - b,)(b'-b,)+ 2 %"{(w.(e -6,)(0'-6,)
+§1 beﬁ(b - b,)0-6,) o

+ Eiz(b - b,)[K, cosp+K, ,,cos2p+K, ,,cos3p]

bonds dihedrals

+2 E(B 9 [ ¢_H,COS¢+K¢_,,2C052¢+K¢‘H3COS3¢] MM3, UFF, MMFF

angles dihedrals

+2 Y Y Kuo(0-6,)6'-6,) cos

angles' dihedrals



* Class lll Force Field
considering more chemical effects such as electronegativity and
hyperconjugation, and polarization (treating electrostatic interactions
with higher-order moments up to quadrupoles)

A
CHARMM, ABMER, AMOEBA A=l -<oic-co-
a0

3‘!

sz |° carbocation

 Ab initio Force Field

E = Ecoulomb + Edispersion T Epolarization

+Echarge —transfer + Eexchange —repulsion

[Xu et al. JCP 148 (2018) 090901]



Only small system size (~*100 nm) can be simulated by MD.
Unexpected boundary or interface effect will come in?

N particle system:

2
no. particles near bd. = 6(W)
~6N2/3

fraction. particles near bd. = — = 6N~1/3

* Inareal system, N = 1023
fraction nearbd =~ 1.3 x 10~

 Inasimulation, N = 10°
fraction near bd = 0.13

Method to reduce the unexpected boundary effect

Periodic Boundary Condition (pbc)
NOTE: Calculation of interaction under pbc:
Minimum-image convention
particle interacts with the closest image of the remaining
particles in the system




MD simulation is naturally run under fixed NVE condition :

* number of particles N is fixed

* Hamiltonian does not depend on time = total energy E is conserved

* box size of simulation is not changed

How to perform simulations at a desired temperature
or other ensembles ?

Fact: “equivalence of ensembles”:
NVE ensemble: <T>, <P>, <u>, ...

< NVT ensemb
< NPT ensemb
< uVT ensemb

e: <E>, <P>, <u>, ...
e: <E>, <V>, <u>, ..
e: <E>, <P>, <N>, ...

in the limit of thermodynamics

Forcing the system to relax at the
desired temperature T}
(ex) velocity scaling method:

v; « av; witha = /Tp/T(t)

o) =2 5:1 )
3N - Dy | £ 2 v



MD flowchart

Choose initial

configuration {r; (0

|

Energy minimization

|

Initial velocity assignment {v;(0)}

|

Equilibration

at desired temperature

Compute forces
Update velocities and coordinates
t - t+ At
Control temperature

Calculate physical quantities

Is stopping

criterion
reached ?




* Initial configuration:
X-ray, NMR, lattices, random distribution, ...

Slidi

z
T_.x Fixed layer

[Yang et al Materials 12 (2019) 1240] [Ortega et al Biomol. 9 (2019) 611] [Moore et al Biophys J. 114 (2018) 113]

:

(b)

layer

Initial

150 ns

* Energy minimization (stress relaxation):

steepest descent, conjugate gradient, Newton-Raphson,...
+ not care about velocity
+ Force is computed and

atoms move in the direction of force
+ molecular dynamics at T=0

steepest descent
conjugate gradient

\



* Assignment of initial velocities |
— set the velocity according to Boltzmann distribution f (a) ///\
2

m; m;v;
fWie) = — exp (— ﬁ) a=xY,z

2tkgT

Ve

. " . 1
+ Shift the velocities to produce zero total linear momentum: v;, < v;, — (ﬁ 9’=1 vja)

+ Scale to the desired temperature: v;, « vi“\/TD/(g(N 21)k KE)
— B

How to generate velocities with a Gaussian distribution?

Box-Muller method:
let U; and U, be indep. random variables uniformly distributed on the interval (0,1)

— 7y =/—InU; cos(2nU,)
Z, = \/— In U; sin(2nU,) indep. random variables with standard normal distribution
e Set viOl — \/kBT/ml Zl,Z




Equilibration
* Measurements: taken after the system has been equilibrated
e Justification for equilibration:
+ any kind of energy: potential & kinetic energy, total energy,...
+ molecular structures, conformations, order parameters, ...
+ any kind of distributions
+ properties of thermodynamics
+ fluctuations, etc.

