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D



• based on: 2606.04470 [hep-th], with Ion Nechita and Miao Hu


• See also 2412.07549 (Iizuka-SL-Nishida) and 2604.13261 (Akella-Iizuka)
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20 years since Ryu-Takayanagi [Ryu-Takayanagi ’06]

• Boundary entanglement entropy = area 
of bulk minimal surface


• “Geometry from entanglement”


• A large body of our understanding of 
QG has grown out from this formula:
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S(R) =
A(ωR)

4GN
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R
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- Generalized entropy and quantum error correction 
[Faulkner-Lewkowycz-Maldacena ’13, Almheiri-Dong-Harlow ‘15, …]


- Bulk reconstruction and subregion-subregion 
duality [Dong-Harlow-Wall ‘16, Czech et al ‘12,…]


- Page curve and replica wormholes [Almeiri-Engenhardt-

Maldacena-Maxfield ’19, Almheiri et al ’20, Peninton et al ’20…] Many more!



A “higher-partite” RT formula [Gadde-Krishna-Sharma ‘22]

• Is there a higher-partite version for the 
minimal surface formula?


• Conjecture: boundary multi-entropy = 
area of bulk “minimal soap film”
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RB

<latexit sha1_base64="06g/ojI0BZ9N4vnj7KtBGrLA0M0=">AAACTnicdVDLSgNBEJyNrxhfiR69LAbBU9gVjR6DevAivhIVTAi9k04cMju7zPQKYckneNXf8uqPeBOdJHvQqA0NRVU3XV1BLIUhz3tzcjOzc/ML+cXC0vLK6lqxtH5jokRzbPBIRvouAINSKGyQIIl3sUYIA4m3Qf94pN8+ojYiUnUaxNgKoadEV3AgS11ftY/bxbJX8cbl/gZ+Bsosq4t2ydlvdiKehKiISzDm3vdiaqWgSXCJw0IzMRgD70MP7y1UEKJppWOvQ3fbMh23G2nbitwx+30jhdCYQRjYyRDowUxrI/JPLdDQR/pxPeWgOMopR9Q9bKVCxQmh4hND3US6FLmjgNyO0MhJDiwAroX9yeUPoIGTjbHQPEH7s8Yze/88Rg0U6bRJepja/ketW9W2DdqfjvU3uNmt+NVK9XKvXDvKIs+zTbbFdpjPDliNnbIL1mCc9dgTe2Yvzqvz7nw4n5PRnJPtbLAflct/AbtUtXw=</latexit>

RC

<latexit sha1_base64="TIRZeFYeJ+LVKt9Uomvsz6vGXrM="></latexit>ωA:B:C

<latexit sha1_base64="lGAXZrTmQ4omXvTP68KWyXozYmE="></latexit>

S(3)(A : B : C) =
?

A(ωA:B:C)

4GN

Yes, but…



Entanglement entropy

• Bipartite system 


•                                     is entangled       

• Renyi entropy 

• von Neumann limit
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<latexit sha1_base64="0KMyaPEGl8+XRqGHoazzqDlHOoA="></latexit>

Sn(⇢) =
1

1� n
log tr(⇢nA)

<latexit sha1_base64="t7aMBXqkRQic1q3FbR68Fc3sstE="></latexit>

S(⇢) > 0 () | iAB

<latexit sha1_base64="u05WE/hTwHYGBXI93oXw6//Vl3g="></latexit>

S(⇢) = � tr(⇢A log ⇢A) = �
X

i

(�i log �i)

<latexit sha1_base64="VbqWj+esr7N8OxiIirukBGSjxTs="></latexit>

S(⇢) = lim
n!1

Sn(⇢)

<latexit sha1_base64="dGDP9JuvkUorGHwMBqaEecYfZuc=">AAACQnicbVDLSgNBEJz1GeMr6tHLYBA8hV2R6EXwcclRwSRCEkLvpKNDZmeXmV4hLPkOv8ab6Df4C97Em3hwEnNIogUDNdXddHWFiZKWfP/Nm5tfWFxazq3kV9fWNzYLW9s1G6dGYFXEKja3IVhUUmOVJCm8TQxCFCqsh73LYb3+gMbKWN9QP8FWBHdadqUAclK7EDQjoHsBKqsM+Cmf+LXPeTMmGaGdUi/ahaJf8kfgf0kwJkU2xlW78NXsxCKNUJNQYG0j8BNqZWBICoWDfDO1mIDowR02HNXgVray0WkDvu+UDu/Gxj1NfKROTmQQWduPQtc5NGlna0Px31pooIc0tT0ToAWqGUfUPWllUicpoRa/hrqp4hTzYZ68Iw0KUn1HQBjpbuLiHgwIcqnnXVjBbDR/Se2wFJRL5euj4tnFOLYc22V77IAF7JidsQq7YlUm2CN7Yi/s1Xv23r0P7/O3dc4bz+ywKXjfP9SCsao=</latexit>

H = HA ⌦HB



Replica trick and some notations

• Contraction of density matrices
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<latexit sha1_base64="w9C9g8+roG+6Hvq9RMKLMsVLsEc=">AAACTHicdVDJSgNBEO2JW4xbokcvg0HwFGZEo8e4HLyICWQRTAg1nYo26ekZumuEMOQLvOpvefc/vIlgZzlo1IKCx3tV1KsXxFIY8rw3J7OwuLS8kl3Nra1vbG7lC9tNEyWaY4NHMtK3ARiUQmGDBEm8jTVCGEhsBYOLsd56RG1EpOo0jLETwr0SfcGBLFU76+aLXsmblPsb+DNQZLOqdgvOcbsX8SRERVyCMXe+F1MnBU2CSxzl2onBGPgA7vHOQgUhmk46cTpy9y3Tc/uRtq3InbDfN1IIjRmGgZ0MgR7MvDYm/9QCDQOkH9dTDoqjnHNE/dNOKlScECo+NdRPpEuRO47H7QmNnOTQAuBa2J9c/gAaONkQc+1LtD9rvLb3b2LUQJFO26RHqe1/1LpVbdug/flYf4PmYckvl8q1o2LlfBZ5lu2yPXbAfHbCKuyKVVmDcYbsiT2zF+fVeXc+nM/paMaZ7eywH5VZ/gIaeLS1</latexit>

A
<latexit sha1_base64="UfRXHbgU0lPX0aXcFNQIkMw8eGY=">AAACTnicdVDJSgNBEO2JW4y7Hr0MBkE8hBlxO7odvIgRkyiYGGo6laRJT8/QXSOEIZ/gVX/Lqz/iTbSzHDTRgoLHe1XUqxfEUhjyvHcnMzU9MzuXnc8tLC4tr6yurVdMlGiOZR7JSN8HYFAKhWUSJPE+1ghhIPEu6Jz39bsn1EZEqkTdGGshtJRoCg5kqdvTx936at4reINyJ4E/Ank2qmJ9zTmoNiKehKiISzDmwfdiqqWgSXCJvVw1MRgD70ALHyxUEKKppQOvPXfbMg23GWnbitwB+3MjhdCYbhjYyRCobca1PvmnFmjoIP26nnJQHOWYI2oe11Kh4oRQ8aGhZiJditx+QG5DaOQkuxYA18L+5PI2aOBkY8xVL9D+rPHK3r+OUQNFOq2S7qW2/1FLVrVtg/bHY50Elb2Cf1g4vNnPn5yNIs+yTbbFdpjPjtgJu2RFVmactdgze2Gvzpvz4Xw6X8PRjDPa2WC/KpP9Bmk5tVE=</latexit>

A⇤ <latexit sha1_base64="IzBzy0Lik/cm3OaqUZMP+8j4EEg="></latexit>· · ·

• Can be generalized into higher rank density matrices


<latexit sha1_base64="kXClOZNMDdce1lnLA/ix12hCLhY="></latexit>⇢AB =
<latexit sha1_base64="w9C9g8+roG+6Hvq9RMKLMsVLsEc=">AAACTHicdVDJSgNBEO2JW4xbokcvg0HwFGZEo8e4HLyICWQRTAg1nYo26ekZumuEMOQLvOpvefc/vIlgZzlo1IKCx3tV1KsXxFIY8rw3J7OwuLS8kl3Nra1vbG7lC9tNEyWaY4NHMtK3ARiUQmGDBEm8jTVCGEhsBYOLsd56RG1EpOo0jLETwr0SfcGBLFU76+aLXsmblPsb+DNQZLOqdgvOcbsX8SRERVyCMXe+F1MnBU2CSxzl2onBGPgA7vHOQgUhmk46cTpy9y3Tc/uRtq3InbDfN1IIjRmGgZ0MgR7MvDYm/9QCDQOkH9dTDoqjnHNE/dNOKlScECo+NdRPpEuRO47H7QmNnOTQAuBa2J9c/gAaONkQc+1LtD9rvLb3b2LUQJFO26RHqe1/1LpVbdug/flYf4PmYckvl8q1o2LlfBZ5lu2yPXbAfHbCKuyKVVmDcYbsiT2zF+fVeXc+nM/paMaZ7eywH5VZ/gIaeLS1</latexit>

A
<latexit sha1_base64="UfRXHbgU0lPX0aXcFNQIkMw8eGY=">AAACTnicdVDJSgNBEO2JW4y7Hr0MBkE8hBlxO7odvIgRkyiYGGo6laRJT8/QXSOEIZ/gVX/Lqz/iTbSzHDTRgoLHe1XUqxfEUhjyvHcnMzU9MzuXnc8tLC4tr6yurVdMlGiOZR7JSN8HYFAKhWUSJPE+1ghhIPEu6Jz39bsn1EZEqkTdGGshtJRoCg5kqdvTx936at4reINyJ4E/Ank2qmJ9zTmoNiKehKiISzDmwfdiqqWgSXCJvVw1MRgD70ALHyxUEKKppQOvPXfbMg23GWnbitwB+3MjhdCYbhjYyRCobca1PvmnFmjoIP26nnJQHOWYI2oe11Kh4oRQ8aGhZiJditx+QG5DaOQkuxYA18L+5PI2aOBkY8xVL9D+rPHK3r+OUQNFOq2S7qW2/1FLVrVtg/bHY50Elb2Cf1g4vNnPn5yNIs+yTbbFdpjPjtgJu2RFVmactdgze2Gvzpvz4Xw6X8PRjDPa2WC/KpP9Bmk5tVE=</latexit>

A⇤
<latexit sha1_base64="gSNr7iGFIPtUaSIzBpb130JIpIY=">AAACTHicdVBNS8NAEN3Ur1q/qh69BIvgqSSi1WNRD17ECq0ttKVMtlNdutmE3YlQQn+BV/1b3v0f3kRwW3OwVQcGHu/NMG9eEEthyPPenNzC4tLySn61sLa+sblV3N65M1GiOTZ4JCPdCsCgFAobJEhiK9YIYSCxGQwvJnrzEbURkarTKMZuCPdKDAQHstTtea9Y8sretNzfwM9AiWVV6207J51+xJMQFXEJxrR9L6ZuCpoElzgudBKDMfAh3GPbQgUhmm46dTp2DyzTdweRtq3InbI/N1IIjRmFgZ0MgR7MvDYh/9QCDUOkmespB8VRzjmiwVk3FSpOCBX/NjRIpEuRO4nH7QuNnOTIAuBa2J9c/gAaONkQC51LtD9rvLb3b2LUQJFOO6THqe1/1LpVbdug/flYf4O7o7JfKVduj0vV8yzyPNtj++yQ+eyUVdkVq7EG4wzZE3tmL86r8+58OJ/fozkn29llM5Vb/gIcYLS2</latexit>

