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Mind set

* The purpose of summer school is to help you
learning. So don’t be afraid to ask questions!

e Ask the lecturer ( to help you learn)

e Ask YOURSELVES! ( to develop your own way of
thinking! )

e Discuss with people, to be confused in an efficient
way.

* If you got an answer that you are not satisfied, ask
yourselves: how to make the answer better? Then,
you can share your answer!




Mind set

* Don’t be afraid to make mistake or to show your
ignorance. That is just a process of learning.
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Mind set

* Learning by doing - the hands on tutorial
sections.

e Writing a program is an important way to
check whether you really understand the
concept.




Outline

* Tensor network method
e for nontrivial correlations
e for quantum systems — quantum entanglement
e for classical statistical mechanics

* for qguantum dynamics of correlated many-body
system



Non-trivial correlations in many-body systems

e Classical correlations * Classical statistical mechanics
correlations not related to  ( coverei:l in most lectures)
entanglement P(§) = _e—ﬁH(éf)

e Quantum correlations :
correlations related to * Quantum many- bOdY system

entanglement P(a) = |(1//|a)|




Tensor networks for guantum systems:
Ground state and time-evolution



What is quantum entanglement?
From the superposition principle:--

e Quantum bit (qg-bit) Sometimes people said the
| o PRdstate is simultaneously spin up
* Linear superposition y and spin down. That is not a

correct description.

)y =1[1)+1[1)

e Superposition with a
complex phase

[w) = | 1t )+ 1)



What is quantum entanglement?

* Quantum bit (q-bit) ‘Axioms of quantum mechanics .

- 1. A system is described by a quantum
state.
|l//> = |1 > + 1] > 2. The time evolution of the state is
described by the Schédinger equation.
e Superposition with a 3. The distribution of the measurement is
complex phase W des.crlb.ed by the modulo square of.the
projection to the measurement basis. ,
h//> =1 >+ei9\ l > 4. The Hilbert space of a composite system
Is formed by the tensor product of sub
_Hilbert spaces.

* Linear superposition

e




Axioms of quantum mechanics : ) € H
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Axioms of quantum mechanics

2. The time evolution of the state is
described by the Schddinger equation.
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described by the modulo square of the
projection to the measurement basis.
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Axioms of quantum mechanics

4. The Hilbert space of a composite system
Is formed by the tensor product of sub
Hilbert spaces.




What is quantum entanglement?

e two g-bits (Simplest non-trivial example)

o Hilbert space : | ® #,

* not entangled states ( product states )

ly)=11T)1®| 1)
) < [Tl T+l d T )+ Tl )
) < (| T )+ 1)) ®UT )+ 11))

* entangled states

) = 1 1)1 L )= 11)111 )0 » D), ®'P),



* not entangled states ( product states ) : Just like we put two system
together “classically”.

lw)=11)®|1)
lyp) (| T )+ IR T h+ |l ))x| =) &|— ), L [ 2

* entangled states : No classical analogy!

lw )= 1Tl =il T)h»IP)&|F),

2



Why entanglement pattern is important?

The product state, a state that <« The entangled state, a state
could have classical analogy. that has no classical analogy.

\

Can be used to develop new
technique! Quantum computing!




Entanglement pattern?

Why understanding entanglement pattern is useful/cool?

Can we understand entangled many-body wave functions in a
systematic way?

e Gapped quantum phases are more well understood--:
What kind of entanglement pattern can be robust/useful/cool?
How to detect the entanglement pattern?

-+ Need a good tool to describe entanglement!

Tensor network approach!



Y)EERE (phases of matter)
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e 2016: Topological phase transitions and
topological phases of matter

IR B B ST A

David J. Thouless F. Duncan M. J. Michael Kosterlitz
Haldane



What kind of entanglement pattern is out there?

* The product state is special, because it is the boring state from
the entanglement point of view.

* Important simple examples with non-trivial entanglement?

* Haldane phase ( related to the idea of Symmetry Protected
Topological phases (SPTs) )

e Eigenstates for toric code model ( related to the idea of
Symmetry Enriched Topological order (SETs) )

* What are the matrix product state representations of these
states?