* Different physical quantities have different equilibration time.
—> Not possible to have 100% sure for reaching of equilibrium



Initial Condition

500 Collisions

Boltzmann H- function: H(f) = fQ f(x,v)In f(x,v)dvdx

* A decreasing function with time until reaching a minimum
 Shannon-Boltzmann Entropy: S(f) = —H(f) Jvy)

Instantaneous Velocity Vectors Velocity Distribution H_ = Z J(v)In f(v )Av,
Av

L]
e ® 8 88 B0 . l' ’
L ]
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4 ot
3 R
o D
4 -0.02
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0 500 1000 1500 2000 2500 3000 3500 4000

[Martini’s lecture, Purdue University]



Algorithms

Program MD {
initialization: r, v, minimization,...

t=0
call force(F)
while t<=tmax; do
call vel_Verlet(r, v, F)
t=t+delt
call quantities(r,v) if it’s the moment
call controlT(v) if it’s necessary
done

Subroutine vel Verlet(r, v, F) {
fori=1toN; do
v[i] = v[i] + (F[i]/m[i])*delt/2
r[i] = r[i] + v[i]*delt
done
call force(F);
fori=1toN; do
v([i] = v[i] + (F[i]/m[i])*delt/2
done

}

O(N) algorithm

Subroutine controlT(v) {
KE=0
fori=1toN; do
KE = KE + m[i]*v[i]*V[i] /2
done
T=2/(3*(N-1)) * KE
rho = sqrt(Td/T)
fori=1toN; do
v[i] = rho* v][i]
done

Subroutine force(F) {
fori=1toN; do
F[i]=0
done
fori=1toN-1; do
forj=i+1toN; do
compute: fij
F[i] = F[i] + fij
F[j] = F[j] - fij
done
done

}

O(N?) complexity :
not efficient




Non-bonded interaction: short-range vs. long-range
 Short-range interaction: u(r)~1/r™ withn > 3:

interaction energy can be calculated by introducing a cutoff distance 7,
and then corrected later

U= [, u(mp®anrdr = [Cu()p(r)dnridr + Ugpr

~ 2 4TPo . 3—n AT Po
Ucorr = Jr, u(r)p04m" dr = 3 . 7 |rc — (n—3)rn=3

— converge ifn > 3

(ex) van der Waals interaction: u(r)~ — 1/r°

 Long-range interaction: u(r)~1/r" withn < 3:

cannot calculate the interaction energy correctly by introducing a cutoff,
even if r, =

(ex) charge-charge interaction: u(r)~1/r
charge-dipole interaction: u(r)~1/r*

diploe-dipole interaction: u(r)~1/r>



Neighbor list method for short-range interaction:
O(N?) complexity > O(N) complexity !?

without cutoff radius with cutoff radius

u(r)) r S TC
0, r>1,

u(r) = {

Subroutine force(F) {
fori=1toN; do
F[i]=0
done
fori=1toN; do
/ for jeNeighbor(i) ; do

compute: fij

F[i] = F[i] + fij
e BUT constructing a neighbor list is an O(N?) algorithm ! / done
fori=1 _t(_) N'li do. No. of neighbors = p, (%nrf) } done
forj=i+l1toN; do (about a constant, indep. of N)
if rij<rc then
put j in Neighbor(i) s - ®
put i in Nieghbor(j) ® . Arp
done Q_ . ® o
done =
* Verlet’s solution: constructing a “larger” neighbor list at L v @
the place so that the list is “valid” for several time steps. o g




Cell list method: O(N) algorithm 1fe 2] e g

¢ f
. . . . . . . . C
* Simulation box is divided into cells of size 1. X 7. X 17 ; . 1 ° .
a -
A particle interacts with those particles in the same cell 1) V473 T z”?;);i?j};fzfji

. .
and Il I tl Ie l Iel I lbor CeIIS Py yyyd Uy Ty
[ T LA Y T A R T R »
- R - y < -

Subroutine force(F) { 12 Is

fori=1toN; do ®(31) o
F[i]=0
done

P e ————— s |
.-( .-) 5 '\--\._\"\-\.-\'\--\..\("-\. "\. )\-\..\ -’-’}_/}_-"-’Izg )-}_
- v - ™y ™ . - - o - -4

