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Entanglement

Generation and detection of discrete-variable multipartite entanglement
with multi-rail encoding in linear optics networks

BobAlice

Q: Is this correlation caused by 
entanglement?

⋮⋮

Probability Red (Bob) Blue (Bob)

Red (Alice) 0 ½

Blue (Alice) ½ 0
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Bipartite entanglement

[1] R. F. Werner, Phys. Rev. A, 40, 4277-4281, 1989
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Bipartite systems Multipartite systems 
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Genuine multipartite entanglement (GME)[1]

[1] Acin, et al., PRL, 87:040401, 2001.; Bourennane, et al. PRL, 92:087902, 2004.
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GM-entangled

𝜓GME

ℬbiprod. 1
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෠𝑉GME



D. J. Brod et al. Advanced Photonics (2019), 1, 3, 1–14

Multi-rail encoding 
in single-photon linear optics networks (LONs) 

[1] M. Reck et al. PRL, 73, 1, 58–618 (1994); [2] Clements, et al. Optica , 3, 12, 1460-1465 (2016)
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All M-mode linear optics networks can be constructed with beam splitters[1,2]
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Distinguishable systems Indistinguishable systems
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Complexity in multiphoton LONs

[1] S. Aaronson. Proc. of the Roy. Soc. of London A: Math., Phys. and Engr. Sciences (2011), 467, 2136, 3393–3405; 
S. Aaronson and A. Arkhipov. Proc. of the 43th Ann. ACM Symp. on Theory of Computing(2011), 333–342; 7
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Quantum computation for boson sampling

[a] H.-S. Zhong, et. al., C.-Y. Lu, J.-W. Pan, Science 10.1126/science.abe8770 (2020). 
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Classical computation

Quantum computation: ~200 s

TaihuLight 太湖之光
2.5 billion years 

Fugaku 富岳
0.6 billion years
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Jiuzhang 九章[a]



Generation and detection
of discrete-variable multipartite entanglement with 
multi-rail encoding in linear optics networks

• GME detection in single-photon LONs

• Complementary measurement in multiphoton LONs



Entanglement detection in single-photon LONs

Entanglement detection Complementary measurements DV multipartite mode entanglement

Entanglement verifier
in complementary local measurements[*]

[*] G. Tóth and O. Gühne, PRA 72.022340, 94.060501 (2005); L. Maccone, D. Bruß, C. Macchiavello, PRL 114.130401 
(2015); C. Spengler, M. Huber,  S. Brierley, A. Stephen, H. Theodor, B.C. Hiesmayr, PRA, 86. 022311 (2012); 10
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Entanglement detection in single-photon LONs

Entanglement detection Complementary measurements DV multipartite mode entanglement

Heisenberg-Weyl operators 
for complementary measurements

[a] T. Durt et al. Int. J. of Quan. Inf. (2010), 08, 04, 535–640;
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𝑙𝑎𝑏𝑒𝑙: 𝑚
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Entanglement detection in single-photon LONs
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Pauli measurements in single-photon LONs

13
Phase modular

Discrete Fourier transform



Entanglement detection in single-photon LONs

Entanglement detection Complementary measurements DV multipartite mode entanglement

Pauli measurements in single-photon LONs

14

𝑠𝑝𝑒𝑒𝑑 & label
𝑙𝑎𝑏𝑒𝑙: 𝑚

Phase modularDiscrete Fourier transform



Entanglement detection in single-photon LONs

Entanglement detection Complementary measurements DV multipartite mode entanglement

Entanglement verifier 
in single-photon linear optics networks
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Pauli measurements and complementary properties in multiphoton LONs

Entanglement detection Complementary measurements DV multipartite mode entanglement

Eigensystems of Heisenberg-Weyl operators

16

෡X ෡X ෡X ෡X

෡X

2
1
1
1
1

20000

1
1
1
2
2

00002

1
1
1
2
2

00020

1
1
2
1
1

00200

1
2
1
1
1

02000

1
2
2
1
1

2
2
1
1
1

2
1
1
2
2

1
1
2
2
2

1
2
2
1
1

෡X ෡X ෡X ෡X

෡X

11000 10001000110011001100 10100

1
1
1
1
1

01010

1
1
1
1
1

෡X

00101

1
1
1
1
1

෡X

10010

1
1
1
1
1

෡X

01001

1
1
1
1
1

෡X

෡X



Pauli measurements and complementary properties in multiphoton LONs

Entanglement detection Complementary measurements DV multipartite mode entanglement

Pauli measurements
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Pauli measurements and complementary properties in multiphoton LONs

Entanglement detection Complementary measurements DV multipartite mode entanglement

Entanglement verifier 
in single-photon linear optics networks
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Generation and evaluation of discrete-variable multipartite mode entanglement

Entanglement detection Complementary measurements DV multipartite mode entanglement

Generation of multipartite mode 
entanglement
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Generation and evaluation of discrete-variable multipartite mode entanglement

Entanglement detection Complementary measurements DV multipartite mode entanglement

Tripartite (5,5,5)-mode (2,1,1)-photon entanglement

20

Input: 𝑥-displaced 𝑟-squeezed state
𝜑 = 𝜎 𝑟, 𝑥 = ෡𝐷 𝑥 𝜎𝑟 = ෡𝐷 𝑥 መ𝑆 𝑟 𝑣𝑎𝑐

Postselection on (2,1,1) photon:

Select a target GM-entangled state:

𝜓𝑡𝑎𝑟𝑔𝑒𝑡 = 𝜓𝑘=0,𝜅

D

D

D

𝜎𝑟

𝜎𝑟

𝜎𝑟



Generation and evaluation of discrete-variable multipartite mode entanglement

Entanglement detection Complementary measurements DV multipartite mode entanglement

Simulated photon statistics of 
෡Λ1 ⊗ ෡Λ−1 ⊗ ෡Λ−1 measurement

𝜅 = 0

𝜅 = 1

෠𝑉𝑒𝑛𝑡 Squeezing Symmetry
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Generation and evaluation of discrete-variable multipartite mode entanglement

Entanglement detection Complementary measurements DV multipartite mode entanglement

Robustness against photon losses

32

With 25% photon loss, 
one can still detect GME 
of (2,1,1)-photon state in 
(5,5,5)-mode LONs



[a] J.-Y. Wu. and Mio Murao, New J. Phys. 22, 103054 (2020)
[b] J.-Y. Wu, arXiv:2203.14322 33

Conclusion

• Multipartite entanglement detection in single-
photon LONs:
• A target GM-entangled state 𝜓𝐺𝑀𝐸

• A state verifier/stabilizer ෠𝑉𝐺𝑀𝐸 for the target state

• Determine the bi-producible upper bound on ෠𝑉𝐺𝑀𝐸

--------------------------------------------------------------------

• In multiphoton LONs[a], A state verifier can be 
constructed in Pauli measurements 

• implemented with generalized Hadamard gates,

• which can be evaluated efficiently on classical computers.

--------------------------------------------------------------------

• GME in multiphoton LONs[b]

• GME can be generated in Gaussian boson sampling

• One can observe the transfer of GME among fixed 
photon-number subspaces.
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NJP. 22, 103054 (2020) + arXiv:2203.14322

Thank you!