B
<latexit sha1_base64="+U0kgLRljq/QSfB2b5qF1e/5QWk=">AAACTnicdVDLTgJBEJzFF+Jbj142EhPjgewaRY8EPXgxagQhATS9QwMTZmc3M70mZMMneNXf8uqPeDM6IAdF7aSTSlV3urqCWApDnvfqZGZm5+YXsou5peWV1bX1jc1bEyWaY5VHMtL1AAxKobBKgiTWY40QBhJrQf90pNceUBsRqQoNYmyF0FWiIziQpW7Kd/v363mv4I3L/Q38CcizSV3dbzhHzXbEkxAVcQnGNHwvplYKmgSXOMw1E4Mx8D50sWGhghBNKx17Hbq7lmm7nUjbVuSO2e8bKYTGDMLAToZAPTOtjcg/tUBDH+nH9ZSD4iinHFHnpJUKFSeEin8Z6iTSpcgdBeS2hUZOcmABcC3sTy7vgQZONsZc8wztzxov7P3LGDVQpNMm6WFq+x+1YlXbNmh/Otbf4Pag4BcLxevDfKk8iTzLttkO22M+O2Ylds6uWJVx1mWP7Ik9Oy/Om/PufHyNZpzJzhb7UZnsJ2sjtVI=</latexit>

B⇤

<latexit sha1_base64="jKJk2wWaISlPb2LnB6Zj6YQG9hY="></latexit>

tr(⇢nA) = tr((trB ⇢AB)
n) = <latexit sha1_base64="IzBzy0Lik/cm3OaqUZMP+8j4EEg="></latexit>· · ·

<latexit sha1_base64="fLNKlHni5rRNygXPnURpRdwjDA4="></latexit>

trB ⇢AB =
<latexit sha1_base64="w9C9g8+roG+6Hvq9RMKLMsVLsEc=">AAACTHicdVDJSgNBEO2JW4xbokcvg0HwFGZEo8e4HLyICWQRTAg1nYo26ekZumuEMOQLvOpvefc/vIlgZzlo1IKCx3tV1KsXxFIY8rw3J7OwuLS8kl3Nra1vbG7lC9tNEyWaY4NHMtK3ARiUQmGDBEm8jTVCGEhsBYOLsd56RG1EpOo0jLETwr0SfcGBLFU76+aLXsmblPsb+DNQZLOqdgvOcbsX8SRERVyCMXe+F1MnBU2CSxzl2onBGPgA7vHOQgUhmk46cTpy9y3Tc/uRtq3InbDfN1IIjRmGgZ0MgR7MvDYm/9QCDQOkH9dTDoqjnHNE/dNOKlScECo+NdRPpEuRO47H7QmNnOTQAuBa2J9c/gAaONkQc+1LtD9rvLb3b2LUQJFO26RHqe1/1LpVbdug/flYf4PmYckvl8q1o2LlfBZ5lu2yPXbAfHbCKuyKVVmDcYbsiT2zF+fVeXc+nM/paMaZ7eywH5VZ/gIaeLS1</latexit>

A
<latexit sha1_base64="UfRXHbgU0lPX0aXcFNQIkMw8eGY=">AAACTnicdVDJSgNBEO2JW4y7Hr0MBkE8hBlxO7odvIgRkyiYGGo6laRJT8/QXSOEIZ/gVX/Lqz/iTbSzHDTRgoLHe1XUqxfEUhjyvHcnMzU9MzuXnc8tLC4tr6yurVdMlGiOZR7JSN8HYFAKhWUSJPE+1ghhIPEu6Jz39bsn1EZEqkTdGGshtJRoCg5kqdvTx936at4reINyJ4E/Ank2qmJ9zTmoNiKehKiISzDmwfdiqqWgSXCJvVw1MRgD70ALHyxUEKKppQOvPXfbMg23GWnbitwB+3MjhdCYbhjYyRCobca1PvmnFmjoIP26nnJQHOWYI2oe11Kh4oRQ8aGhZiJditx+QG5DaOQkuxYA18L+5PI2aOBkY8xVL9D+rPHK3r+OUQNFOq2S7qW2/1FLVrVtg/bHY50Elb2Cf1g4vNnPn5yNIs+yTbbFdpjPjtgJu2RFVmactdgze2Gvzpvz4Xw6X8PRjDPa2WC/KpP9Bmk5tVE=</latexit>

A⇤
<latexit sha1_base64="qGRPhMer8PHIdIsTVxeXoPPrzWs=">AAACTHicdVBNS8NAEN3Ur1q/qh69BIvgQUoiWj2KevAiVmhtoS0y2U516WYTdidCCf0FXvVvefd/eBPBbc3Btjow8HhvhnnzglgKQ5737uTm5hcWl/LLhZXVtfWN4ubWnYkSzbHOIxnpZgAGpVBYJ0ESm7FGCAOJjaB/MdIbT6iNiFSNBjF2QnhQoic4kKVuD+6LJa/sjcudBX4GSiyr6v2mc9zuRjwJURGXYEzL92LqpKBJcInDQjsxGAPvwwO2LFQQoumkY6dDd88yXbcXaduK3DH7eyOF0JhBGNjJEOjRTGsj8k8t0NBHmrieclAc5ZQj6p12UqHihFDxH0O9RLoUuaN43K7QyEkOLACuhf3J5Y+ggZMNsdC+RPuzxmt7/yZGDRTptE16mNr+R61Z1bYN2p+OdRbcHZb9Srlye1Q6O88iz7Mdtsv2mc9O2Bm7YlVWZ5whe2Yv7NV5cz6cT+frZzTnZDvbbKJyi9/yYbSg</latexit>,

<latexit sha1_base64="ar9QVoJ8X4X5L8VGkGSl+N7cOoI=">AAACTHicdVDLSgNBEJyNGjW+oh69LAbBU9gVjR4DetCDaCAPwYTQO+kkQ2Znl5leISz5Aq/6W979D28iOIk5mEQbGoqqbrq6glgKQ5737mSWlleyq2vruY3Nre2d/O5e3USJ5ljjkYz0QwAGpVBYI0ESH2KNEAYSG8Hgcqw3nlAbEakqDWNshdBTois4kKUqop0veEVvUu4i8KegwKZ13951zpqdiCchKuISjHn0vZhaKWgSXOIo10wMxsAH0MNHCxWEaFrpxOnIPbJMx+1G2rYid8L+3kghNGYYBnYyBOqbeW1M/qkFGgZIM9dTDoqjnHNE3YtWKlScECr+Y6ibSJcidxyP2xEaOcmhBcC1sD+5vA8aONkQc80rtD9rvLX372LUQJFOm6RHqe1/1KpVbdug/flYF0H9pOiXiqXKaaF8M418jR2wQ3bMfHbOyuya3bMa4wzZM3thr86b8+F8Ol8/oxlnurPPZiqT/QZo07Tk</latexit>

i
<latexit sha1_base64="lDxBI9h/L336JwJfJ+srpT4y3gM=">AAACTHicdVBNS8NAEN3Ur1q/Wj16CRbBU0lEq8eCHvQgttCqYItMtlNdu9mE3YlQQn+BV/1b3v0f3kRw2+Zgqw4MPN6bYd68IJbCkOe9O7m5+YXFpfxyYWV1bX2jWNq8MlGiObZ4JCN9E4BBKRS2SJDEm1gjhIHE66B/MtKvn1AbEakmDWLshHCvRE9wIEs1Hu+KZa/ijcv9DfwMlFlW9buSc9juRjwJURGXYMyt78XUSUGT4BKHhXZiMAbeh3u8tVBBiKaTjp0O3V3LdN1epG0rcsfsz40UQmMGYWAnQ6AHM6uNyD+1QEMfaep6ykFxlDOOqHfcSYWKE0LFJ4Z6iXQpckfxuF2hkZMcWABcC/uTyx9AAycbYqF9ivZnjRf2/mWMGijSaZv0MLX9j9q0qm0btD8b629wtV/xq5Vq46BcO88iz7NttsP2mM+OWI2dsTprMc6QPbMX9uq8OR/Op/M1Gc052c4Wm6rc4jdqu7Tl</latexit>

j

<latexit sha1_base64="1GmItH4gFKqfUCwHszqK+8SmD3o="></latexit>ωij =
<latexit sha1_base64="W2MiVRzxJUsVOerrMRkeNfJ81Ek="></latexit>

tr(ωn) =
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• Contraction patterns determined by permutations (twist operators)
<latexit sha1_base64="3JE0gmYAKHOyI47lNPaaVhw46hI=">AAACU3icdVBNS8NAEN3Er1o/q0cvi0XwVBLR6lHUgxdR0WrBlDLZTuvSzSbsToQS+ie86t/y4G/x4rb2oFUHBh7vzTBvXpwpaSkI3j1/ZnZufqG0WF5aXlldW69s3Nk0NwIbIlWpacZgUUmNDZKksJkZhCRWeB/3T0f6/RMaK1N9S4MMWwn0tOxKAeSoZi+Smt+0dXu9GtSCcfHfIJyAKpvUVbviHUSdVOQJahIKrH0Ig4xaBRiSQuGwHOUWMxB96OGDgxoStK1ibHjIdxzT4d3UuNbEx+z3jQISawdJ7CYToEc7rY3IP7XYQB/px/VCgBaophxR96hVSJ3lhFp8GermilPKRynxjjQoSA0cAGGk+4mLRzAgyGVZjs7Q/Wzwwt2/zNAApaaIyAwL1/+ot0517YIOp2P9De72amG9Vr/erx6fTCIvsS22zXZZyA7ZMTtnV6zBBFPsmb2wV+/N+/B9f/Zr1PcmO5vsR/krn9n2tZY=</latexit>

g 2 Sn

<latexit sha1_base64="aZx9FErhYmvUUG5kLIJGfWdsaJU="></latexit>

tr(⇢nA) = <latexit sha1_base64="IzBzy0Lik/cm3OaqUZMP+8j4EEg="></latexit>· · ·1 2 n
A

B

• Different trace multi-invariants  twist operators 


• Index  runs from 1 to the number of subsystems 

↔ {gi}

i q

Replica trick and some notations

<latexit sha1_base64="Ptc90G2R6GDJXo8U0zRIVAWTG8s="></latexit>

gA = (12 · · ·n)
gB = id
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• q-partite pure state                   (q=3 here)                


    or (q-1)-partite mixed state

• (q-1)-dim symmetrical contraction          

Multi-entropy [Gadde-Krishna-Sharma ’22]