32 “ A $ \ A ol

- . W

- b3 o .

fori=1toN; do
determine the cell no (a,b,c) which contains i
for je Cell(a,b,c) and neighborCells; do

compute: fij \ ; f
F[i] = F[i] + fij __, No. of partilces = p,(2772)

done (about a constant, indep. of N)

done
} NOTE: number of particles j involving in the

calculation of force:
e Constructing “cell list”: also an O(N)-algorithm (cell list method) >> (neighbor list method)

- . 4
fori=1toN; do po(2713) » po (§n<rc + rs>3)

link i to a cell (a,b,c)
done



Hybrid method: cell-list @ neighbor-list

* |dea: using cell list to construct neighbor list and then using neighbor list to calculate

forces : a pure O(N) algorithm

Subroutine ConstructVerletNeighborList
(1) make cell list:
fori=1toN; do
link i to a cell (a,b,c)
done

(1) build up neighbor list:
fori=1toN; do
determine the cell no (a,b,c) which contains i
for j € Cell(a,b,c) and neighborCells; do
if rij<(rc+rs) then
put jin Neighbor(i)
putiin Nieghbor(j)
done
done

Subroutine force(F) {
call ConstructVerletNeighborlList if it is not valid

fori=1toN; do
F[i]=0
done

fori=1toN; do
for jeNeighbor(i) ; do
compute: fij
F[i] = F[i] + fij
done
done

}

Complicated in coding but more efficient as N is large!




How to calculate long-range interaction?

Point Charges Real Space Reciprocal Space

e Coulomb interaction under pbc:

1 aiqi
Ucoul =EZ;’IZL Z —

J 4me|rij+nL] ‘

JUN N
V

Gaussian Iaw —V2¢p(r) = % Ewald (1921): 1_ 1-erf(Var) + erf(var)
T T T
pr(”l”) - 4-7T8|1‘| < pp(r) = qo(r) where
er r 3/2
p(r) == 4;(;/;: D o pe(r) = Q( ) exp(—ar?) erfc(\/_r) is short-ranged,
U ZN q:q; erfc(\ar) erf(\/_f)n be computed with a cutoff 7.
cout = - j#i ame is long-ranged,
T ZkiO exp(- k2/47t) p(k)|? computed with Fourier transform

gk
Ewald sum:

IZL 147; cutoff in real space: 1,
cutoff in k-space : k.
where p(k) = ¥V, q; exp(ik - ;) complexity: O(N)+O(N?)




Ewald sum method:
choosing good parameters «, 1., k., = O(N!~)

Incorporate Fast Fourier transform to solve
discrete Poisson equation

Particle Mesh Ewald = O(N logN)

algorithm using multipole expansion to
calculate electric field by grouping charges

Fast Multipole Method = O(N)

" .
WP TN g 58 DAL
25 R 0 TR (ARl Ky OB
SRR SN PN PO R
I AR RN M DRl R :..'. o o e Y
LG IS PO SFCR O el
A B S i 3 ad . " o [
AN POCRE PRI SEERELE AR IR L S
PR LT FII )
. RN L 3 ® ® ® ®
B 3 L A KN
e Rt ] ole|e]e]|e]e
e 0w - ®
¢ ‘T Ny eojeol. . [ ]
B T P I 3 G -+ ° [
TR O O P I % oo} .|, o ®
T I R 3 0 s O Ay
B G N N IR eolo): 1:]. 1@
N . R B i
xR T1N ° ) ojeojojejeje
X Y L]
o i P ojeojojejeje
PESE IR L] o
- D J 1)
AL £
R N A R o | o] o] e
" e . . e .o,
3] et " Il
. . .
.,‘.":. . . L . _"
5. R
TS s e ° ° ° °
t fn‘." AP
o oo LA
ERI R M 4
50 AR
I r

Top 10 algorithms from the 20t century

* 1946:
* 1947:
e 1950:
* 1951:

* 1957:
e 19509:
* 1962:
* 1965:
e 1977:
e 1987:

(SIAM News by B. Cipra)
The Metropolis Algorithm
Simplex Method
Krylov Subspace Method

The Decompositional Approach
to Matrix Computations

The Fortran Optimizing Compiler
QR Algorithm

Quicksort

Fast Fourier Transform

Integer Relation Detection

Fast Multipole Method




Temperature controls

° ° T 2K .
* Velocity scaling method: v; « v; |2, T = (too crude, very violent!)
‘ N T 3(N-1)kpg

At (T .
* Berendsen thermostat: v; « viJl +— (?D — ) , T=relaxation time

 Andersen thermostat: every particle has certain probability at each time step to
undergo a collision with a heat bath. If undergoing a collision, a new velocity drawn
from the Boltzmann distribution corresponding to the desired temperature is assigned
to the particle.