Gapped quantum phases — from the boring one

* The product state is
special, because it is the
boring state from the
entanglement point of
view.

O
Product states

T=0 many-body Hilbert space ( 2D, gapped )
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Why energy gap?

Many-body energy gap —
possible to define local
perturbation

A
A
7

pa
T
pa

Local perturbation @ Iroductstates
Product states

T=0 many-body Hilbert space ( 2D, gapped )

Local unitary
transformation

PP PP
PP PP




Are there gapped quantum phases with non-
trivial entanglement pattern?

YES! Many of them--:
e.g. The toric code model (Z>
quantum spin liquid)

Can we deform toric code
ground state to a product
state with a path that the

energy gap remains open?

A.Yu. Kitaev O. Hirota, A.S. Holevo, C.M. Caves (Eds.),

Quantum Communication, Computing and Measurement,

Plenum, New York (1997)

Ground state for
toric code model

Product states

T=0 many-body Hilbert space ( 2D, gapped )



e Exact solvable model (Full spectrum)

The toric code model

Ground state : superposition of
closed loops.

Topological excitations (e, m, €)

Gapped topological order with
robust entanglement pattern.

The close loop constraint
forbidden the deformation into
product states — non-trivial
entanglement.
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The toric code model

* Assume Hye = - Z K ($)A; — Z K.(p)B,
K()=K, K (p)=K ;K, K >0 5 p

° [HTC" AS] = [HTC’ Bp] — [Asa Bp] = () o <'1€_!T;C>;Bp ) [IE_ITZZ]
[As’ AS’] — [B]% Bp’] =0
(Can you show that?)

Pauli spin operators on the links.
@ o o o @

O

o

o Ground state satisfy A, = B, = + 1. How

to have a wave function that can
minimize both terms simultaneously?




The toric code model

o Ground state satisfy A, =B =+ 1. How  H;.=—- ) K,(9)A,— ) K,(p)B,
s p

to have a wave function that can
minimize both terms simultaneously?

Bt e g i

e Can you show that the two terms are
minimized by this wave function? ¢ ¢ ¢

e The assumption K (s), K, (p) is
homogeneous is not important.




Why toric code ground state cannot be deformed
Into product states when gap remains open?

"] 7° basis, background
=41

) ® Py 'y Py ® ® ® ® ® ® ® )

° [ [ [ [ ® ® ® ® L4 ® [ [ ® ®

|\yg>o<°. 0 R R U PP v N A PR I 0 s e i 0 O O




Why toric code ground state cannot be deformed
Into product states when gap remains open?
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Separated by an
energy gap!

e Can you show that |V ) is an eigenstate? What if m-string form a loop?



Why toric code ground state cannot be deformed
Into product states when gap remains open?

Entangled states

[P, ): configuration with close loops only.

|Y, ) : configuration with pairs of open ends

Product states

| W): All possible configurations, arbitrary
number of open ends.

€.9. ®,’(‘T>i+‘l>i)

As long as the energy of the excited states
and the ground state energy are different, the
two states cannot form a linear superposition

— Cannot relax the nontrivial constraints

— Cannot be a product state ( No knowledge
of what’s going on after certain length scale)



The entanglement pattern for gapped quantum
matter

Are there other ways to ®
. G d f
restrict the allowed oric.code moda

deformation of
entanglement pattern?

Yes, symmetry! How a

O
quantum many-body state o et st

transform under symmetry? T=0 many-body Hilbert space ( 2D, gapped )




The entanglement pattern for gapped quantum
matter

* How tensor network helps us to
understand entanglement pattern
for more general cases?

* Detecting topological order from
tensor network method, Prof.
Ching-Yu Huang

* Projected Entangled Pair States,
topological order, and topological
spin liquids, Prof. Norbert Schuch’s

M. Z. Hasan and C. L. Kane,

Rev. Mod. Phys. 82, 3045 (2010)

T. Senthil, Ann. Rev. Cond. Matt. (2015),

X. G. Wen, Rev. Mod. Phys. 89, 41004 (2017)

topological phases ( SPTs)

+Symmetry
restriction

Symmetry protected

.= Ground state for
toric code model

E E
.......