<latexit sha1_base64="clj9UIVy4WtUiBzg2+BHklFi2TE="></latexit>

| iABC

<latexit sha1_base64="dRoOzOi7+/Gmfg7P47TJBVbaVVs="></latexit>

⇢AB = trC(| ABCi h ABC |)

<latexit sha1_base64="w9C9g8+roG+6Hvq9RMKLMsVLsEc=">AAACTHicdVDJSgNBEO2JW4xbokcvg0HwFGZEo8e4HLyICWQRTAg1nYo26ekZumuEMOQLvOpvefc/vIlgZzlo1IKCx3tV1KsXxFIY8rw3J7OwuLS8kl3Nra1vbG7lC9tNEyWaY4NHMtK3ARiUQmGDBEm8jTVCGEhsBYOLsd56RG1EpOo0jLETwr0SfcGBLFU76+aLXsmblPsb+DNQZLOqdgvOcbsX8SRERVyCMXe+F1MnBU2CSxzl2onBGPgA7vHOQgUhmk46cTpy9y3Tc/uRtq3InbDfN1IIjRmGgZ0MgR7MvDYm/9QCDQOkH9dTDoqjnHNE/dNOKlScECo+NdRPpEuRO47H7QmNnOTQAuBa2J9c/gAaONkQc+1LtD9rvLb3b2LUQJFO26RHqe1/1LpVbdug/flYf4PmYckvl8q1o2LlfBZ5lu2yPXbAfHbCKuyKVVmDcYbsiT2zF+fVeXc+nM/paMaZ7eywH5VZ/gIaeLS1</latexit>

A
<latexit sha1_base64="UfRXHbgU0lPX0aXcFNQIkMw8eGY=">AAACTnicdVDJSgNBEO2JW4y7Hr0MBkE8hBlxO7odvIgRkyiYGGo6laRJT8/QXSOEIZ/gVX/Lqz/iTbSzHDTRgoLHe1XUqxfEUhjyvHcnMzU9MzuXnc8tLC4tr6yurVdMlGiOZR7JSN8HYFAKhWUSJPE+1ghhIPEu6Jz39bsn1EZEqkTdGGshtJRoCg5kqdvTx936at4reINyJ4E/Ank2qmJ9zTmoNiKehKiISzDmwfdiqqWgSXCJvVw1MRgD70ALHyxUEKKppQOvPXfbMg23GWnbitwB+3MjhdCYbhjYyRCobca1PvmnFmjoIP26nnJQHOWYI2oe11Kh4oRQ8aGhZiJditx+QG5DaOQkuxYA18L+5PI2aOBkY8xVL9D+rPHK3r+OUQNFOq2S7qW2/1FLVrVtg/bHY50Elb2Cf1g4vNnPn5yNIs+yTbbFdpjPjtgJu2RFVmactdgze2Gvzpvz4Xw6X8PRjDPa2WC/KpP9Bmk5tVE=</latexit>

A⇤<latexit sha1_base64="GZRFuJQnwy2VMvwFyMVlKBCMa5k=">AAACT3icdVBNS8NAEN3U7/pV9eglWARPJRGtHot68CIqtCqYIpPt1C7d7IbdiVBC/4JX/Vse/SXexG3NwVYdGHi8N8O8eXEqhaUgePdKM7Nz8wuLS+XlldW19crG5o3VmeHY4lpqcxeDRSkUtkiQxLvUICSxxNu4fzrSb5/QWKFVkwYpthN4VKIrONCIikxPP1SqQS0Yl/8bhAWosqKuHja8w6ijeZagIi7B2vswSKmdgyHBJQ7LUWYxBd6HR7x3UEGCtp2PzQ79Xcd0/K42rhX5Y/bnRg6JtYMkdpMJUM9OayPyTy020EeauJ5zUBzllCPqHrdzodKMUPFvQ91M+qT9UUJ+RxjkJAcOADfC/eTzHhjg5HIsR2fofjZ44e5fpmiAtMkjMsPc9T9q06muXdDhdKy/wc1+LazX6tcH1cZJEfki22Y7bI+F7Ig12Dm7Yi3GWY89sxf26r15H95nqRgteQXYYhNVWvoCEqW1OA==</latexit>⇢

<latexit sha1_base64="gSNr7iGFIPtUaSIzBpb130JIpIY=">AAACTHicdVBNS8NAEN3Ur1q/qh69BIvgqSSi1WNRD17ECq0ttKVMtlNdutmE3YlQQn+BV/1b3v0f3kRwW3OwVQcGHu/NMG9eEEthyPPenNzC4tLySn61sLa+sblV3N65M1GiOTZ4JCPdCsCgFAobJEhiK9YIYSCxGQwvJnrzEbURkarTKMZuCPdKDAQHstTtea9Y8sretNzfwM9AiWVV6207J51+xJMQFXEJxrR9L6ZuCpoElzgudBKDMfAh3GPbQgUhmm46dTp2DyzTdweRtq3InbI/N1IIjRmFgZ0MgR7MvDYh/9QCDUOkmespB8VRzjmiwVk3FSpOCBX/NjRIpEuRO4nH7QuNnOTIAuBa2J9c/gAaONkQC51LtD9rvLb3b2LUQJFOO6THqe1/1LpVbdug/flYf4O7o7JfKVduj0vV8yzyPNtj++yQ+eyUVdkVq7EG4wzZE3tmL86r8+58OJ/fozkn29llM5Vb/gIcYLS2</latexit>

B

<latexit sha1_base64="+U0kgLRljq/QSfB2b5qF1e/5QWk=">AAACTnicdVDLTgJBEJzFF+Jbj142EhPjgewaRY8EPXgxagQhATS9QwMTZmc3M70mZMMneNXf8uqPeDM6IAdF7aSTSlV3urqCWApDnvfqZGZm5+YXsou5peWV1bX1jc1bEyWaY5VHMtL1AAxKobBKgiTWY40QBhJrQf90pNceUBsRqQoNYmyF0FWiIziQpW7Kd/v363mv4I3L/Q38CcizSV3dbzhHzXbEkxAVcQnGNHwvplYKmgSXOMw1E4Mx8D50sWGhghBNKx17Hbq7lmm7nUjbVuSO2e8bKYTGDMLAToZAPTOtjcg/tUBDH+nH9ZSD4iinHFHnpJUKFSeEin8Z6iTSpcgdBeS2hUZOcmABcC3sTy7vgQZONsZc8wztzxov7P3LGDVQpNMm6WFq+x+1YlXbNmh/Otbf4Pag4BcLxevDfKk8iTzLttkO22M+O2Ylds6uWJVx1mWP7Ik9Oy/Om/PufHyNZpzJzhb7UZnsJ2sjtVI=</latexit>

B⇤

<latexit sha1_base64="yatPhxQemxRvzF9hfZSdNPu6VJA="></latexit>

S(3)
n (A : B : C) :=

<latexit sha1_base64="+FxHHhghlzudYOiulOqh/uT6XG0="></latexit>

S(q)(A : B : · · · ) := lim
n!1

S(q)
n (A : B : · · · )

• von-Neumann limit          

n

<latexit sha1_base64="klVRsBvsjsFdkFz30mNtWJIwxeA=">AAACAXicbVDLSgNBEOz1GeMr6tHLYhA8hV2R6DHoxWME84BkCbOzk2TM7Mwy0yuEJSd/wKv+gTfx6pf4A36Hk2QPmljQUFR1U02FieAGPe/LWVldW9/YLGwVt3d29/ZLB4dNo1JNWYMqoXQ7JIYJLlkDOQrWTjQjcShYKxzdTP3WI9OGK3mP44QFMRlI3ueUoJWaXRopNL1S2at4M7jLxM9JGXLUe6XvbqRoGjOJVBBjOr6XYJARjZwKNil2U8MSQkdkwDqWShIzE2SzbyfuqVUit6+0HYnuTP19kZHYmHEc2s2Y4NAselPxXy/UZMRwIR37V0HGZZIik3Qe3k+Fi8qd1uFGXDOKYmwJoZrb/106JJpQtKUVbTH+Yg3LpHle8auV6t1FuXadV1SAYziBM/DhEmpwC3VoAIUHeIYXeHWenDfn3fmYr644+c0R/IHz+QMEpZei</latexit>· · ·

<latexit sha1_base64="klVRsBvsjsFdkFz30mNtWJIwxeA=">AAACAXicbVDLSgNBEOz1GeMr6tHLYhA8hV2R6DHoxWME84BkCbOzk2TM7Mwy0yuEJSd/wKv+gTfx6pf4A36Hk2QPmljQUFR1U02FieAGPe/LWVldW9/YLGwVt3d29/ZLB4dNo1JNWYMqoXQ7JIYJLlkDOQrWTjQjcShYKxzdTP3WI9OGK3mP44QFMRlI3ueUoJWaXRopNL1S2at4M7jLxM9JGXLUe6XvbqRoGjOJVBBjOr6XYJARjZwKNil2U8MSQkdkwDqWShIzE2SzbyfuqVUit6+0HYnuTP19kZHYmHEc2s2Y4NAselPxXy/UZMRwIR37V0HGZZIik3Qe3k+Fi8qd1uFGXDOKYmwJoZrb/106JJpQtKUVbTH+Yg3LpHle8auV6t1FuXadV1SAYziBM/DhEmpwC3VoAIUHeIYXeHWenDfn3fmYr644+c0R/IHz+QMEpZei</latexit>

···

<latexit sha1_base64="klVRsBvsjsFdkFz30mNtWJIwxeA=">AAACAXicbVDLSgNBEOz1GeMr6tHLYhA8hV2R6DHoxWME84BkCbOzk2TM7Mwy0yuEJSd/wKv+gTfx6pf4A36Hk2QPmljQUFR1U02FieAGPe/LWVldW9/YLGwVt3d29/ZLB4dNo1JNWYMqoXQ7JIYJLlkDOQrWTjQjcShYKxzdTP3WI9OGK3mP44QFMRlI3ueUoJWaXRopNL1S2at4M7jLxM9JGXLUe6XvbqRoGjOJVBBjOr6XYJARjZwKNil2U8MSQkdkwDqWShIzE2SzbyfuqVUit6+0HYnuTP19kZHYmHEc2s2Y4NAselPxXy/UZMRwIR37V0HGZZIik3Qe3k+Fi8qd1uFGXDOKYmwJoZrb/106JJpQtKUVbTH+Yg3LpHle8auV6t1FuXadV1SAYziBM/DhEmpwC3VoAIUHeIYXeHWenDfn3fmYr644+c0R/IHz+QMEpZei</latexit>