Vixyz < \/kBT/ml-Z if the particle i collides with the heat bath
e Gaussian thermostat: constraint method, isokinetic
Di : %
i = Elr Pi = Iy — agl
d_T=O= Xi Vi'Di a=zl Fi-v;



Nose-Hoover thermostat
* Nose’s (1984) Extended Lagrangian: L, = Yiu 15 Zm 7;12 2—U{RD + %QSZ — G(s)

momentum 7; = — = mtis?,  mg = et
ri
—>2

extended Hamiltonian: H,,; = [Z + U({rl})] +—=+G(s)=H+ —Q + G(s)

NVE ensemble for dynamic variables ({;, 7;}, 5, s): Partition function
1 — >N
Zext = 3 If JJ dmsdsdty 7" 8(Hexe — E)

%ff [J drsdsdpi d7if* &( [Z{V 1§l g U({Tl})] + =4+ G(s) —E), Herep; =m;/s
— %ffd Nar] exp(— ﬁ) if we choose G(s) = (BN + 1)kgTIns
. B

= NVT ensemble for dynamic variables ({p;,7:})

* Hoover’s modification (1985): non-Hamiltonian
Hyy{p;, 7}, 06, 8) = Z{V " Zp‘ - + U{r;}) + pSQ + 3NkgTIns




MKT form: Nose-Hoover Hamiltonian (1992 Martyna, Klein, Tuckerman)
- H({p;, 7}, pn,n) >N p‘ -+ U({r}}) + + LkgTn, L =3N ,non-Hamiltonian

. ap; aU Pn -
Eq. of motion: - o 2 P
d?i - ﬁl
dt m;
dpy N B}
e (zizlm—i) — LkyT
an __ Py
dt 0Q

(py, 1) plays the role of thermostat; trajectory {p;, 7;} fulfills NVT ensemble

M

* Nose-Hoover chain: thermostat is controlled by M dynamic variables {pn r]]}
j=1

H (G 7 tony 3 ) = S 25+ UCED + 2Ly ’”+LkBTn1+z 2 kpT;




Isothermal-isobaric method (MTK 1994) : NPT ensemble

ar; _ Di Pe =

* Equation of motion: @ m + 3,7
dﬁ ~ Pn > Pe - 3
dtl = F; __npl — _Epl(l +_)
dv _ 3V
ac  w Pe
dp p p
thZBV(Pint_P)‘l'(ZN l) ?npe
dn _ Dy
dt Q

dp" (ZN bi ) +PE (L+ DkgT

where Py, = — (S, pl T I 3V5U({’” )L =3N
Conserved quantlty: non-Hamlltonlan

H({B:;, 7} pe, V. pyon) = ZiL p‘ -+ U({r;}, V) + + PV +— 21 ot (L + 1)kgTn



Generic way to develop a time-reversible & symplectic integrator

 How to find a numerical scheme which solves the Hamiltonian f‘ p
. . OH . OH .
equationg =50 = — 5 and also conserves the symplectic 2- -
form dpAdq? [Liouville’s phase volume invariance theorem] Apf_/j//' ox
AX

Let A(X) be any physical function defined in the phase space, X = (q4, 9>, ..., P1, P2, - )
Consider the dynamic equation % = ILA

sy |0H @ 6H6]

where iL = ~— > — 73| =ilg +iL, isa Liouville operator

a=1 0P 0qq 0qq 0D

= Solution A(X,) = et A(X,) =+ e'tatetrt4(X,) because not commutative [iLy,iL,] # O

