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What is the radiated angular momentum after scattering?

— a basic but mysterious quantity

J/J,I/ - L/JJ/ _|_ S/J,I/ The G(1) Problem: Fact and Fantasy on the Spin of the Proton
1 . R.L. Jaffe (MIT, LNS), Aneesh Manohar (MIT, LNS) (Apr, 1989)
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2. IfE:O,thenJ'u”V:O

3. Heavy particle decouples

Facts or Fantasies?



Moftivation:

Precision Frontier of Gravitational Waves



The Need of Precision Gravity

upper bound

103 £
102 L
10' |

100}

A S SR I

Pulsars
Y
N .
- - H
[ O
L[] GW150914
VvV VWY 10737-3039

OPN 05PN 1PN 15PN 2PN 25PN 3PN 3.5PN

Post-Newtonian (PN) expansion

[LIGO/Virgo: 1602.03841]

T1an-Qin
LIGO-India

KAGRA

LIGO/Virgo

2020

2025

2030


簡報者
簡報註解
To begin, let me remind the audience that we need to push the precision frontier of gravity given the need from current and future experiments.
Even with the very first event of LIGO, it has placed the most strident bounds on the deviation from GR than pulsars. In the next 5-10 years, we will have 2nd and 3rd generation of detectors which will be sensitive to sixth order in post-Newtonian expansion, which is the perturbation theory in the inspiral phase.
With this tremendous progress in experiments, we have to advance our theoretical precision to an unprecedented level.


Symmetry Dynamics

©

V(Taﬁzaﬁ" f)

Effective Field Theory

[Goldberger, Rothstein ’04]


簡報者
簡報註解
As a theorist, my dream is to solve complicated dynamics using simple principles and symmetries.


Conservative

Symmetry — .
Dynamies
Lorentz
mvariance
0(J, E) V(r,p?, p<t)
Eitfective Field Theory

[Goldberger, Rothstein ’04]


簡報者
簡報註解
The reason is that the boundary we have Lorentz invariance and we are not constrained by virial theorem anymore, so it is natural to consider scattering at a fixed order in G, but all orders in velocity
The physical observable is the scattering angle theta.


| Buonanno, Damour] [ Damour]
[Neill, Rothstein] [Cheung, Rothstein, Solon]

Conservative
Symmetry — .
DL - Do Dynamies
V=0 =
L.orentz
1mnvariance



簡報者
簡報註解
For the test particle, the motion is fully given by geodesic under BH
Even with finite mass ratio, the kinematics is still controlled by \gamma.
This is the EOB in this context.


| Buonanno, Damour] [ Damour]
[Neill, Rothstein] [Cheung, Rothstein, Solon]

Conservative
Symmetry — .
DL - Do Dynamies
Y=0=
Lorentz
1nvariance
=)
0(J, E) V(r,p*)
Scattering Amplitudes Effective Field Theory
Generalized unitarity [Bern, Dixon, Dunbar, Kosower]... [Goldberger, Rothstein ’04]

GR=YM? [Kawai, Lewellen, Tye][Bern, Carrasco, Johansson]...


簡報者
簡報註解
As a theorist, my dream is to solve complicated dynamics using simple principles and symmetries.


See Snowmass white paper [Buonanno, Khalil, O’Connell, Roiban, Solon, Zeng, 2204.05194]

Conservative Dynamics

. Impressive progress from both traditional and new methods

- Higher order potential
[Bern, Cheung, Parra-Martinez, Roiban, Ruf, CHS, Solon, Zeng]

[Bini, Damour, Geralico] [Blumlein, Maier, Marquard, Schafer] [Dlapa, Kalin, Liu, Porto]
[Bjerrum-Bohr, Cristofoli, Damgaard, Festuccia, Plante, Vanhove] [di Vecchia, Heissenberg, Russo, Veneziano]
[Kosower, Maybee, O’Connell] [Damgaard, Haddard, Helset] [Jakobsen, Mogull, Plefka, Steinhoff]
[Brandhuber, Chen, Travaglini, Wen] [Kol, O’Connell, Telem]....
.+ Spin
[Vaidya] [ Vines] [Guevara, Ochirov, Vines] [Chung, Huang, Kim, Lee] [Aoude, Haddard, Helset]
[Bern, Luna, Roiban, CHS, Zeng][Bern, Kosmopoulos, Luna, Roiban, Teng]|
[Steinhoff, Levi] [Levi, Von Hippel, McLeod] [Liu, Porto, Yang]
[Maybee, O’Connell, Vines] [Jakobsen, Mogull, Plefka, Steinhoff] [Chiodaroli, Johansson, Pichini]...