···

<latexit sha1_base64="klVRsBvsjsFdkFz30mNtWJIwxeA=">AAACAXicbVDLSgNBEOz1GeMr6tHLYhA8hV2R6DHoxWME84BkCbOzk2TM7Mwy0yuEJSd/wKv+gTfx6pf4A36Hk2QPmljQUFR1U02FieAGPe/LWVldW9/YLGwVt3d29/ZLB4dNo1JNWYMqoXQ7JIYJLlkDOQrWTjQjcShYKxzdTP3WI9OGK3mP44QFMRlI3ueUoJWaXRopNL1S2at4M7jLxM9JGXLUe6XvbqRoGjOJVBBjOr6XYJARjZwKNil2U8MSQkdkwDqWShIzE2SzbyfuqVUit6+0HYnuTP19kZHYmHEc2s2Y4NAselPxXy/UZMRwIR37V0HGZZIik3Qe3k+Fi8qd1uFGXDOKYmwJoZrb/106JJpQtKUVbTH+Yg3LpHle8auV6t1FuXadV1SAYziBM/DhEmpwC3VoAIUHeIYXeHWenDfn3fmYr644+c0R/IHz+QMEpZei</latexit>· · ·

<latexit sha1_base64="klVRsBvsjsFdkFz30mNtWJIwxeA=">AAACAXicbVDLSgNBEOz1GeMr6tHLYhA8hV2R6DHoxWME84BkCbOzk2TM7Mwy0yuEJSd/wKv+gTfx6pf4A36Hk2QPmljQUFR1U02FieAGPe/LWVldW9/YLGwVt3d29/ZLB4dNo1JNWYMqoXQ7JIYJLlkDOQrWTjQjcShYKxzdTP3WI9OGK3mP44QFMRlI3ueUoJWaXRopNL1S2at4M7jLxM9JGXLUe6XvbqRoGjOJVBBjOr6XYJARjZwKNil2U8MSQkdkwDqWShIzE2SzbyfuqVUit6+0HYnuTP19kZHYmHEc2s2Y4NAselPxXy/UZMRwIR37V0HGZZIik3Qe3k+Fi8qd1uFGXDOKYmwJoZrb/106JJpQtKUVbTH+Yg3LpHle8auV6t1FuXadV1SAYziBM/DhEmpwC3VoAIUHeIYXeHWenDfn3fmYr644+c0R/IHz+QMEpZei</latexit>

···

<latexit sha1_base64="klVRsBvsjsFdkFz30mNtWJIwxeA=">AAACAXicbVDLSgNBEOz1GeMr6tHLYhA8hV2R6DHoxWME84BkCbOzk2TM7Mwy0yuEJSd/wKv+gTfx6pf4A36Hk2QPmljQUFR1U02FieAGPe/LWVldW9/YLGwVt3d29/ZLB4dNo1JNWYMqoXQ7JIYJLlkDOQrWTjQjcShYKxzdTP3WI9OGK3mP44QFMRlI3ueUoJWaXRopNL1S2at4M7jLxM9JGXLUe6XvbqRoGjOJVBBjOr6XYJARjZwKNil2U8MSQkdkwDqWShIzE2SzbyfuqVUit6+0HYnuTP19kZHYmHEc2s2Y4NAselPxXy/UZMRwIR37V0HGZZIik3Qe3k+Fi8qd1uFGXDOKYmwJoZrb/106JJpQtKUVbTH+Yg3LpHle8auV6t1FuXadV1SAYziBM/DhEmpwC3VoAIUHeIYXeHWenDfn3fmYr644+c0R/IHz+QMEpZei</latexit>· · ·

<latexit sha1_base64="GfT6fB6cFWkkk5z877MWP5N2zUQ=">AAACWHicdVBNS8NAEJ3Gr7Z+th69BIvgqSSi1WNRD17ECq0tmCCb7VSXbjZxdyKU0N/hVX+W/hq3HwetOjDweG+GefOiVApDnvdRcJaWV1bXiqXy+sbm1vZOpXpnkkxz7PBEJroXMYNSKOyQIIm9VCOLI4ndaHgx0bsvqI1IVJtGKYYxe1RiIDgjS4VBpvqoI8045uOHnZpX96bl/gb+HNRgXq2HSuEk6Cc8i1ERl8yYe99LKcyZJsEljstBZjBlfMge8d5CxWI0YT51PXYPLNN3B4m2rcidst83chYbM4ojOxkzejKL2oT8U7PvDJF+XM85UxzlgiManIW5UGlGqPjM0CCTLiXuJCq3LzRykiMLGNfC/uTyJ2azIhtoObhE+7PGa3v/JkXNKNF5QHqc2/5HbVvVtg3aX4z1N7g7qvuNeuP2uNY8n0dehD3Yh0Pw4RSacAUt6ACHZ3iFN3gvfDrgrDml2ahTmO/swo9yql9yArde</latexit>|{z} <latexit sha1_base64="GfT6fB6cFWkkk5z877MWP5N2zUQ=">AAACWHicdVBNS8NAEJ3Gr7Z+th69BIvgqSSi1WNRD17ECq0tmCCb7VSXbjZxdyKU0N/hVX+W/hq3HwetOjDweG+GefOiVApDnvdRcJaWV1bXiqXy+sbm1vZOpXpnkkxz7PBEJroXMYNSKOyQIIm9VCOLI4ndaHgx0bsvqI1IVJtGKYYxe1RiIDgjS4VBpvqoI8045uOHnZpX96bl/gb+HNRgXq2HSuEk6Cc8i1ERl8yYe99LKcyZJsEljstBZjBlfMge8d5CxWI0YT51PXYPLNN3B4m2rcidst83chYbM4ojOxkzejKL2oT8U7PvDJF+XM85UxzlgiManIW5UGlGqPjM0CCTLiXuJCq3LzRykiMLGNfC/uTyJ2azIhtoObhE+7PGa3v/JkXNKNF5QHqc2/5HbVvVtg3aX4z1N7g7qvuNeuP2uNY8n0dehD3Yh0Pw4RSacAUt6ACHZ3iFN3gvfDrgrDml2ahTmO/swo9yql9yArde</latexit>

|
{
z
}

n

<latexit sha1_base64="TmSyMpmuAfbnObNT39Az0skPRoY=">AAACTHicdVDLSgNBEJyNrxhfiR69LAbBU9gVjV6EoB68iAnkIZgQeicdHTI7u8z0CmHJF3jV3/Luf3gTwcnjoFEbGoqqbrq6glgKQ5735mQWFpeWV7KrubX1jc2tfGG7aaJEc2zwSEb6NgCDUihskCCJt7FGCAOJrWBwMdZbj6iNiFSdhjF2QrhXoi84kKVqZ9180St5k3J/A38GimxW1W7BOW73Ip6EqIhLMObO92LqpKBJcImjXDsxGAMfwD3eWaggRNNJJ05H7r5lem4/0rYVuRP2+0YKoTHDMLCTIdCDmdfG5J9aoGGA9ON6ykFxlHOOqH/aSYWKE0LFp4b6iXQpcsfxuD2hkZMcWgBcC/uTyx9AAycbYq59ifZnjdf2/k2MGijSaZv0KLX9j1q3qm0btD8f62/QPCz55VK5dlSsnM8iz7JdtscOmM9OWIVdsSprMM6QPbFn9uK8Ou/Oh/M5Hc04s50d9qMyy18S2LSx</latexit>=
<latexit sha1_base64="w9C9g8+roG+6Hvq9RMKLMsVLsEc=">AAACTHicdVDJSgNBEO2JW4xbokcvg0HwFGZEo8e4HLyICWQRTAg1nYo26ekZumuEMOQLvOpvefc/vIlgZzlo1IKCx3tV1KsXxFIY8rw3J7OwuLS8kl3Nra1vbG7lC9tNEyWaY4NHMtK3ARiUQmGDBEm8jTVCGEhsBYOLsd56RG1EpOo0jLETwr0SfcGBLFU76+aLXsmblPsb+DNQZLOqdgvOcbsX8SRERVyCMXe+F1MnBU2CSxzl2onBGPgA7vHOQgUhmk46cTpy9y3Tc/uRtq3InbDfN1IIjRmGgZ0MgR7MvDYm/9QCDQOkH9dTDoqjnHNE/dNOKlScECo+NdRPpEuRO47H7QmNnOTQAuBa2J9c/gAaONkQc+1LtD9rvLb3b2LUQJFO26RHqe1/1LpVbdug/flYf4PmYckvl8q1o2LlfBZ5lu2yPXbAfHbCKuyKVVmDcYbsiT2zF+fVeXc+nM/paMaZ7eywH5VZ/gIaeLS1</latexit>

A
<latexit sha1_base64="UfRXHbgU0lPX0aXcFNQIkMw8eGY=">AAACTnicdVDJSgNBEO2JW4y7Hr0MBkE8hBlxO7odvIgRkyiYGGo6laRJT8/QXSOEIZ/gVX/Lqz/iTbSzHDTRgoLHe1XUqxfEUhjyvHcnMzU9MzuXnc8tLC4tr6yurVdMlGiOZR7JSN8HYFAKhWUSJPE+1ghhIPEu6Jz39bsn1EZEqkTdGGshtJRoCg5kqdvTx936at4reINyJ4E/Ank2qmJ9zTmoNiKehKiISzDmwfdiqqWgSXCJvVw1MRgD70ALHyxUEKKppQOvPXfbMg23GWnbitwB+3MjhdCYbhjYyRCobca1PvmnFmjoIP26nnJQHOWYI2oe11Kh4oRQ8aGhZiJditx+QG5DaOQkuxYA18L+5PI2aOBkY8xVL9D+rPHK3r+OUQNFOq2S7qW2/1FLVrVtg/bHY50Elb2Cf1g4vNnPn5yNIs+yTbbFdpjPjtgJu2RFVmactdgze2Gvzpvz4Xw6X8PRjDPa2WC/KpP9Bmk5tVE=</latexit>

A⇤
<latexit sha1_base64="GZRFuJQnwy2VMvwFyMVlKBCMa5k=">AAACT3icdVBNS8NAEN3U7/pV9eglWARPJRGtHot68CIqtCqYIpPt1C7d7IbdiVBC/4JX/Vse/SXexG3NwVYdGHi8N8O8eXEqhaUgePdKM7Nz8wuLS+XlldW19crG5o3VmeHY4lpqcxeDRSkUtkiQxLvUICSxxNu4fzrSb5/QWKFVkwYpthN4VKIrONCIikxPP1SqQS0Yl/8bhAWosqKuHja8w6ijeZagIi7B2vswSKmdgyHBJQ7LUWYxBd6HR7x3UEGCtp2PzQ79Xcd0/K42rhX5Y/bnRg6JtYMkdpMJUM9OayPyTy020EeauJ5zUBzllCPqHrdzodKMUPFvQ91M+qT9UUJ+RxjkJAcOADfC/eTzHhjg5HIsR2fofjZ44e5fpmiAtMkjMsPc9T9q06muXdDhdKy/wc1+LazX6tcH1cZJEfki22Y7bI+F7Ig12Dm7Yi3GWY89sxf26r15H95nqRgteQXYYhNVWvoCEqW1OA==</latexit>⇢<latexit sha1_base64="gSNr7iGFIPtUaSIzBpb130JIpIY=">AAACTHicdVBNS8NAEN3Ur1q/qh69BIvgqSSi1WNRD17ECq0ttKVMtlNdutmE3YlQQn+BV/1b3v0f3kRwW3OwVQcGHu/NMG9eEEthyPPenNzC4tLySn61sLa+sblV3N65M1GiOTZ4JCPdCsCgFAobJEhiK9YIYSCxGQwvJnrzEbURkarTKMZuCPdKDAQHstTtea9Y8sretNzfwM9AiWVV6207J51+xJMQFXEJxrR9L6ZuCpoElzgudBKDMfAh3GPbQgUhmm46dTp2DyzTdweRtq3InbI/N1IIjRmFgZ0MgR7MvDYh/9QCDUOkmespB8VRzjmiwVk3FSpOCBX/NjRIpEuRO4nH7QuNnOTIAuBa2J9c/gAaONkQC51LtD9rvLb3b2LUQJFOO6THqe1/1LpVbdug/flYf4O7o7JfKVduj0vV8yzyPNtj++yQ+eyUVdkVq7EG4wzZE3tmL86r8+58OJ/fozkn29llM5Vb/gIcYLS2</latexit>