Applying Trotter theorem(1959): [B,C] # 0, e?*¢ = lim [eC/ZPeB/PeC/ZP]P

P—oo

. . . . P
We have ptlt — [eleAt/ZequAteleAt/Z]

. . . . P
or ptlt — [equAt/ZeleAtequAt/Z] where t = PAt



o elLt [eLLpAt/Z quAteLLpAt/Z] — (eleAt/Z quAteLLpAt/Z) (eleAt/Z iLgAt leAt/Z)
0.5iL.. At —0H 0 . At .
e” "™ A(q,p) = eXp( Ya G- apa)A(q p) = eXp(Z 2o Da g)A(q,p) =A(q, p+~ D)

OH 0
e'1%' A(q, p) = exp (At Ya G- aqa)A(q p) = exp (At 2a Ga 3, )A(q p) = A(q + 4At, p)

. —9H 0 : At
e®SivAtA(q,p) = eXP( 2a 5, apa) (q,p) = exp ( 2 2 Do E)A(q’p) =A@ p+3P)
that is “velocity Verlet algorithm”: v <« v + %%

r < r+ vAt

F At
VeV +——
m 2
Similarly, elLt [equAt/Z leAteLLth/Z] — (equAt/Z LLpAtequAt/Z) (equAt/Z leAt quAt/Z)

p i At
position Verlet algorithm: 7 <« r + v

v<—v+£At
m

At
rer+v7



Application (1): multiple time-scale integration

. : p :
* Eq of motion: 7 = Er P = Frast + Fslow [ Weast > Wslow |

fast force Fy,5t, such as bonded interaction:  small 6t is needed. [ eyt < 1]

slow force Fgjovw, like non-bonded interaction: At > 6t, say At = nét [Ws1owAt < 1]

. . . . . ; 14 d
* Liouville operator iL = iL, + iLy, +iLy = 4+ Ffast o + Fslow 7 .

mar

* Trotter scheme: exp(iLAt) = exp(inSAt/Z)exp ((iLr + iL, )At) exp(inSAt/Z)

= exp(iLAt) = exp (% Fsow %) [exp ( Frast aap) exp (5t__) exp ( Frast aa )]n €Xp (% Fstow %)

m or

p=p+0.5%At*F

slow

fori=1ton
p=p+0.5%t*F,
— E 3 .
r=r+otip/m RESPA algorithm
recalculate fast force
p=p+0.5*3t*F, At = ndot
endfor Two or more time scales

recalculate slow force
p=p+0.5%At*F

slow



Application (2): Symplectic integrator for Nose-Hoover thermostat

Eqg. of motion: o [ = ; iL, +iL, +iLyyr with
dpi _ g _Puz ‘ 5 iLy = vy —
dt Lot where iL, = Y; U;,— o TMon
dr; Di I L, =—Y: v 1}’1
dt:m- . F; 0 Hoow = Loon oy,
l 22 iLy =2 —== :
dpy N Di m; 0V; lL _c %
— Zizl_ _ LkBT : : . . vy
dt mi lLNHT = an + lva + lLv
dn _ Py K N pl — LkgT
a=h Z B
Trotter factorization: o LonAt/%, vy vy + G E
At .
exp(iLAt) = exp (lLNHT ) exp((iL, + iL,)At)exp (lLNHT 5 ) p Loy AL/2, nen+u, Azt
where plLvwlt/2. 5. e —vpAt/2
. At At .. At .. At ‘
exp (lLNHT 7) = exp (lL ) exp (lva . ) exp (an 7) exp (lLvn :)
piLrAt/2. > At

exp((iLy + iL,)At) = exp (lL,, %) exp(iL,At)exp (iL, 5)

nen+m2

_>

e‘LvAt : 1_7)1' «— T})i + —lAt
m;j




exp (iLNHT %) = €xp (lL ) €xp (lLW At) €Xp (iL’? %) €xp (iL"n %)