- Tidal effects

[Bini, Damour][Cheung, Solon][Kalin, Liu, Porto][Aoude, Haddard, Helset]
[Bern, Parra-Martinez, Roiban, CHS, Sawyer] [Cheung, Shah, Solon]...


簡報者
簡報註解
If you ask the experts, what is the bottleneck 

It looks like a problem we can solve, because we don’t use Feynman diagrams. But we also have challenges of our own.


See Snowmass white paper [Buonanno, Khalil, O’Connell, Roiban, Solon, Zeng, 2204.05194]

Conservative Dynamics

- Impressive progress from both traditional and new methods

- Higher order potential
[Bern, Cheung, Parra-Martinez, Roiban, Ruf, CHS, Solon, Zeng]
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簡報者
簡報註解
If you ask the experts, what is the bottleneck 

It looks like a problem we can solve, because we don’t use Feynman diagrams. But we also have challenges of our own.


See Snowmass white paper [Buonanno, Khalil, O’Connell, Roiban, Solon, Zeng, 2204.05194]

Conservative Dynamics

. Impressive progress from both traditional and new methods

- Higher order potential, spin, tidal effects

[Bini, Damour, Geralco]

[Blumlein, Maier, Marquard, Schafer]
Newton — EIH 1974/81 2000 2014 [Foffa, Strurani, +Mastrolia, Strum, Torres]
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簡報者
簡報註解
If you ask the experts, what is the bottleneck 

It looks like a problem we can solve, because we don’t use Feynman diagrams. But we also have challenges of our own.


Symmetry

Starts at 2.5PN!!

Dissipative

Dynamics

—;2 — A
Frr(r,p*,p- )
[Burke, Thorne ’69]


簡報者
簡報註解
As a theorist, my dream is to solve complicated dynamics using simple principles and symmetries.


Dissipative
Symmetry Dynamics

Starts at 2.5PN!!
State of the art: (partial) 4.5PN

2.5PN 3.5PN 4.5PN

( \ ) )

) BN

W + 5|+ 07|+ 2 + ...) G2 FRR(Tvp ,p-'r)

(v | + | o3|+ | o o7 ) G [Burke, Thorne *69]
(’U + 3 V2 ) G4



簡報者
簡報註解
As a theorist, my dream is to solve complicated dynamics using simple principles and symmetries.


Dissipative
Symmetry Dynamics

[Kovacs, Thorne >77]
[Goldberger, Ridgway ’16]...


簡報者
簡報註解
As a theorist, my dream is to solve complicated dynamics using simple principles and symmetries.


Pioneering 1dea: [Iyer, Will]

Dissipative
Symmetry — .
Dynamics
Poincare
Imvariance ‘
E,J Frr(r,p?)

[Manohar, Ridgway, CHS, 2203.04283]


簡報者
簡報註解
As a theorist, my dream is to solve complicated dynamics using simple principles and symmetries.


Dissipative

Symmetry — .
Dynamics
Poincare
1nvariance ‘
E,J Fry(r, p°)

[Herrmann, Parra-Martinez, Ruf, Zeng] [This talk]
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簡報者
簡報註解
As a theorist, my dream is to solve complicated dynamics using simple principles and symmetries.


How to calculate radiated angular momentum?

*We do not intend to resolve the BMS subtlety.



Radiated Poincare Charges

- Consider the final state of scattering.