B
<latexit sha1_base64="+U0kgLRljq/QSfB2b5qF1e/5QWk=">AAACTnicdVDLTgJBEJzFF+Jbj142EhPjgewaRY8EPXgxagQhATS9QwMTZmc3M70mZMMneNXf8uqPeDM6IAdF7aSTSlV3urqCWApDnvfqZGZm5+YXsou5peWV1bX1jc1bEyWaY5VHMtL1AAxKobBKgiTWY40QBhJrQf90pNceUBsRqQoNYmyF0FWiIziQpW7Kd/v363mv4I3L/Q38CcizSV3dbzhHzXbEkxAVcQnGNHwvplYKmgSXOMw1E4Mx8D50sWGhghBNKx17Hbq7lmm7nUjbVuSO2e8bKYTGDMLAToZAPTOtjcg/tUBDH+nH9ZSD4iinHFHnpJUKFSeEin8Z6iTSpcgdBeS2hUZOcmABcC3sTy7vgQZONsZc8wztzxov7P3LGDVQpNMm6WFq+x+1YlXbNmh/Otbf4Pag4BcLxevDfKk8iTzLttkO22M+O2Ylds6uWJVx1mWP7Ik9Oy/Om/PufHyNZpzJzhb7UZnsJ2sjtVI=</latexit>

B⇤

<latexit sha1_base64="d1ZNnYnVEBQunsUHBGzn0b1tMHY=">AAACT3icdVBNS8NAEN3Ur7Z+VT16CRZBPJREtHoU68GLWMFqoa0y2U7t0s0m7E6EEvoXvOrf8ugv8SZuaw626sDA470Z5s0LYikMed67k5ubX1hcyheKyyura+uljc1bEyWaY4NHMtLNAAxKobBBgiQ2Y40QBhLvgkFtrN89oTYiUjc0jLETwqMSPcGBxlStdr//UCp7FW9S7m/gZ6DMsqo/bDhH7W7EkxAVcQnGtHwvpk4KmgSXOCq2E4Mx8AE8YstCBSGaTjoxO3J3LdN1e5G2rcidsD83UgiNGYaBnQyB+mZWG5N/aoGGAdLU9ZSD4ihnHFHvpJMKFSeEin8b6iXSpcgdJ+R2hUZOcmgBcC3sTy7vgwZONsdi+xztzxov7f2rGDVQpNM26VFq+x/1xqq2bdD+bKy/we1Bxa9WqteH5dOzLPI822Y7bI/57JidsgtWZw3GWZ89sxf26rw5H85nLhvNORnYYlOVK3wB8fy0oQ==</latexit>

CC→
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• twist operators: let                                             be the coordinates of the 
hypercube, then

• Replica group 


• The set         is “incompatible” in the sense 
that they are pairwise distinct, i.e.

Multi-entropy [Gadde-Krishna-Sharma ’22]

n

<latexit sha1_base64="klVRsBvsjsFdkFz30mNtWJIwxeA=">AAACAXicbVDLSgNBEOz1GeMr6tHLYhA8hV2R6DHoxWME84BkCbOzk2TM7Mwy0yuEJSd/wKv+gTfx6pf4A36Hk2QPmljQUFR1U02FieAGPe/LWVldW9/YLGwVt3d29/ZLB4dNo1JNWYMqoXQ7JIYJLlkDOQrWTjQjcShYKxzdTP3WI9OGK3mP44QFMRlI3ueUoJWaXRopNL1S2at4M7jLxM9JGXLUe6XvbqRoGjOJVBBjOr6XYJARjZwKNil2U8MSQkdkwDqWShIzE2SzbyfuqVUit6+0HYnuTP19kZHYmHEc2s2Y4NAselPxXy/UZMRwIR37V0HGZZIik3Qe3k+Fi8qd1uFGXDOKYmwJoZrb/106JJpQtKUVbTH+Yg3LpHle8auV6t1FuXadV1SAYziBM/DhEmpwC3VoAIUHeIYXeHWenDfn3fmYr644+c0R/IHz+QMEpZei</latexit>· · ·

<latexit sha1_base64="klVRsBvsjsFdkFz30mNtWJIwxeA=">AAACAXicbVDLSgNBEOz1GeMr6tHLYhA8hV2R6DHoxWME84BkCbOzk2TM7Mwy0yuEJSd/wKv+gTfx6pf4A36Hk2QPmljQUFR1U02FieAGPe/LWVldW9/YLGwVt3d29/ZLB4dNo1JNWYMqoXQ7JIYJLlkDOQrWTjQjcShYKxzdTP3WI9OGK3mP44QFMRlI3ueUoJWaXRopNL1S2at4M7jLxM9JGXLUe6XvbqRoGjOJVBBjOr6XYJARjZwKNil2U8MSQkdkwDqWShIzE2SzbyfuqVUit6+0HYnuTP19kZHYmHEc2s2Y4NAselPxXy/UZMRwIR37V0HGZZIik3Qe3k+Fi8qd1uFGXDOKYmwJoZrb/106JJpQtKUVbTH+Yg3LpHle8auV6t1FuXadV1SAYziBM/DhEmpwC3VoAIUHeIYXeHWenDfn3fmYr644+c0R/IHz+QMEpZei</latexit>

···

<latexit sha1_base64="klVRsBvsjsFdkFz30mNtWJIwxeA=">AAACAXicbVDLSgNBEOz1GeMr6tHLYhA8hV2R6DHoxWME84BkCbOzk2TM7Mwy0yuEJSd/wKv+gTfx6pf4A36Hk2QPmljQUFR1U02FieAGPe/LWVldW9/YLGwVt3d29/ZLB4dNo1JNWYMqoXQ7JIYJLlkDOQrWTjQjcShYKxzdTP3WI9OGK3mP44QFMRlI3ueUoJWaXRopNL1S2at4M7jLxM9JGXLUe6XvbqRoGjOJVBBjOr6XYJARjZwKNil2U8MSQkdkwDqWShIzE2SzbyfuqVUit6+0HYnuTP19kZHYmHEc2s2Y4NAselPxXy/UZMRwIR37V0HGZZIik3Qe3k+Fi8qd1uFGXDOKYmwJoZrb/106JJpQtKUVbTH+Yg3LpHle8auV6t1FuXadV1SAYziBM/DhEmpwC3VoAIUHeIYXeHWenDfn3fmYr644+c0R/IHz+QMEpZei</latexit>

···

<latexit sha1_base64="klVRsBvsjsFdkFz30mNtWJIwxeA=">AAACAXicbVDLSgNBEOz1GeMr6tHLYhA8hV2R6DHoxWME84BkCbOzk2TM7Mwy0yuEJSd/wKv+gTfx6pf4A36Hk2QPmljQUFR1U02FieAGPe/LWVldW9/YLGwVt3d29/ZLB4dNo1JNWYMqoXQ7JIYJLlkDOQrWTjQjcShYKxzdTP3WI9OGK3mP44QFMRlI3ueUoJWaXRopNL1S2at4M7jLxM9JGXLUe6XvbqRoGjOJVBBjOr6XYJARjZwKNil2U8MSQkdkwDqWShIzE2SzbyfuqVUit6+0HYnuTP19kZHYmHEc2s2Y4NAselPxXy/UZMRwIR37V0HGZZIik3Qe3k+Fi8qd1uFGXDOKYmwJoZrb/106JJpQtKUVbTH+Yg3LpHle8auV6t1FuXadV1SAYziBM/DhEmpwC3VoAIUHeIYXeHWenDfn3fmYr644+c0R/IHz+QMEpZei</latexit>· · ·

<latexit sha1_base64="klVRsBvsjsFdkFz30mNtWJIwxeA=">AAACAXicbVDLSgNBEOz1GeMr6tHLYhA8hV2R6DHoxWME84BkCbOzk2TM7Mwy0yuEJSd/wKv+gTfx6pf4A36Hk2QPmljQUFR1U02FieAGPe/LWVldW9/YLGwVt3d29/ZLB4dNo1JNWYMqoXQ7JIYJLlkDOQrWTjQjcShYKxzdTP3WI9OGK3mP44QFMRlI3ueUoJWaXRopNL1S2at4M7jLxM9JGXLUe6XvbqRoGjOJVBBjOr6XYJARjZwKNil2U8MSQkdkwDqWShIzE2SzbyfuqVUit6+0HYnuTP19kZHYmHEc2s2Y4NAselPxXy/UZMRwIR37V0HGZZIik3Qe3k+Fi8qd1uFGXDOKYmwJoZrb/106JJpQtKUVbTH+Yg3LpHle8auV6t1FuXadV1SAYziBM/DhEmpwC3VoAIUHeIYXeHWenDfn3fmYr644+c0R/IHz+QMEpZei</latexit>

···

<latexit sha1_base64="klVRsBvsjsFdkFz30mNtWJIwxeA=">AAACAXicbVDLSgNBEOz1GeMr6tHLYhA8hV2R6DHoxWME84BkCbOzk2TM7Mwy0yuEJSd/wKv+gTfx6pf4A36Hk2QPmljQUFR1U02FieAGPe/LWVldW9/YLGwVt3d29/ZLB4dNo1JNWYMqoXQ7JIYJLlkDOQrWTjQjcShYKxzdTP3WI9OGK3mP44QFMRlI3ueUoJWaXRopNL1S2at4M7jLxM9JGXLUe6XvbqRoGjOJVBBjOr6XYJARjZwKNil2U8MSQkdkwDqWShIzE2SzbyfuqVUit6+0HYnuTP19kZHYmHEc2s2Y4NAselPxXy/UZMRwIR37V0HGZZIik3Qe3k+Fi8qd1uFGXDOKYmwJoZrb/106JJpQtKUVbTH+Yg3LpHle8auV6t1FuXadV1SAYziBM/DhEmpwC3VoAIUHeIYXeHWenDfn3fmYr644+c0R/IHz+QMEpZei</latexit>· · ·