. Symmetry enriched
topological orders ( SETs )

Product states

T=0 many-body Hilbert space ( 2D, gapped )

X. G. Wen, Phys. Rev., B65, 165113 (2002)
A. Essin and M. Hermele,
Phys. Rev. B 87, 104406 (2013)



From the Hamiltonian to the state

* We discussed how entanglement is important. We also
suggest tensor representation is a good language to
describe the entangled wave function. However, how to
get the ground state wave function? Especially for
exponentially large Hilbert space.

 Usually we need to model a physical system first, then
ask: what is the ground state wave function?

Physical systems <> effective models



The model we just discussed seems very
artificial -

* We will focus on how to a
apply tensor network

OLn
methods on the effective O\ / C sondown  Spin-up
model. / IH\Q 9 l l

n .

e How to construct the b ° 0 -
effective model for a ddorsd [

physical system is g™ T T W2
important but not e =%

discussed in the school

. . . Jeffrey G. Rau, Eric Kin-Ho Lee, and Hae-Young Kee,
due to the limit of time. Ann. Rev. Cond. Vol. 7:195-221 (2016)



Hubbard model

e Minimum model with correlation effects

H——tz m]o_+h c+UZ ;1 |
)

Pauli exclusion principle



Quantum Heisenberg model

e At half-filling, large U limit. The charge degrees of freedom
Is frozen. We have an effective model with spin degrees of
freedom only. (Through degenerate perturbation theory)

H=-]) 5,7,
(E:])




Spin mode|

e Classical spin models and quantum spin models
* The spin configuration is describe by number or states.

e Classical model

{Gi}z{Tala'"aT}

e Quantum spin model

1

7



Transverse field Ising model

——]Za o | hZ(fix
o H =H QI Q - QA

l
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Exact diagonalization for guantum models and
Its limitation

e His a2V x 2V complex matrix.
e To find ground state, we need to diagonalize H

* To study the wave function evolution, we need to study
operator like e 1!

e Scale exponentially with system size!

e How much memory do we need to store a a 2N % 2N
complex matrix for N=10, 20, 30?



Advantages for tensor network methods

* Variational wave function
encapsulate information of

entanglement efficiently. e (Day 1) tensor network
e Can use density matrix for ground states: MPS,

renormalization group (DMRG) MPO and DMRG.

to get the ground state Prof. Chia-Min Chung’s

efficiently.

talk and tutorial!

* DMRG has no sign problem!
Can be used to study frustrated
systems, spin-orbit coupled
systems, etc.



Time-evolution of correlated many-body
systems

e Exact diagonalization gives the full information. We can have |w(?)) for
arbitrary 1.

e However, we usually cannot study a system beyond ~20 spins.

e tensor network method

e TEBD : approximate the time-evolution operator, e ~!Hd

gquantum gates.

, Using

* TDVP : constrain the time evolution to a specific manifold of
matrix-product states.



Advantages for tensor network methods

e When the wave function

evolve as a function of time, ® (Day 3) tensor network

how entanglement is build
via unitary evolution?

* How the understanding of
entanglement pattern helps
us developing physical
picture for correlated
quantum many-body
dynamics?

for dynamics: TEBD,
TDVP.

Mr. Kai-Hsin Wu, Prof.
Ying-Jer Kao, Prof. lan

McCulloch’s talk and
tutorial.



Tensor networks for classical statistical
mechanics
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Renormalization group equation

e (Day 2) tensor network and

o statistical mechanics.
* renormalization group

(RG) prescription in tensor * A textbook implementation

space. of the regl-space
renormalization group, Prof.
* tensor RG equation Naoki Kawashima
e fix-point tensor * Renormalization of the

Tensor Network for Classical
Models, Prof. Pochung Chen
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2022 summer school for

physics and tensor-network methods in
correlated systems

® Date: 29-31, August, 2022 ® \Venue: R620, Physics Building, NTHU

* Day 1&2: MPS and MPO ( Finding ground states, SPTs, SETs)

 Day 2: Tensor renormalization group (Connection with statistical
mechanics)

* Day 3: Dynamics and tensor network (Finding how a state evolve
as a function of time)