The radiated linear and angular momentum are

PH — / d3x THY

JHY = / A3z V10

u=t—r~20



Radiated Poincare Charges

. Textbook formula for angular momentum

2 . . .
Ji = 32‘; = / dx [—ezk’h;fgkaa’h},? + 26" gy hElT] .| (2.51)

How to see gauge invariance?

Why not covariant?
u=%t—1r~20



Radiated Poincare Charges

- Consider the final state of scattering.

The radiated linear and angular momentum are
pH = / d*z THY

JHY = / A3z P10

- linear/angular

Sources - Fields - TRV
momentum



Sources

« EM: currents J*

k, T (k) =0 8,J"(z) =0

- 3 degrees of freedom under conservation

- “on-shell” part can be projected to transverse mode

JY(k) = TY (k) + ak’ \1
o VA

B TR (k) =0 0, T (z) =0

- QGravity: stress-energy pseudotensor
- 6 degrees of freedom under conservation

- “on-shell” part can be projected to traceless and transverse mode

TH (k) = T (k) + ke’ (k) + k"€ (k)



Flields

- Solved by fixing a gauge, e¢.g., under Lorentz gauge A, =A4rd,

- No ambiguity after gauge fixing, even for static sources

. Position space:

AH(x) = / d*yDret (z, y) J* (1) Needed for angular momentum
A¥(x) = /dwe_":‘”’“’ (%J“(k = w(1,7)) + %O(@kJ))

residual gauge redundancy No gauge redundancy
— 2 degrees of freedom — 22 degrees of freedom
— amplitudes!

- Qr
E:T—z



Flields

- Solved by fixing a gauge, e.g., under Lorentz gauge A, =4mnJ,
- No ambiguity after gauge fixing, even for static sources

- Momentum space:

A, (z) = / dk (P (k) e + c.c.)

hu(x) = \/87TG/(§76 (Puvpo TP (k) e~ + c.c.)

Lorentz-invariant phase space



Stress-energy 'Tensor

- EM: gauge-invariant

v v Vl v
T" = —F! F*7 " F*E,,

. Qravity: *not* gauge invariant
1 1

T, = R,, ——-qg,, R
- SWG(” 29“' )

- But global charges are gauge invariant

: : : T'MY [Jaffe, Manoh
- No separation of “orbital” and “spin” parts of [Jafie, Manohar]



Radiated Poincare Charges

- Radiated linear and angular momentum are

PH — / d3x THY

JH = / A3z zHTvI0

. Need to include the 1/r? of the field,

SO cannot project to transverse parts

~ linear/angular

Sources  Fields - THY

momentum



Radiated Linear Momentum

. [inear momentum:

same as cross section weighted by momentum

. EM: P*= [ dkk" (=T *P(k)T,(k))

Phase space integral

TxP(k)T? (k)
. GR: )

P* = 87G / dk kH (T*po(k)m(k) R

- Covariance and gauge 1nvariance are obvious

. DiI’GCﬂy related to on-shell amplitudes [Kosower, Maybee, O’Connell]



Radiated Angular Momentum

- New formulae for radiated angular momentum

- EM
v 11 * , e v Vo o 0 v 9
JH = f dk (= T (k) L Tp(k) = iV (k)T (k). £ = ik 5 — ik
.« GR
N % wv o
JHY — 87TG/dk (T*pa(k)ﬁp,r/f];a(k) . 7}-0 (kl)),c_ 27; (k) + 27 T*P[PJ(’C)TV][)(]C))

[Manohar, Ridgway, CHS]



[Manohar, Ridgway, CHS]

Radiated Poincare Charges

- EM
—~ LY = kH 0 —z’k”i
Pt = [ dkk" (—T**(k)J,(k)), Ok, " Oky
JH — / dk (= J* (k) L' T, (k) — i T*" (k) TV (K)).
zt — ¥ + ot P* — PH
T*(k) = JH(k)e™* L gy v 4 glepy

jy(k) s jy(k) 4 ak? [Jaffe, Manohar]



[Manohar, Ridgway, CHS]