<latexit sha1_base64="GfT6fB6cFWkkk5z877MWP5N2zUQ=">AAACWHicdVBNS8NAEJ3Gr7Z+th69BIvgqSSi1WNRD17ECq0tmCCb7VSXbjZxdyKU0N/hVX+W/hq3HwetOjDweG+GefOiVApDnvdRcJaWV1bXiqXy+sbm1vZOpXpnkkxz7PBEJroXMYNSKOyQIIm9VCOLI4ndaHgx0bsvqI1IVJtGKYYxe1RiIDgjS4VBpvqoI8045uOHnZpX96bl/gb+HNRgXq2HSuEk6Cc8i1ERl8yYe99LKcyZJsEljstBZjBlfMge8d5CxWI0YT51PXYPLNN3B4m2rcidst83chYbM4ojOxkzejKL2oT8U7PvDJF+XM85UxzlgiManIW5UGlGqPjM0CCTLiXuJCq3LzRykiMLGNfC/uTyJ2azIhtoObhE+7PGa3v/JkXNKNF5QHqc2/5HbVvVtg3aX4z1N7g7qvuNeuP2uNY8n0dehD3Yh0Pw4RSacAUt6ACHZ3iFN3gvfDrgrDml2ahTmO/swo9yql9yArde</latexit>|{z} <latexit sha1_base64="GfT6fB6cFWkkk5z877MWP5N2zUQ=">AAACWHicdVBNS8NAEJ3Gr7Z+th69BIvgqSSi1WNRD17ECq0tmCCb7VSXbjZxdyKU0N/hVX+W/hq3HwetOjDweG+GefOiVApDnvdRcJaWV1bXiqXy+sbm1vZOpXpnkkxz7PBEJroXMYNSKOyQIIm9VCOLI4ndaHgx0bsvqI1IVJtGKYYxe1RiIDgjS4VBpvqoI8045uOHnZpX96bl/gb+HNRgXq2HSuEk6Cc8i1ERl8yYe99LKcyZJsEljstBZjBlfMge8d5CxWI0YT51PXYPLNN3B4m2rcidst83chYbM4ojOxkzejKL2oT8U7PvDJF+XM85UxzlgiManIW5UGlGqPjM0CCTLiXuJCq3LzRykiMLGNfC/uTyJ2azIhtoObhE+7PGa3v/JkXNKNF5QHqc2/5HbVvVtg3aX4z1N7g7qvuNeuP2uNY8n0dehD3Yh0Pw4RSacAUt6ACHZ3iFN3gvfDrgrDml2ahTmO/swo9yql9yArde</latexit>

|
{
z
}

n

<latexit sha1_base64="5dErHrnXVc2Qz8x91g6KiezO1Ic="></latexit>

x = (x1, x2, · · · , xq→1)

<latexit sha1_base64="JYWAqBRET99eWTBLLU1q1zF8NUs="></latexit>

gi(x) = (x1, · · · , xi + 1 · · · , xq→1)

and 
<latexit sha1_base64="l19ruvmJmRxvgnroKpWsNvhWzWQ="></latexit>

gq(x) = x

<latexit sha1_base64="Y9ygvMmIVhAfRxdBNmqssc0KrAw=">AAACUnicdVJNS8NAEN3Ur1qrVj16CRbBU0lEq0dRD15EBWuFJpTJdlqXbDZhdyKU0B/hVf+WF/+KJ7cfB606MPB4b4aZeUyUSWHI8z6c0sLi0vJKebWyVl3f2KxtbT+YNNccWzyVqX6MwKAUClskSOJjphGSSGI7ii/GevsZtRGpuqdhhmECAyX6ggNZqh0Ug64IRt1a3Wt4k3B/A38G6mwWt90t5zjopTxPUBGXYEzH9zIKC9AkuMRRJcgNZsBjGGDHQgUJmrCY7Dty9y3Tc/uptqnInbDfOwpIjBkmka1MgJ7MvDYm/9QiDTHSj+kFB8VRzm1E/dOwECrLCRWfLtTPpUupOzbJ7QmNnOTQAuBa2Jtc/gQaOFkrK8El2ps1Xtv5NxlqoFQXAelRYfMf9d6qNq3R/rytv8HDYcNvNpp3R/Wz85nlZbbL9tgB89kJO2NX7Ja1GGcxe2Gv7M15dz5L9kumpSVn1rPDfkSp+gW8fbWR</latexit>

{gi}

<latexit sha1_base64="N1Zw9fikNvpki7ds3zvvkcW1iYA="></latexit>

gi(x) →= gj(x) ↑i →= j

and they are “far away” from each other

<latexit sha1_base64="cyj7gYDjy5al7pNLgwhSf5TOXlE="></latexit>

Sym(Zq→1
n ) = Snq→1



Properties of S(q)
n

• Reduces to (Renyi) entanglement entropy when 


• Symmetric under permutation of subsystems


• Detects multi-partite entanglement through genuine 
mutli-entropy:  is genuine multi-
partite entangled [Iizuka-Nishida ’25, Iizuka-SL-Nishida ’25, Gadde ’26]


• Proposed holographic dual:  multi-way cuts?


- Problem: analytic continuation in 

q = 2

GM(q)
n ≠ 0 ⟹ |ψ⟩

n

10

<latexit sha1_base64="w9C9g8+roG+6Hvq9RMKLMsVLsEc=">AAACTHicdVDJSgNBEO2JW4xbokcvg0HwFGZEo8e4HLyICWQRTAg1nYo26ekZumuEMOQLvOpvefc/vIlgZzlo1IKCx3tV1KsXxFIY8rw3J7OwuLS8kl3Nra1vbG7lC9tNEyWaY4NHMtK3ARiUQmGDBEm8jTVCGEhsBYOLsd56RG1EpOo0jLETwr0SfcGBLFU76+aLXsmblPsb+DNQZLOqdgvOcbsX8SRERVyCMXe+F1MnBU2CSxzl2onBGPgA7vHOQgUhmk46cTpy9y3Tc/uRtq3InbDfN1IIjRmGgZ0MgR7MvDYm/9QCDQOkH9dTDoqjnHNE/dNOKlScECo+NdRPpEuRO47H7QmNnOTQAuBa2J9c/gAaONkQc+1LtD9rvLb3b2LUQJFO26RHqe1/1LpVbdug/flYf4PmYckvl8q1o2LlfBZ5lu2yPXbAfHbCKuyKVVmDcYbsiT2zF+fVeXc+nM/paMaZ7eywH5VZ/gIaeLS1</latexit>

A

<latexit sha1_base64="gSNr7iGFIPtUaSIzBpb130JIpIY=">AAACTHicdVBNS8NAEN3Ur1q/qh69BIvgqSSi1WNRD17ECq0ttKVMtlNdutmE3YlQQn+BV/1b3v0f3kRwW3OwVQcGHu/NMG9eEEthyPPenNzC4tLySn61sLa+sblV3N65M1GiOTZ4JCPdCsCgFAobJEhiK9YIYSCxGQwvJnrzEbURkarTKMZuCPdKDAQHstTtea9Y8sretNzfwM9AiWVV6207J51+xJMQFXEJxrR9L6ZuCpoElzgudBKDMfAh3GPbQgUhmm46dTp2DyzTdweRtq3InbI/N1IIjRmFgZ0MgR7MvDYh/9QCDUOkmespB8VRzjmiwVk3FSpOCBX/NjRIpEuRO4nH7QuNnOTIAuBa2J9c/gAaONkQC51LtD9rvLb3b2LUQJFOO6THqe1/1LpVbdug/flYf4O7o7JfKVduj0vV8yzyPNtj++yQ+eyUVdkVq7EG4wzZE3tmL86r8+58OJ/fozkn29llM5Vb/gIcYLS2</latexit>

B

<latexit sha1_base64="a70xv8A3q+MuQFSp9vNc187OWwU=">AAACTHicdVBNS8NAEN3Ur1o/q0cvwSJ4Kolo9SjWgxexhVaFtpTJdqpLN5uwOxFK6C/wqn/Lu//Dmwhu2xxs1YGBx3szzJsXxFIY8rx3J7ewuLS8kl8trK1vbG5tF3duTZRojk0eyUjfB2BQCoVNEiTxPtYIYSDxLhhUx/rdE2ojItWgYYydEB6U6AsOZKl6tbtd8srepNzfwM9AiWVV6xadk3Yv4kmIirgEY1q+F1MnBU2CSxwV2onBGPgAHrBloYIQTSedOB25B5bpuf1I21bkTtifGymExgzDwE6GQI9mXhuTf2qBhgHSzPWUg+Io5xxR/6yTChUnhIpPDfUT6VLkjuNxe0IjJzm0ALgW9ieXP4IGTjbEQvsS7c8ar+39mxg1UKTTNulRavsftWFV2zZofz7W3+D2qOxXypX6cen8Ios8z/bYPjtkPjtl5+yK1ViTcYbsmb2wV+fN+XA+na/paM7JdnbZTOWWvwEeSLS3</latexit>

C

<latexit sha1_base64="E0pKEdB7hszMUfYGUu07H0KgXvE="></latexit>

GM(3)
n (A : B : C) = S(3)

n (A : B : C)

→ 1

2
(S(2)

n (A) + S(2)
n (B) + S(2)

n (C))

See also Kaberi Goswami’s talk!



A sketch of proof for RT [Lewkowycz-Maldacena ’13]

• Take  to be boundary CFT state 
(bipartite)


• Finding  is equivalent to 
calculating the GPI where BC at infinity 
is sourced by the boundary state


• Identify replica-symmetric saddles for 
integer 


• Take : probe brane limit

ρ

Tr ρn

n

n → 1

11

taken from 1304.4926 



What goes wrong for higher ?q

• Replica symmetry breaking (RSB) saddles 
for GPI when n>3 [Penington-Walter-Witteveen ’22, 
Gadde-Harper-Krishna ’24]


• Freedom to fill in bulk with arbitrary 
spacetime is crucial for this construction


• Can we bypass RSB by working with 
“fixed-bulk-geometry” states instead?

