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Probability Red (Bob) Blue (Bob)
Red (Alice) 0 15
Blue (Alice) 15 0

Q: Is this correlation caused by
entanglement?

A separable state

b= %@0)(@@ + %I@@)(@@l




entanglement

Bipartite entanglement

Definition (Entanglement). [1/ A state pap in the Hilbert space Hy @ Hp is
separable, if and only if it can be expressed as a convexr combination of separable

states ” 5
PAB = Z/pm@- @p".

A state which is not separable is called entangled.
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[1] R. F. Werner, Phys. Rev. A, 40, 4277-4281, 1989
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Bipartite systems Multipartite systems




Generation and detection of discrete-variable multipartite entanglement
with multi-rail encoding in linear optics networks

Genuine multipartite entanglement (GME)!!
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[1] Acin, et al., PRL, 87:040401, 2001.; Bourennane, et al. PRL, 92:087902, 2004.
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Multi-rail encoding
in single-photon linear optics networks (LONs)

All M-mode linear optics networks can be constructed with beam splitters!tl
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A linear optics transform U of modes al, — Ejn, N 0 0
0,01 = 3ttt bl : :
m’ .
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is an M x M unitary in a single-photon system, Unn/ ;m by === U - d;rn
N Upo UA—-1,0 .
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[1] M. Reck et al. PRL, 73, 1, 58-618 (1994);

[2] Clements, et al. Optica ,

3, 12, 1460-1465 (2016)
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Distinguishable systems Indistinguishable systems




with multi-rail encoding in linear optics networks

Complexity in multiphoton LONSs

discrete-variable multipartite entanglement
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Boson sampling is a # P-hard" problem: permanent of a matrix Un

[ <n ‘ U ‘ 1/> = Perm(Uy, ) =7 J

where U, ,, is an N x N-matrix.

[1] S. Aaronson. Proc. of the Roy. Soc. of London A: Math., Phys. and Engr. Sciences (2011), 467, 2136, 3393-3405;
S. Aaronson and A. Arkhipov. Proc. of the 43th Ann. ACM Symp. on Theory of Computing(2011), 333-342;
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Quantum computation for boson sampling
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Quantum computation: ~200 s

Classical computation
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Input mode

Input mode

Output mode

TaihuLight X352 %
2.5 billion years

Fugaku & &
0.6 billion years

[a] H.-S. Zhong, et. al., C.-Y. Lu, J.-W. Pan, Science 10.1126/science.abe8770 (2020).
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Generation and detection

of discrete-variable multipartite entanglement with
multi-rail encoding in linear optics networks

1

 Complementary measurement in multiphoton LONs

1

* GME detection in single-photon LONs



Entanglement detection

Entanglement detection in single-photon LONs
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Entanglement verifier

in complementary local measurements!’

1 1
Target state: | 5) = \/—E(IHAVB) + |V4Hg)) = \/—5(|PAPB> — |[MyMp))

Id| = Identity gate

H| = Hadamard gate
(AN
______________________ —~  [Yap)
=7

|Eo(Id)) = |H)  |E;(Id)) = |V)
Measurernent 1 | |ES” (1) [ )
|[EgB)(1d)> 0 %
[EPGa) 1 0
Via = [HaVB) (HaV| + [VaHp) (VaHplf

[*] G. Toth and O. Giihne, PRA 72.022340, 94.060501 (2005); L. Maccone, D. Brufs, C. Macchiavello, PRL 114.130401

|Eo(H)) =|P)  |EL(H)) = [M)
Measurement 2 |IE(()A)(H)> |IE§A)(H)>
£ an) Z 0

[ ) 0

1
Vi = |PaPg) (PaPp| + |MaMg) (MaMg| ﬂ

(2015); C. Spengler, M. Huber, S. Brierley, A. Stephen, H. Theodor, B.C. Hiesmayr, PRA, 86. 022311 (2012);
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Entanglement detection

Entanglement detection in single-photon LONs

-

Entanglement verifier

in complementary local measurements!’