Radiated Poincare Charges

- GR
— *Pk Jk UY __ 1.1 Y 7V 0
P“z87rG/dkk’“" (T*Pa(kma(k)— ") )>, L =i o~ ok

9 ok, ok,
JHY — SWG//d\]; (T*pa(k)ﬁuyno(k) . 7:) p(kl))ﬁfvfa(k) + 9 T*p[p,(k)Tv]p(k))
ot — b + ot PH — PH
T (k) — T (k)¢ N L CEa

[Jaffe, Manohar]
THY (k) — THY (k) + kP€” (k) + k¥ " (k)



Leading Order: Zero-Frequency Limit

(Weinberg soft theorem, memory, ...)



[ Weinberg]

Stress-energy Pseudotensor

- Zoom out the time scale so collision occurs at t=0 (zero-frequency limit)

(1) = vi T+ (v — v )0(T)T

) | phpY 1 PaPa
T* (k)!ww:—m(w)ZE —k-p +w—|—iOZ (E -k p )

f

)

Free particles
(Coulomb mode)




Radiated angular momentum

. Zero-frequency limit
P =0,

T, (k)L 7 (K)
D -2

JH = 872G / 0k (T () £ Ty (k) - 2T R T, (k)

dww d(w)

1
W

NS




Radiated angular momentum

. Zero-frequency limit
P =0,

T, (k)L 7 (K)
D -2

JH = 872G / 0k (T () £ Ty (k) - 2T R T, (k)

There 1s nothing wrong with zero energy but non-zero angular momentum

J=r><pN/der2r><(E><B)
1 1

r2 r

Energy 1s infinitesimal but still finite angular momentum.

A common feature 1n scalar, EM, and gravity



Soft Finiteness to all orders

- Log divergence from phase space integration
P* =0,

T, (k)L 7 (K)
D -2

JH = 872G / 0k (T (B) L4 Tyo (k)

fdﬂdww 1 1
W W

. Soft divergence cancels after integrating the full solid angle

+ 21 Tl () 7] p(k))




Radiated angular momentum

- Leading order in deflection angle ¢
Pr=0 a ;O:

12 12
JCM,Z — 9 % Jrest,Z
JCM Jrest

=2mimqo Z(0) 0

Model independent (GR, with spin, dilaton gravity, supergravity, etc)

Radiated angular momentum is positive when scattering 1s attractive



Comparison

. J 12 at G2 agrecs with [Damour]
. Fully Agrecs arbitrary deflection [D1 Vecchia, Heissenberg, Russo]
. Fully agrees with matter system [Bini, Damour]

Disagree with the standard formula 1n the rest frame by x2
[Jakobsen, Mogull, Plefka, Steinhoff][Mougiakakos, Riva, Vernizzi]



Standard v.s. Our formula

Standard formula Our formula

1T part of metric stress-energy pseudotensor

Jrest 2 JCM 2 Jrest 2 1 < JCM 2
Jrest JCM Jrest 2 JCM

. Both agree in the CM frame

- Independent checks: general covariance and known RR force
[Jaranowski, Schafer; Nissanke, Blanchet]

[B1n1 Damour|



[Manohar, Ridgway, CHS]

(General Structure

- Form factors parametrization: &

P" = Fipy + Faph + F3AW,

e = b (Fupf) + Fapy) + FoAbT) + Ao (Gap! = Gapll) + Huo pll'p!]

mqi<$>mso

Fy, =" Fy, Gi1 =" Go,

mq<>msq mi<>ma
F3 =" —Fj3, Hiy =" —Hja,

Only assume Lorentz covariance, Poincare algebra, and 1 <> 2 symmetry

Form factors are functions of mi o, |Ab|, 0



[Manohar, Ridgway, CHS]

Nonperturbative result

CM Frame Rest Frame
J12 J12
CM _ Gl + G2 rest _ G2
Jom w=0 Jrest w=0

This 1s an exact relation

Since G1 = G2 at this order, our answer agrees with this general prediction



(rosscheck with Burke-T'hrone

. Burke-Thorne force at G*:

4G?*m1mo )
a; = —ag = £ 3 (3”02”07-1‘ — fuzv)
0-8;- - Final energy 1s the same as 1nitial
z: Impact parameter shrinks equally
02 o - Non-decoupling of heavy particle




Radiation Reaction Force

. Burke-Thorne force at G*:

CM Frame: Rest Frame:
p p’
“®Ab —® Ab

g o

D

J&n 2 _ 2pAb _ 5 5 Ab Jrost,2 _ p'Ab _Ab
JCM pb b Jrest p,b b

Back reaction is important!