Algorlth m exp((iL, + iL,)At) = exp (lLT 7) exp(iL,At)exp (iLT %)
Subroutine integrate { Subroutine NHT(KE) { Subroutine posi_Verlet (KE) {
call NHT(KE) G=(2*KE - L*T)/Q KE =0
call posi Verlet(KE) v_eta=v_eta + G*dt/4 fori=1toN; do
call NHT(KE) eta = eta + v_eta*dt/2 r[i] = r[i] + v[i]*dt/2
s =exp(-v_eta*dt/2) done
} fori=1toN; do call Force(r)
ot e | S eren e
At A one vlil = vIi] + (F[i)/m(i])* it
e TN ety KE = KE *s*s KE = KE + 0.5*ml[i]*Vv[i]*V[i]
ele,At/Z vl - v e —vpAt/2 G=(2*KE - L*T)/Q done
. v_eta=v_eta + G*dt/4 fori=1toN; do
et BT T4 Ui } f[i] = r[i] + v[i]*dt/2
el B, + —iAt done
m; }




Calculation of static quantities

* Root Mean Square Deviation : RMSD = \/%Z?’:l(f’m — Tig)?

RMSD is calculated between two sets of atomic coordinates.
It is @ measure of how much the protein conformation has changed. .|

RMSD (Calpha) [nm]

Ot—oL ] ! L | I I T N | 1 1 !
0 10 20 30 40 50 60 70 80 90 100

Time [ns]

* Root Mean Square Fluctuation: RMSF; = \/%Zt(ﬁ-(t) — (1 (1)))?

It measures the average deviation of a particle over time from a
reference position (typically the time-averaged position of the
particle). )

- Radius of gyration
0.7
18

* Radius of Gyration:

_ N 5> = N\2 N _
Rg — \/Zi=1mi(ri rcm) /Zi:lml
a measure for the compactness 2k 0al

of a structure * i

e
>
I

L6

T
RMSF [nm]

05—

Rg (nm)
T

1 1 1 1 1 1
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Atom

0.8

1 J 1 | 1 | 1 J 1
http://www.strodel.info/index_files/lecture/html/tutorial.html 0 20 40 60 80 100
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Calculation of dynamic quantities
« Green-Kubo formula: %(AA(t)z) =2 [ {A()A(0))dr
Diffusion coefficient D: (Ar(t)?) = 6Dt as t - o

6 dt
=D = [(5(2) - (0))dr = S [~ TN (#:(7) - 5(0)) dr

D is a time integral of the velocity correlation function

——Za <(ra(t) — ra(O))2>, t — oo, Einstein relation

2
Shear viscosity: 1 = 20ks Tdtz <(Gaﬁ(t) —Gop (O)) >, t > o0
where Ggp(t) = [ Pap(t’)dt

Uaﬁ"‘“ﬁa o)

ap
e _ tr(a))
waﬁ=11fa¢,8 Wap =3 1fa—,8

Pressure tensor: Pypg = Wgp (

Stress tensor: g,p = [Zl 1 MV Vjg + Z 121 i+17"ijaFijB]

10kp Tf Zaﬁ( o (D)Pop (0))dt

Green-Kubo: n =

% | | I | I | I | I | |
@ _
o 2
'—"‘:T:
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Calculating time correlation function from a trajectory

(N |
 Direct method: O(M?) complexity =

Cap(®) =7 fy aX)b(Xpyr)de 0 A1 4Al
= Cup(nAt) = _2 a(XmAt)b(X(m+n)At) n=1..,MAt=T/M
* Fast Fourier Transform method: O(M logM) (Wiener-Khinchin theorem)

Cap(®) = 7117, a(X)b (Ko Ddr = 2 [T @(@)b* (w)e™ dw

using FFT to calculate @, and by, and then FFT-1 to compute C,p(nAt)

Qi = Yn=0 a(Xnag)e 2/
Bk — M—1 b(Xn t)e—i2nnk/M

Cap(nAt) = =M La, bre?™k/M n=1,.. .M



Summary

 Fundamentals of molecular dynamics simulation have been reviewed.
+ integrating scheme to solve Eq. of motion: Verlet algorithm
+ force fields: class I, II, Il
+ short range interaction: neighbor list @ cell list
+ long range interaction: Ewald sum and other methods
+ temperature control & ensembles
+ generic way to develop symplectic integrator : Trotter facterization

+ calculations of static and dynamic properties, correlation functions

Acknowledgements to Ministry of Science and Technology.

Thank you for your attention!






