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What is / why tensor network?

— a good approximation for a many-body state

What is a many-body state?

Ex: lTTTll

@ — Z ¢31a827'“ 7SN|517 827 e 7SN>
{si}

= 10,0,0,.-| TTT--+)
+ Y100, T )

+ o0, T -+) W

exponentially many...



J
“\43,42:4; >

o

ﬂ cold atoms

strongly correlated electrons

U = E ¢81,82,"',8N 51,82, 73N>
{si}

Tunnel gate Super gate

quantum devices

lattice gauge theory

quantum chemistry



Why is it important?

v = Z¢sl,52,-~- ,SN‘817827 e 7SN>

{si}
# of : :
: Configurations  # of coef Storage
spins
1 T 2 16 bytes
2 LI 4 32 bytes
10 1024 =~ 8 KB
. ExaDrive
30 ~ 108 =~ 130 MB DC series
o0 =~ 101 ~140 TB NITMBUS DATA
100 =10%® ' =10%x100TB




Why is it important?

v = Zwsl,SQ,---,sN‘ShSQa e 7SN>
{si} \

# of
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Why is it important?

l:[j — Zwsl,SQ,-'-,sN‘Sl7827 e 78N>

{si}
# .Of Configurations g
spins
1 T

We

30

need a good approx
iy, o0y, \ 6 o '\ |

50

100




Many-body state as a tensor

Scalar ( 1
1
Vector Vj [ . ]
. 2 1
Matrix M, [ 1 4 ]
Tensor ikl

Many body state wsl 89, SN



Many-body state as a tensor Graphic notation

Scalar ( 1 @
1
Vector 'V . ‘
: 2 1
Matrix M, [ 1 4 ] +
Tensor T Gkl -+-
S1 S2 S3 SN

Many bOdy state w817827'“ SN M



Graphical notation

Tensor contraction

My =)  AijBjx
J

Tikn - Z Aiijjkquqn

jgm



Graphical notation

Tensor contraction M = ZAiijk | @@ Kk
J

Tign = Z Aiijjk:quqn m g
i -A— K

Jjgm
Matrix product state (MPS)

77b81,82,"' SN M

/ physical dimension

\

virtual dimension

Q

Many body state

Matrix product state



Singular value decomposition (SVD)

Eigenvalue value decomposition

A1
Ut

U'U=0U"=1

Singular value decomposition

A I N A I N
A L T 0 X A

. /\
Ut =1. viv=1 \e/ real & positive

UUT 41, VVIi£1, UWV+#1




Singular value decomposition (SVD)

X
A = UZVT da _‘_dz = —H—‘— X < min (dl,dz)

UtU =1 I::: - I:
viv=1 ::' = :l



Reshape between tensor and matrix

(just relabel the indices)

00 — 0 C g
apo Qo1 01 -1 ai
& [ aii  aio ] == 10 — 2 = | a dixd
d, 11— 3 L8

ds ) d> ===> dixdz =@

matrix vector



Reshape between tensor and matrix

d.
dx QO ds == dixd; QO ds

tensor maitrix

SVD

X X
Z===>> dixd; H—‘— ds

X < min (d.d>, ds)



Transform a many-body state to an MPS



Transform a many-body state to an MPS

SVD contract
ﬂ ==> L‘—H

iZZ 2 2



Transform a many-body state to an MPS

SVvD contract

2 2 2 2

SVD contract
R p— —
2
b o — i—w =



Transform a many-body state to an MPS

2 2 2 2 2 2 2 2
SVD contract
ﬂ > =
2
2
SVvD contract

2 2 2 2
L t_‘_. ......... ‘ * Left canonical form
4 8 16 ... 4 2 /§\€

—_— orthogonality center
grow exponentially

- o
N



Move the orthogonality center




Move the orthogonality center




2 2

iLt—i— .........

8 16 ...

_—

grow exponentially

Not so useful




Restrict the bond (or virtual) dimension

In practice, restrict the maximal virtual dimension to

2 2

iLt—i— ......... -

X X ... 4 2

What dose it mean physically ...