_ (L) LHVT O (k
T = 871G / ks (T (k) £ Ty (k) — 7o 1)9— 2T" (k)

+ 2 T*f’[“(k)’r"]p(k))

Our formula agrees with covariance and Burke-Thorne force

Standard formula is incomplete for scattering

because of the presence of zero-frequency mode



Facts and Fantasies of Angular momentum

| JHY = [FY 4 GHY
X Not a physical separation

2. IfE:O,thenﬂW:O

X Zero mode (1/r%) contributes

3. Heavy particle decouples

X Back reaction on heavy particle is relevant



Precision Frontier:

Radiated angular momentum at G’



Radiated Poincare Charges

. State of the art precision at G*

P* — Known [Herrmann, Parra-Martinez, Ruf, Zeng]

J*Y — Both and finite frequency contributions

Double Copy & Generalized Unitarity

sl

- Waveform from 2-to-3 amplitude

- Same as before, just use G impulses
[Westpfahl 80°s] . Resum velocity expansion from O(v®?) series

- Verified by modern integration methods

[D1 Vecchia, Heisenberg, Russo, Veneziano;
Herrmann, Moss, Parra-Martinez, Ruf]



[Manohar, Ridgway, CHS]

New Results 1n General Relativity

- New results for G* radiated angular momentum

Jrest,3 = bmam; (m1C(0) + (m1 +me2)D(0)),

To)=-18, 20" (-3 carcsinh (\/cr_)
o) = 3 1 g2 —1 Jor o1
€@) _ 4, 1 fo1 ( +1)+f. arcsinh(\/oTT)
2 3 m
csinh
= 1 L r- )
" ( 2 ) + g3 '\/0'2—1

2100° — 5526° + 3390* — 91207 4 314802 — 33360 + 1151

fi= 48(c% — 1)3/2
fz=_35a4+ﬁng;\;;5_gqf+76¢r—5

g = 1[:!55; —41le +2fI1[]ar +;j(7; _—fi}?iSr:r + 111e° + 3860 — 237

_ 350° I— gﬂgq_zﬁziti?gqlésg_ég
- As the form factors show, enters - S e
when translating from rest to CM frame
12
JCM,B _ mlmz(‘m1 + mz) C(a) n 2D(a) B mlmz\/02 — 15(0)
Jom Voi—1 | E?

- Elucidate the relation originally found by Bini, Damour, Geralico

when considering G* scattering


簡報者
簡報註解
Say that G1 and G2 are form factors.


New Results 1n General Relativity

- New results for G° radiated angular momentum

Jy [28 , (739 163 \ , (5777 5339 50
r 1 5PoT\gg ~ 157 )P 2520 420 3

| (115769 1469 9235 , 553 4\ 5
126720 504 672 94 7 ) Poo T

6 |,
poo‘

2) [Bini, Damour, Geralico *21]

—

2.5PN 3.5PN 4.5PN

(,03 + ’05 L ’07 -+ ,09 -+ . ) G2

[Manohar, Ridgway, CHS] <
(v |+ 3|+ ||+ o7 + ... )j G3
(v |+ o + o + ...) G



簡報者
簡報註解
Say that G1 and G2 are form factors.