MD simulation applied to macroscopic system:
Using MD technique to solve Eq. of motion

(ex) Granular dynamics : Hertz-Mindlin model
[normal force firstly studied by Hertz 1881; tangential force firstly studied by Mindlin 1949]

ﬁij = ﬁ'n + ﬁt' = 1/5R*[(kn5ﬁ — MY VUn) + (—ktA§t — m*ytﬁt)]
where

k., k¢: elastic constant for normal, tangential force
Yn, Ve damping constant for normal, tangential contact

m:m:; RR .
m, = —L, R, = —X reduced mass and radius
mi+mj Ri+Rj

i=1/1;

Ny =n—T, Ti= |77ij '
vij =V — Uj, Un = (1311 . ﬁ)ﬁ,
Ut =vij—vn—(wiRi+5jRj)><ﬁ, t=17t/|vt|

A§t = tangential displacement
0 = R; + R;j — 1y overlap distance Coulomb criterion F; is limited by u;|E,|:

Fi = —min{ .ut|Fn t, F{ }

- _—)n St
= Fij = Fj + I



Algorithm: velocity Verlet

Subroutine vel Verlet(r,v, F, 6, , 1) {
fori=1to N; do
v[i] = v[i] + (F[i]/m[i])*delt/2
ol[i] = oli] + (t[i]/I[i])*delta/2

r(i] = r[i] + v[i]*delt
done

call force_torque (F, 1);

fori=1toN; do
v[i] = v[i] + (F[i]/m]i])*delt/2
o[i] = o[i] + (t[i]/I[i])*delta/2
done
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R d(@) .
— F —
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j=1



	 Fundamentals of Molecular Dynamics Simulations
	Molecular Dynamics (MD) Simulation
	Primary goal of MD simulation: �computing the trajectories of atoms/particles in a system
	Physics of a system are known if we know the trajectory,  � more precisely,  the phase-space trajectory    𝑟 𝑖  𝑡 ,  𝑝 𝑖  𝑡   𝑖=1 𝑁   
	Examples:
	 Time scale and system size can be handled by MD simulations
	Length & time scales accessible by different simulation methods
	How to solve the equations of motion?
	Other methods learned in Numerical Analysis (1)
	Other methods learned in Numerical Analysis (2)
	Chasing only for the accuracy of calculation:�Essential requirement: time-reversal symmetry, is not held in the above methods
	Leapfrog algorithm, a modern version of Verlet’s method�  * position is updated by using midpoint rule for velocity�  * velocity is also updated by using midpoint for position 
	How to choose integration time step Δ𝑡 ?
	Calculation of force
	Interaction: (I) non-bonded,  (II) bonded interaction
	Slide Number 16
	Class I Force field:
	Class II Force field:                                �          involving further anharmonic terms and cross terms
	Slide Number 19
	Only small system size (~100 nm) can be simulated by MD.�Unexpected boundary or interface effect will come in?
	How to perform simulations at a desired temperature or other ensembles ? 
	MD flowchart
	Slide Number 23
	Slide Number 24
	Equilibration
	Boltzmann H- function:  𝐻(𝑓)= Ω  𝑓 𝑥,𝑣  ln 𝑓(𝑥,𝑣) 𝑑𝑣𝑑𝑥 
	Algorithms
	Non-bonded interaction:   short-range vs. long-range
	Neighbor list method for short-range interaction:�       O(N2) complexity  O(N) complexity !?
	Cell list method: O(N) algorithm 
	Hybrid method:  cell-list  neighbor-list
	How to calculate long-range interaction?
	Incorporate Fast Fourier transform to solve discrete Poisson equation�Particle Mesh Ewald    O(N logN) 
	Temperature controls
	Nose-Hoover thermostat 
	MKT form: Nose-Hoover Hamiltonian    (1992 Martyna, Klein, Tuckerman)
	Isothermal-isobaric method (MTK 1994) : NPT ensemble
	Generic way to develop a time-reversible & symplectic integrator 
	Slide Number 39
	Application (1): multiple time-scale integration
	Application (2): Symplectic integrator for Nose-Hoover thermostat
	Algorithm
	Calculation of static quantities
	Calculation of dynamic quantities
	 Calculating time correlation function from a trajectory
	Summary
	Slide Number 47
	MD simulation applied to macroscopic system:�Using MD technique to solve Eq. of motion 
	Algorithm: velocity Verlet