Restrict the bond (or virtual) dimension

In practice, restrict the maximal virtual dimension to ¥

2 2

iLt—i— ......... -

X X ... 4 2

What dose it mean physically ...

Restrict the entanglement !

(Why ...?)



Entanglement between two subsystems

Reduced density matrix

pa=Trg (p) = Trp (V)W) = > (¢|1)(¥]¢)
(0

Entanglement entropy

Sa=—Tr(palogpa) <logD

Ex: 1l Su=0

1
E(Ti—iﬁ Sa =log?2



Orthogonal form and the reduce density matrix

x 1S also the dimension of pa

Sa=—Tr(palogpa) <logx

]



Why are the low-entanglement states important?

Area law

Gapped ground states of local Hamiltonians
Sa o boundary

(Due to the local correlation)

MPS obeys 1D area law

many-body Hilbert space

Volume law 1000

In general, S & volume ¥=100

x=10

Ex: poce PH



Matrix product operator (MPO)
v

————+—

Ex: Transverse-field Ising model

virtual index

A

N —
Ax Oz 1 1 0 dr
- Tasaonys =gy b o
N
H = LoM;Ms --- MxRg
I; 1
Lo=[0 0 1], M=| & 0 ,  Ro=1|0
—h,S7 —=S5* I 0

A
\ virtual dimension=3



Application:

Density Matrix Renormalization Group (DMRG) P

[Steven R. White, PRB (1992)]

Variationally finding the ground state

(Yl H|¢p) =

Optimize the MPS tensors one by one



Physical meaning of the orthogonal form

2 2 2 2

4 — 2

Ify'=xd JYL IS a unitary (square) matrix

—— Rotation of basis

If y’<xd , Rotation + truncate basis

is a wavefunction of the whole system
in the reduced basis



DMRG algorithm

1. Prepare an initial MPS in the left canonical form

I\\e/ orthogonality center



DMRG algorithm

2. Define the effective Hamiltonian

reduced basis for sites from 1 to N-2

The Hamiltonian of the whole system

in the reduced Hilbert space



DMRG algorithm

3. Solve the ground state in the reduced Hilbert space

I:Ieff|¢> — EO|¢>



DMRG algorithm

4. SVD on |¢)

Truncate the virtual dimension based on the singular values

k7
|#)

Rotate to the eigenbasis of pA (PB)

x

Explain:

pB =

(7770

N/

UT



DMRG algorithm

5. Absorb the diagonal matrix to the left

i I
bbb —
~— )
N\
orthogonality center \9/

6. Optimize the next two sites (and so on...)



Computational complexity

matrix multiplication

——0— Complexity: di x dzx ds
ol d ds

(Number of real-number multiplications)



Computational complexity

e — — — — — — — —

T — — — — — — — —

Complexity: ?

— — — — — — — — —

———— — — — — — —



Computational complexity

x*d D x> d? D? x*dD

DMRG complexity o L x3



Correlation function

C(r) = (0iO0itr) = (0i)(Oisr)

Assume all the tensors are the same — uniform MPS
(translational invariant)

('_| ('_|
I
(0;0;4,) =
1 1+r
A\ V%
Transfer matrix E “Transfer matrix” Eo

(0;0i4r) = Tr (E®EoE™ 1 E E>)



Transfer matrix

A =1

r— 00

(normalization condition)

= lim Tr(E") = lim A\] =1



Correlation function

For correlation function, we need to consider to the second order

E" &~ |v1)(v1] + A3 |v2)(v2]

(0;0i4,) = Tr (E®EoE" " EoE®)
= (v1|Eo [ Jv1) (w1 + A5 |v2) (02| | Eolvr)
= (v1|Eo|v1)(vi|Eolv1) + A5~ (v1|Eolva) (va| Eolvr)

\——ﬁ/_”,/ [\
(Oi){Oj44) \e decay exponentially with »

C(r) = (0i0i1r) — (O){O;4,) o e™™/¢

&= —1/log Ao

MPS has finite correlation length. | (gapped ground state)




Correlation function

0.25¢

1 10 100 1000



Other tensor networks

2D systems

MPS

PEPS

and many others...

Thank you!



Measurement

On-site observable (O;)
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