Precision Binary Dyvnamics

m1=m2, G=0.01, E[0]=-0.0176, J[0]=0.4, v[0]=0.128

t=0.0
E,J} ={-0.0176, 0.400
{E,J} ={ } | 9 ) ()
4 T = ——
op
OH
p = 52T Frr
1 T

7N

Conservative Dissipative

All orders in vto G* All orders in v to G?

via scattering angle  viaradiated E and J

[Bern, Cheung, Roiban, CHS, Solon, Zeng, ’19]
[Bern, Parra-Martinez, Roiban, Ruf, CHS, Solon, Zeng, *21]
[Dlapa, Kalin, Liu, Porto ’21]

[Manohar, Ridgway, CHS “22]




Precision Binary Dyvnamics

Can dissipation bring closer to numerical simulation?

—ODQj
—0.04f
E\D' N
—
5 _
= —0.06]
(@1 )]
2 |
= -0.08]
e i
—OJOj
-0.121

20

PM conservative dynamics |

O(G)
CXCﬁ)

--..-.--.,,___NEOB(3PN)_:
O(G?) I

NR
O(G")
predictions at O(G") accuracy
obtained using QFT tools

orbital frequency

10 5 4 3 2 1

phenomenological model
+<— numerical

Snowmass white paper [Buonanno, Khalil, O’Connell, Roiban, Solon, Zeng, 2204.05194]
[Khalil, Buonanno, Steinhoff, Vines, 2204.05047]



Summary/Outlook

Exciting era for gravitational waves!

New formula for radiated angular momentum

We bootstrap the state-of-the-art dissipative force via Poincare
Applications of angular momentum to collider physics?

Toward solving two-body problem in GR


簡報者
簡報註解
Say that G1 and G2 are form factors.


Backups




Common concerns

Can zero-energy radiation carries angular momentum?

Is radiated angular momentum infrared finite
(due to 1/r potential 1n 4D)?

Are distribution functions (e.g. delta functions) well-defined?

Is there BMS ambiguity on angular momentum?
....[Veneziano, Vilkovisky]

Need to analyze each question by calculations

1n scalar, KM, gravity


簡報者
簡報註解
Say that G1 and G2 are form factors.


Comparison

Scalar EM GR
Spacetime Minkowski Minkowski Dynamical
Gauge freedom No Yes Yes
zero E but nonzero J yes yes yes
RR force sthagree Abrham-Lorentz- Burke-Thorneistiagree

Diracistriagree

BMS ambiguity No No Maybe?

- Any consideration of BMS cannot change scalar and EM results, and
needs to explain the match to radiation reaction force



Sources

. Include both matter and self-interaction

N

s

. Imposing off-shell conservation, they can be obtained via

field-theory scattering amplitudes
T+ (k) =i / dl 6(2py - 1)0(2ps - £)e 1 P2 MEY (£, k)



New Results 1n General Relativity

. Predict for G* odd-in-v impulses via Bini-Damour formula

4
G

_ 3) cons rr,even rr,odd

Ap_]_,gl =vM (— (Cb,4 + Cb,4 + Cb,4 )

| N

Dissipative; even in v Dissipative; odd in v
Unknown!! [Manohar, Ridgway, CHS ‘22]
[Bern, Parra-Martinez, Roiban, Ruf, CHS, Solon, Zeng, ’21] rodd _ | O (65% — 5) _my 20 > —1] &(o) 19
“b,4 Y o2 —1 M (c+1) (19)
Poo

[Dlapa, Kalin, Liu, Porto ’21]

B v(20% —1) [371'(502 —1)

21 > Z(o)+C(o) + ZD(J)}

. Using 1deas from factorization in EFT,

simply a G* problem into mostly leading order inputs


簡報者
簡報註解
Say that G1 and G2 are form factors.


CM Frame v.s. Rest frame

CM Frame: Rest Frame:
ph = (E2,—|p|,0,0) pY = (omg, —V/ 02 — 1ms, 0, 0)
X
— ]
pii — (E13|p|7070) pﬁL — (ml,O, 0) 0)
Jem = |plb Jrest = \/02 — 1mob

- They are related by boost and translation



Precision Binary Dyvnamics

1
{E (3 — 6v + 206vo — 540? + 108v0® + 41/0'3) —

[ (1 B 502) v (1-20%) PA-€(1- 202)2] ’
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