1 1
Target state: | 5) = \/—E(IHAVB) + |V4Hg)) = \/—5(|PAPB> — |[MyMp))

Id| = Identity
0
(ey] | <
0
(ep] | <

T)

gate

= Hadamard gate

N

1

——

Id

S
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Measurement in the computational basis

—Vig = |HaVE) (HAVE| + |VaHp) (VAHp|

—Vy = |PaPg) (PaPg| + |MaMpg) (Ms Mg

— |Yap) —

[*] G. Toth and O. Giihne, PRA 72.022340, 94.060501 (2005); L. Maccone, D. Brufs, C. Macchiavello, PRL 114.130401
(2015); C. Spengler, M. Huber, S. Brierley, A. Stephen, H. Theodor, B.C. Hiesmayr, PRA, 86. 022311 (2012);

Measurement in a complementary basis
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‘/ent 5 id + §VH Vent. |77DAB> - |¢AB>
‘ ~ 3
Bsep. = mnax ’ <O'H/ent.’0'> ’ -
|o) sep.

3 ~ .
=  piest 1S entangled.
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Entanglement detection

Entanglement detection in single-photon LONs

Heisenberg-Weyl operators
for complementary measurements

Heisenberg-Weyl operators: K j
R,= X7, 0 0
where X and Z are the mode shifting operator . N m at
and phase shifting operator, respectively, Wbl - m.+1 X 77 = m
)?ajn)?f :/Bjrrn@l and 2&;2T = w”’”ﬁw M1 . M;_J

with w = exp(i27/M).

be 7

The Heisenberg-Weyl operators specity
—aj,  mutually unbiased bases {|E,,(A\;)) }n

m

m+1|*

-

" | M-l

[B(A)) = g 2w e
k=0

a| T. Durt et al. Int. J. of Quan. Inf. (2010), 08, 04, 535-640;
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Entanglement detection

Entanglement detection in single-photon LONs

Pauli measurements in single-photon LONs

A generalized Hadamard transform i ; maps the computational basis to the Kj eigenbasis,
m'm

(M —m)mj w /b\T
w?2 ‘e
2

HT FT,

Hjlem) = [Em(A)))  with Hlaf,H,

0
J gt
V700 :
ws (M—m)mj ~y 0 0 . <.
—ar b * . < > -
M : o "
: Lgmmpl My —a
1 (T B | TR SN s I
wj(Mfm)mj m/mit m F J - m . . P >4 ¢
w3 Oy mp e o NS
\/M ! V ﬁw(M 1) bvil-\l—l «M—IH_"}{ M-1
l( —m)mj A : ) . .
W D g (MDmpl M M-1 Discrete Fourier transform
%4
A~ A~ S . 0 0
HT = ptyd
J
w%(M—m)ml;;tn« le s (M —m)m n.q 4—&;21
M-1 T | M-1
Lw? |

Phase modular y



Entanglement detection

Entanglement detection in single-photon LONs

Pauli measurements in single-photon LONs

. A generalized Hadamard transform IEI j transforms the computational basis to the Kj eigenbasis,

!

7. _ ) : gttt 7. S (M—m)mj ,wmmAT
Hjlem) = [Em(A)) with HIGhH; = w? ; 77

Hi
A~
j Jall ~
0 0 Vv
1 gt
wh T=mmi o 0 0 Vit = p< g 0 0
W 0 - — o P2
D > .
: : . <o d m :
. . . N 1 . m/mjpft m' D T *a ~ m m A
LM —m)mj /s m' e : . m -— CLT Vavied by <__>< Y wiM—m)mpt «— My ‘_a;rn
w2 w™ mbT -— — F Vj m . }{}{ m . .
T T . : : '
. . . 1 (M—1)mif o g
Lo - : . \/Mw b]\lfl _wxxﬂ M-1 [wii-n] M-1
w2 M (M —1)m it a M-1
wsMommi j M-1 . )
M-1 == Discrete Fourier transform Phase modular

o A Aj-Pauli measurement {7, (A;) = |E,,,(A;)) (En(A;)]},, can be implemented with the inverse Hadamard

Pra,[m] = (ew| HIpH) em) = tr [Fu (A7) 5]

m=0

speed & label
label: m
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Entanglement detection