12

taken from 2211.16045



Random tensor network (RTN)
• Quantum states built from contracting Haar-

random tensors


• An RT formula at large bond dimensions [Collins-
Nechita-Zyczkowski ’10, Hayden-Nezami-Qi-Thomas-Walter-Yang ’16]


• Flat Renyi spectrum — models fixed area 
states in AdS/CFT [Akers-Rath ’19, Dong-Marolf-Harow ’19]


• Bulk geometry is fixed by the contraction 
pattern: The handlebody RSB saddle is not a 
valid solution for RTN states

13



Replica tricks in RTN
• Haar averaging  effective Ising model with “spins” taking value in the 

replica symmetry group 
⟹

Sn

14

•                                         is the Cayley distance


• boundary condition                     imposed on the 
dangling legs (boundary)


• summing over summing over different bulk 
topologies from gluing along common boundaries

Sn ↔

<latexit sha1_base64="arNy633boL+aH4cjXwNqYWTJhm0="></latexit>

tr(ωnA) →
∑

g:V→Sn

exp



↑ε
∑

(xy)↑E

d(gx, gy)





<latexit sha1_base64="WE46UN6SMf1f5+gA+uj8Q2dGCjg=">AAACTHicdVDLSgNBEJyNrxhfiR69LAbBU9gVjR4jetCDmEAeggmhd9LRIbOzy0yvEJZ8gVf9Le/+hzcRnDwOGrWhoajqpqsriKUw5HlvTmZhcWl5JbuaW1vf2NzKF7abJko0xwaPZKRvAzAohcIGCZJ4G2uEMJDYCgbnY731iNqISNVpGGMnhHsl+oIDWap21s0XvZI3Kfc38GegyGZV7Rac43Yv4kmIirgEY+58L6ZOCpoElzjKtRODMfAB3OOdhQpCNJ104nTk7lum5/YjbVuRO2G/b6QQGjMMAzsZAj2YeW1M/qkFGgZIP66nHBRHOeeI+qedVKg4IVR8aqifSJcidxyP2xMaOcmhBcC1sD+5/AE0cLIh5toXaH/WeG3v38SogSKdtkmPUtv/qHWr2rZB+/Ox/gbNw5JfLpVrR8XK1SzyLNtle+yA+eyEVdglq7IG4wzZE3tmL86r8+58OJ/T0Ywz29lhPyqz/AUck7S8</latexit>

A

<latexit sha1_base64="iCGEE60KrFPM9QWwG8QUXry06io=">AAACUHicdVDLSgNBEOyN7/jWo5fFIHgKu6LRi6DoQQ+iglHBhNA76cQhs7PLTK8QlnyDV/0tb/6JN53ECBq1oZiiqofurihV0nIQvHqFsfGJyanpmeLs3PzC4tLyyrVNMiOoKhKVmNsILSmpqcqSFd2mhjCOFN1EnaO+f/NAxspEX3E3pXqMbS1bUiA7qdrebzcOG0uloBwMyv9NwiEpwbAuGsveTq2ZiCwmzUKhtXdhkHI9R8NSKOoVa5mlFEUH23TnqMaYbD0fbNvzN5zS9FuJcdDsD9TvP3KMre3GkeuMke/tqNcX//Qigx3iH9NzgVqQGtmIW3v1XOo0Y9Lic6FWpnxO/H5EflMaEqy6jqAw0t3ki3s0KNgFWawdk7vZ0Jmbf56SQU5MXmPTyx3+ca+c6+CCDkdj/U2ut8phpVy53C4dnA4jn4Y1WIdNCGEXDuAELqAKAiQ8whM8ey/em/de8D5bv15YhR9VKH4ARp61Tw==</latexit>g = gA

<latexit sha1_base64="sH5DjSkCvnp5/fE2r3RIQISlRv8="></latexit>g = gB

<latexit sha1_base64="piA/cj4A2MutH0678D8dUh495ME="></latexit>g = gA/B

“Free energy”

<latexit sha1_base64="xC5i4asyFSwusOMUP5a1G8UB/dQ="></latexit>

d(g, h) = n�#(gh�1)



The RT formula for RTN
• At large  (low temperature) the lowest energy 

configuration is the “domain wall” solution


• All contribution to the free energy comes from the cut 
surface of 


• The Renyi entropy is given by minimizing the area


•  is the same for all Renyi index : flat spectra

χ

rA

Sn(A) n

15

<latexit sha1_base64="iCGEE60KrFPM9QWwG8QUXry06io=">AAACUHicdVDLSgNBEOyN7/jWo5fFIHgKu6LRi6DoQQ+iglHBhNA76cQhs7PLTK8QlnyDV/0tb/6JN53ECBq1oZiiqofurihV0nIQvHqFsfGJyanpmeLs3PzC4tLyyrVNMiOoKhKVmNsILSmpqcqSFd2mhjCOFN1EnaO+f/NAxspEX3E3pXqMbS1bUiA7qdrebzcOG0uloBwMyv9NwiEpwbAuGsveTq2ZiCwmzUKhtXdhkHI9R8NSKOoVa5mlFEUH23TnqMaYbD0fbNvzN5zS9FuJcdDsD9TvP3KMre3GkeuMke/tqNcX//Qigx3iH9NzgVqQGtmIW3v1XOo0Y9Lic6FWpnxO/H5EflMaEqy6jqAw0t3ki3s0KNgFWawdk7vZ0Jmbf56SQU5MXmPTyx3+ca+c6+CCDkdj/U2ut8phpVy53C4dnA4jn4Y1WIdNCGEXDuAELqAKAiQ8whM8ey/em/de8D5bv15YhR9VKH4ARp61Tw==</latexit>g = gA

<latexit sha1_base64="WtzkTjUrr9GfYUdFhC/07DHJ5DI=">AAACUHicdVDLSgNBEOyN7/jWo5fFIHgKu6LRiyDqQQ+iglHBhNA76cQhs7PLTK8QlnyDV/0tb/6JN53ECBq1oZiiqofurihV0nIQvHqFsfGJyanpmeLs3PzC4tLyyrVNMiOoKhKVmNsILSmpqcqSFd2mhjCOFN1EnaO+f/NAxspEX3E3pXqMbS1bUiA7qdrebzcOG0uloBwMyv9NwiEpwbAuGsveTq2ZiCwmzUKhtXdhkHI9R8NSKOoVa5mlFEUH23TnqMaYbD0fbNvzN5zS9FuJcdDsD9TvP3KMre3GkeuMke/tqNcX//Qigx3iH9NzgVqQGtmIW3v1XOo0Y9Lic6FWpnxO/H5EflMaEqy6jqAw0t3ki3s0KNgFWawdk7vZ0Jmbf56SQU5MXmPTyx3+ca+c6+CCDkdj/U2ut8phpVy53C4dnA4jn4Y1WIdNCGEXDuAELqAKAiQ8whM8ey/em/de8D5bv15YhR9VKH4ASIa1UA==</latexit>g = gB

Can be proven rigorously using 
max-flow/min-cut theorem 
[Collins-Nechita-Zyczkowski ’10]

<latexit sha1_base64="cTRIc+IB+NkmLpvxyNFkZKx8E5w=">AAACU3icdVDLSgNBEJxdXzE+o0cvi0HwFHZFo0dfBy+igtGAG0LvpBOHzMwuM71CWPITXvW3PPgtXpzEHDRqQ0NR1U1XV5JJYSkM3z1/ZnZufqG0WF5aXlldW69s3Nk0NxwbPJWpaSZgUQqNDRIksZkZBJVIvE/6ZyP9/gmNFam+pUGGLQU9LbqCAzmqGfdAKWiftNerYS0cV/AbRBNQZZO6ble8g7iT8lyhJi7B2ocozKhVgCHBJQ7LcW4xA96HHj44qEGhbRVjw8NgxzGdoJsa15qCMft9owBl7UAlblIBPdppbUT+qSUG+kg/rhccNEc55Yi6R61C6Cwn1PzLUDeXAaXBKKWgIwxykgMHgBvhfgr4Ixjg5LIsx+fofjZ46e5fZWiAUlPEZIaF63/UW6e6dkFH07H+Bnd7taheq9/sV49PJ5GX2BbbZrssYofsmF2wa9ZgnEn2zF7Yq/fmffi+P/s16nuTnU32o/yVTyFZtbs=</latexit>ωA

<latexit sha1_base64="LNJXuoWiLSP21c6ynKqrwxHu6bU="></latexit>

Sn(A) = min
ωA→A

Area(ωA)



Multi-entropy in RTN

• Impose different boundary conditions 
according to twist operators  of 


• Candidate saddle: domain wall   
determined by minimal multi-way cut


• However there might be other more 
dominant saddles known as Replica 
Symmetry Breaking (RSB) saddles

{gi} S(q)
n

↔ S(q)
n

16

<latexit sha1_base64="sH5DjSkCvnp5/fE2r3RIQISlRv8="></latexit>g = gB

<latexit sha1_base64="2sG20TUmCXE835piUn8FDNUqPvc="></latexit>g = gC

?
<latexit sha1_base64="0pcsKf/QcLQsRqIuJeWhYg1nKtw="></latexit>g = gA



RSB saddles
• RSB saddles are known to exist for other multipartite entanglement 

measures such as reflected entropy and entanglement negativity


• A structure theorem [Akella-Iizuka ’26] forbids RSB saddles of a certain type but 
not in general

17

<latexit sha1_base64="L/IWT8R/XRc5cV1JFzaIVSIR5O0=">AAAB/HicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI9RLx4TMA9IljA76SRDZmeXmVkhLPEHvOofeBOv/os/4Hc4SfagiQUNRVU31VQQC66N6345ubX1jc2t/HZhZ3dv/6B4eNTUUaIYNlgkItUOqEbBJTYMNwLbsUIaBgJbwfhu5rceUWkeyQczidEP6VDyAWfUWKl+0yuW3LI7B1klXkZKkKHWK353+xFLQpSGCap1x3Nj46dUGc4ETgvdRGNM2ZgOsWOppCFqP50/OiVnVumTQaTsSEPm6u+LlIZaT8LAbobUjPSyNxP/9QJFx2iW0s3g2k+5jBODki3CB4kgJiKzJkifK2RGTCyhTHH7P2Ejqigztq+CLcZbrmGVNC/K3mW5Uq+UqrdZRXk4gVM4Bw+uoAr3UIMGMEB4hhd4dZ6cN+fd+Vis5pzs5hj+wPn8Abu0lTY=</latexit>

A
<latexit sha1_base64="3yET7IhME0weaFWUtb7vrAcaQCY=">AAAB/HicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI8hXjwmYB6QLGF20psMmZ1dZmaFEOIPeNU/8CZe/Rd/wO9wkuxBEwsaiqpuqqkgEVwb1/1ychubW9s7+d3C3v7B4VHx+KSl41QxbLJYxKoTUI2CS2wabgR2EoU0CgS2g/Hd3G8/otI8lg9mkqAf0aHkIWfUWKlR6xdLbtldgKwTLyMlyFDvF797g5ilEUrDBNW667mJ8adUGc4Ezgq9VGNC2ZgOsWuppBFqf7p4dEYurDIgYazsSEMW6u+LKY20nkSB3YyoGelVby7+6wWKjtGspJvw1p9ymaQGJVuGh6kgJibzJsiAK2RGTCyhTHH7P2Ejqigztq+CLcZbrWGdtK7K3nW50qiUqrWsojycwTlcggc3UIV7qEMTGCA8wwu8Ok/Om/PufCxXc052cwp/4Hz+AL1MlTc=</latexit>

B

<latexit sha1_base64="LfOvei1dc/YIoUvQ1MnKyHn7o9E=">AAAB/HicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI/BXDwmYB6QLGF20psMmZ1dZmaFEOIPeNU/8CZe/Rd/wO9wkuxBEwsaiqpuqqkgEVwb1/1ychubW9s7+d3C3v7B4VHx+KSl41QxbLJYxKoTUI2CS2wabgR2EoU0CgS2g3Ft7rcfUWkeywczSdCP6FDykDNqrNSo9Yslt+wuQNaJl5ESZKj3i9+9QczSCKVhgmrd9dzE+FOqDGcCZ4VeqjGhbEyH2LVU0gi1P108OiMXVhmQMFZ2pCEL9ffFlEZaT6LAbkbUjPSqNxf/9QJFx2hW0k1460+5TFKDki3Dw1QQE5N5E2TAFTIjJpZQprj9n7ARVZQZ21fBFuOt1rBOWldl77pcaVRK1busojycwTlcggc3UIV7qEMTGCA8wwu8Ok/Om/PufCxXc052cwp/4Hz+AL7klTg=</latexit>