Entanglement detection in single-photon LONs

-

Entanglement verifier
in single-photon linear optics networks

ﬁABC
\
{ 1 1 )
{ﬁm(z)}m {ﬁm(z)}m {ﬁm(z)}m {%m(Aj‘l}m {%m(Aj};}m {%m(Ajg}:m

[]1 ."M—Il []1 ."M—Il []1 ."M—Il ”l ."M—Jl ”l ."M—Jl ”l 'w'!l
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0 Y 0 Y 0 "'w-Jl 0 s e |
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0 "'.u-xl
XX XX XX X X R X
‘?Z,Z,Z (wABC) %A,js,jc ('@DABC)
I I

Z ‘emA> (emA| @ |emc> <emc| Z |EmA (AjA)> (EmA (AjA)l ®--- & |Emc (AJC)> (]Emc (AJC)|
(ma,mp,mc)E (ma,mp,mc)€
Szezez(Wasc) Sja.ig.ic(Wasc)

Va2 |Wasc) = |Yasc) Vinis.io lWase) = [Yase)

Vent.(Vapc) =uzVzzz + Y, WiajsicViaisiec(®ase) with uz+ > wj, im0 =1
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Entanglement detection Complementary measurements DV multipartite mode entanglement

Pauli measurements and complementary properties in multiphoton LONs |

Eigensystems of Heisenberg-Weyl operators

The effect of Kj performed on a Fock state is a combination of the mode shift and phase shift,
Ajln) = XZ7 |n) = M X [n) = ™™ g1 ng, o naso)
where p(n) is the total phase added by 7 called Z-clock label,

7z n) = (™) |n) with p(n)= Zﬂm m.

[20000) [02000) [00200) [00020) [00002) | [11000) [01100) [00110) [00011) |[10001) | [10100) [01010) [00101) |10010) [01001)

E11000 E10100

u=3 =2

Definition (Pauli classes and subspaces). A Pauli class E,, is a set of Fock states, whose elements are generated
by the mode-shift operator performed,

E,:= {f’ﬂn) ck=0,..dg, — 1},

where dg, is the cardinality. Kj—Pauli eigenstates can be constructed within the Pauli subspace span(E,,) as

ds,, —1
Z w*(%(Mfl)j\nHm)kAgv n). {
n k=0

‘En,m(AJ’)) =

dg



Entanglement detection Complementary measurements DV multipartite mode entanglement

Pauli measurements and complementary properties in multiphoton LONs

Pauli measurements

Theorem 1 (Pauli measurement) Given a quantum state p, its expectation value of a Kj-
Pauli projector T m(A;) can be evaluated by simply counting the probability of detecting photon

number occupations n satisfying pu(n) = m in the output modes of a ﬁIJ transform

Pr[(jn] = N,u(n) = m) | HIpH,| = (Fxm(Ay)).

Z—-clock label u(n)

0 1 2 3 4

1.0+ L T L T L " I T I

In|=N 0.8; 1
B Y ) nl) H 500 Y Enm(A)) (Enm(A)]
g 06 _ _
p(n)=m & o4 En:|n|=N
OO
- PNRD n
120000) :
T AN

100110)

|
Au

u=4 \ p=1 0
A e —
—inn1n1 \|11000)| > 7 T l
H j A,
M-1 M-1
|10100) /ﬁ - -

100011)

uuuuuuu

m=2 17

ﬂ:3 /,l=2



Complementary measurements

Pauli measurements and complementary properties in multiphoton LONs

-

Entanglement verifier

in singte-photon linear optics networks
multi-photon P

’ 1 1 |

Fnl D (Fn 2} FnlD)}m FnAibm FAs)bn (Foa(Ay) o

Q " ® | B |®| B |®| &
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Lo L |,
0 ") 0 ") 0 ") 0| "y 0| "y ) )
R R R R R R R R X RO
Vz,2.2(YaBc) Viais.gc(Yapc)
Il I
Z |'n’A; ng, nC) <'n’A; np,n¢c Z %NAamA (AjA) ® %ngms (A'jB) & %Nc,mc (Ajc)
(namnpnc)e (ma,mp,mg)e
Szezez(Wasc) Sjaig.dc(Wasc)
Vz.z.z |WaBc) = [YaBc) Viais.ge [WaBe) = [Yase)

Vent.(Vapc) =uzVzzz + Y, WiajsicViaisiec(®ase) with uz+ > wj, im0 =1

jAJjB:jC jA!jB:jC
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Generation and evaluation of discrete-variable multipartite mode entanglement

DV multipartite mode entanglement

(Generation of multipartite mode

entanglement

Input state: |¢) = > c,(n)|n)

g0
1) B
n
l (nM] )
(1) M:1
c,(v) [v(ng, ..,np) U VERIA Ry
() = Y == g, Tp)
ny,..mp P|V‘ n1! . 'n,p!
where . .
M-1 . :
v :Zni? and ¢, (v) = H Co(Vm)
i m=0
nF)r gt —
4 0 .
() -
Postselection on (|, ..., |np|) = (Ny, ..., Np), a4 M:1 |

multimode
splitter



DV multipartite mode entanglement

Generation and evaluation of discrete-variable multipartite mode entanglement

Tripartite (5,5,5)-mode (2,1,1

)-photon entanglement

A

Input: x-displaced r-squeezed state
lp) = lo(r,x)) = D(x)|oy) = D(x)S(r)|vac)

\ 4

f Postselection on (2,1,1) photon: \
4
[y 1,10 (7, ) = > lr, ) [You(r, @)
k=0

is a superposition of GM-entangled
states with Heisenberg-Weyl symmetry,

\Kj@)/’{_j@?i_j [rn(r, ) = W i, @

[ ¥

y

Select a target GM-entangled state:

: |

n(",‘ _/G g ]
”il _/-G q-—l_.

A M-1
ny_, A4 ——

nlf _AQ ‘—T —
”{3 ./G

M-1
.H:f‘.i’ 1/6 — —

A
A

c M
n%y_, A

—~

Vent. = (VZ®Z®Z + Z VAj ®A—j®A—j)

7=0

|l/)target) = |1/)k=0,1c>

| »

Q| =

max  (o|Vent.|o) =

|o) is bi-sep.

B

sep. —




Entanglement detection Complementary measurements DV multipartite mode entanglement

Generation and evaluation of discrete-variable multipartite mode entanglement

Simulated photon statistics of
A @ A_; @ A_{ measurement
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Entanglement detection Complementary measurements DV multipartite mode entanglement

Generation and evaluation of discrete-variable multipartite mode entanglement

Simulated photon statistics of
A @ A_; @ A_{ measurement
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Entanglement detection Complementary measurements DV multipartite mode entanglement

Generation and evaluation of discrete-variable multipartite mode entanglement

Simulated photon statistics of
A, ® A_; ® A_; measurement
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Entanglement detection Complementary measurements DV multipartite mode entanglement

Generation and evaluation of discrete-variable multipartite mode entanglement

Simulated photon statistics of
A @ A_; @ A_{ measurement
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Entanglement detection

Complementary measurements

Generation and evaluation of discrete-variable multipartite mode entanglement

DV multipartite mode entanglement

Simulated photon statistics of
A @ A_; @ A_{ measurement
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Entanglement detection

A T ¥ . J
Complementary measurements

Generation and evaluation of discrete-variable multipartite mode entanglement

DV multipartite mode entanglement
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Generation and evaluation of discrete-variable multipartite mode entanglement

Robustness against photon losses
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Conclusion

ﬁABC
. Multipartite entanglement detection in single- ... i |
photon LONS: {Fm(dhm - AFnAiJln {Fon (80
* A target GM-entangled state |WYeug) 1 17 17
« A state verifier /stabilizer Vs for the target state ﬁ}ﬁ ® ?}BI ® ‘ﬁ}ﬁ
+  Determine the bi-producible upper bound on Vg F S S A A

0 m=q

e  In multiphoton LONsll, A state verifier can be
constructed in Pauli measurements

* implemented with generalized Hadamard gates,

*  which can be evaluated efficiently on classical computers.

«  GME in multiphoton LONsl]

*  GME can be generated in Gaussian boson sampling

—gD
*  One can observe the transfer of GME among fixed | ”C:L*D
photon-number subspaces. - @
[a] J.-Y. Wu. and Mio Murao, New J. Phys. 22, 103054 (2020) 33
[b] J.-Y. Wu, arXiv:2203.14322




Thank you!

NJP. 22, 103054 (2020) + arXiv:2203.14322

Vome = uzVz + Z Ujr,.ooijip Vit,oiip (V)
Ji--:JP

If tr(f}GMEﬁ) > Bbi—produdible, then p is GM-entangled.
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