C

<latexit sha1_base64="wgKZybEyWvgLmpwg3ncovP9qtV4=">AAACUXicdVBNS8NAEJ3E7/qtRy/BIngqifh1FPXgRVSwVTClTLZTXbvZ hN2JUEL/g1f9W578Kd7c1h606sDA470Z5s1LciUth+G7509MTk3PzM5V5hcWl5ZXVtcaNiuMoLrIVGZuE7SkpKY6S1Z0mxvCNFF0k3RPBvrNExkrM33NvZyaKd5r2ZEC2VGNmLFo6dZKNayFwwp+g2gEqjCqy9aqtxe3M1GkpFkotPYuCnNulmhYCkX9SlxYylF08Z7uHNSYkm2WQ7v9YMsx7aCTGdeagyH7faPE1NpemrjJFPnBjmsD8k8tMdgl/nG9FKgFqTFH3DlsllLnBZMWX4Y6hQo4CwYZBW1pSLDqOYDCSPdTIB7QoGCXZCU+JfezoXN3/yIng5yZMmbTL13/o1471bULOhqP9Tdo7NSi/dr+1W716HgU+SxswCZsQwQHcARncAl1EPAIz/ACr96b9+GD73+N+t5oZx1+lD//CcbOtRs=</latexit>ωn
<latexit sha1_base64="ac6240fPWfwFpembOm3OHBVKSiU=">AAACVnicdVDLSgNBEJxdXzG+oh69LAbBi2FXfB1FPXgRFYwK2Rh6Jx0d MjuzzPQKYclneNXf0p8RJ4+DRm1oKKq66epKMiksheGH509Nz8zOlebLC4tLyyuV1bVbq3PDsc611OY+AYtSKKyTIIn3mUFIE4l3Sfd0oN89o7FCqxvqZdhM4VGJjuBAjmrEBHlLPRQ7Ub9VqYa1cFjBbxCNQZWN66q16u3Hbc3zFBVxCdY2ojCjZgGGBJfYL8e5xQx4Fx6x4aCCFG2zGHruB1uOaQcdbVwrCobs940CUmt7aeImU6AnO6kNyD+1xEAX6cf1goPiKCccUeeoWQiV5YSKjwx1chmQDgZBBW1hkJPsOQDcCPdTwJ/AACcXZzk+Q/ezwQt3/zJDA6RNEZPpF67/UW+c6toFHU3G+hvc7taig9rB9V71+GQceYltsE22zSJ2yI7ZObtidcaZZi/slb15796nP+PPjUZ9b7yzzn6UX/kC0Iu3AQ==</latexit>

ω→1
n

<latexit sha1_base64="mHMdVsuCGt7SJE6mCBrLbj9dr7o=">AAACUXicdVBNT9tAEB2b8tHwUUKPvViNKvUU2YgCxwg4cKlKJRKQcITG m0lYsru2dsdIkZX/0Gv5W5z4Kdy6CTk0CYw00tN7M5o3LyuUdBzHz0G48mF1bX3jY21za3vn0259r+Py0gpqi1zl9jpDR0oaarNkRdeFJdSZoqtseDrRrx7IOpmbSx4V1NU4MLIvBbKnOukAtcbb3UbcjKcVLYNkBhowq4vbevAj7eWi1GRYKHTuJokL7lZoWQpF41paOipQDHFANx4a1OS61dTuOPrmmV7Uz61vw9GU/X+jQu3cSGd+UiPfuUVtQr6pZRaHxHPXK4FGkFpwxP3jbiVNUTIZ8WqoX6qI82iSUdSTlgSrkQcorPQ/ReIOLQr2SdbSM/I/W/rp7/8qyCLntkrZjivf76iXXvXtg04WY10Gnf1mctg8/H3QaJ3MIt+AL/AVvkMCR9CCc7iANgi4hz/wFx6Dp+AlhDB8HQ2D2c5nmKtw8x+geLUH</latexit>ω

<latexit sha1_base64="zvY4BhwZ0ryJ2q8h5Vtzjsz/dL0=">AAACUXicdVDLThtBEOxdwiPmTY65jGJFysnaRWA4IuDAJYJIfiCxFuod t2Hw7OxqphfJWvkfcg2/xSmfkhtj40NsJy21VKrqVldXWmjlOIp+B+HKh9W19Y2Ptc2t7Z3dvf2DjstLK6ktc53b2xQdaWWozYo13RaWMEs1ddPhxUTvPpN1KjctHhXUy/DBqIGSyJ7qJDYTqn+/V48a0bTEMohnoA6zurnfD46Tfi7LjAxLjc7dxVHBvQotK6lpXEtKRwXKIT7QnYcGM3K9amp3LL56pi8GufVtWEzZvzcqzJwbZamfzJAf3aI2If+ppRaHxHPXK4lGkl5wxIPTXqVMUTIZ+W5oUGrBuZhkJPrKkmQ98gClVf4nIR/RomSfZC25JP+zpe/+/nVBFjm3VcJ2XPn+j9ryqm8fdLwY6zLoHDbiZqP546h+dj6LfAM+wxf4BjGcwBlcwQ20QcIT/IRf8BK8Bn9CCMP30TCY7XyCuQo33wA3UrTQ</latexit>

id

<latexit sha1_base64="L/IWT8R/XRc5cV1JFzaIVSIR5O0=">AAAB/HicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI9RLx4TMA9IljA76SRDZmeXmVkhLPEHvOofeBOv/os/4Hc4SfagiQUNRVU31VQQC66N6345ubX1jc2t/HZhZ3dv/6B4eNTUUaIYNlgkItUOqEbBJTYMNwLbsUIaBgJbwfhu5rceUWkeyQczidEP6VDyAWfUWKl+0yuW3LI7B1klXkZKkKHWK353+xFLQpSGCap1x3Nj46dUGc4ETgvdRGNM2ZgOsWOppCFqP50/OiVnVumTQaTsSEPm6u+LlIZaT8LAbobUjPSyNxP/9QJFx2iW0s3g2k+5jBODki3CB4kgJiKzJkifK2RGTCyhTHH7P2Ejqigztq+CLcZbrmGVNC/K3mW5Uq+UqrdZRXk4gVM4Bw+uoAr3UIMGMEB4hhd4dZ6cN+fd+Vis5pzs5hj+wPn8Abu0lTY=</latexit>

A
<latexit sha1_base64="3yET7IhME0weaFWUtb7vrAcaQCY=">AAAB/HicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI8hXjwmYB6QLGF20psMmZ1dZmaFEOIPeNU/8CZe/Rd/wO9wkuxBEwsaiqpuqqkgEVwb1/1ychubW9s7+d3C3v7B4VHx+KSl41QxbLJYxKoTUI2CS2wabgR2EoU0CgS2g/Hd3G8/otI8lg9mkqAf0aHkIWfUWKlR6xdLbtldgKwTLyMlyFDvF797g5ilEUrDBNW667mJ8adUGc4Ezgq9VGNC2ZgOsWuppBFqf7p4dEYurDIgYazsSEMW6u+LKY20nkSB3YyoGelVby7+6wWKjtGspJvw1p9ymaQGJVuGh6kgJibzJsiAK2RGTCyhTHH7P2Ejqigztq+CLcZbrWGdtK7K3nW50qiUqrWsojycwTlcggc3UIV7qEMTGCA8wwu8Ok/Om/PufCxXc052cwp/4Hz+AL1MlTc=</latexit>

B

<latexit sha1_base64="LfOvei1dc/YIoUvQ1MnKyHn7o9E=">AAAB/HicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI/BXDwmYB6QLGF20psMmZ1dZmaFEOIPeNU/8CZe/Rd/wO9wkuxBEwsaiqpuqqkgEVwb1/1ychubW9s7+d3C3v7B4VHx+KSl41QxbLJYxKoTUI2CS2wabgR2EoU0CgS2g3Ft7rcfUWkeywczSdCP6FDykDNqrNSo9Yslt+wuQNaJl5ESZKj3i9+9QczSCKVhgmrd9dzE+FOqDGcCZ4VeqjGhbEyH2LVU0gi1P108OiMXVhmQMFZ2pCEL9ffFlEZaT6LAbkbUjPSqNxf/9QJFx2hW0k1460+5TFKDki3Dw1QQE5N5E2TAFTIjJpZQprj9n7ARVZQZ21fBFuOt1rBOWldl77pcaVRK1busojycwTlcggc3UIV7qEMTGCA8wwu8Ok/Om/PufCxXc052cwp/4Hz+AL7klTg=</latexit>

C

<latexit sha1_base64="zvY4BhwZ0ryJ2q8h5Vtzjsz/dL0="></latexit>

id

<latexit sha1_base64="cZuwBst9lEc7/O7L3pcgQ6hmJr8=">AAAB/nicbVDLSgNBEJyNrxhfUY9eBoPgKexKUI9RLx4jmgckS5id9G6GzD6Y6RXCEvAHvOofeBOv/oo/4Hc4SfagiQUNRVU31ZSXSKHRtr+swsrq2vpGcbO0tb2zu1feP2jpOFUcmjyWsep4TIMUETRRoIROooCFnoS2N7qZ+u1HUFrE0QOOE3BDFkTCF5yhke6D/lW/XLGr9gx0mTg5qZAcjX75uzeIeRpChFwyrbuOnaCbMYWCS5iUeqmGhPERC6BraMRC0G42e3VCT4wyoH6szERIZ+rvi4yFWo9Dz2yGDId60ZuK/3qeYiPAhXT0L91MREmKEPF5uJ9KijGddkEHQgFHOTaEcSXM/5QPmWIcTWMlU4yzWMMyaZ1VnfNq7a5WqV/nFRXJETkmp8QhF6RObkmDNAknAXkmL+TVerLerHfrY75asPKbQ/IH1ucPQoGWEA==</latexit>gA
<latexit sha1_base64="bkDOmR0zUI1L48bBHU5AA4M0IZk=">AAAB/nicbVDLSgNBEJyNrxhfUY9eBoPgKexKUI8hXjxGNA9IljA76d0MmX0w0yuEJeAPeNU/8CZe/RV/wO9wkuxBEwsaiqpuqikvkUKjbX9ZhbX1jc2t4nZpZ3dv/6B8eNTWcao4tHgsY9X1mAYpImihQAndRAELPQkdb3wz8zuPoLSIowecJOCGLIiELzhDI90Hg8agXLGr9hx0lTg5qZAczUH5uz+MeRpChFwyrXuOnaCbMYWCS5iW+qmGhPExC6BnaMRC0G42f3VKz4wypH6szERI5+rvi4yFWk9Cz2yGDEd62ZuJ/3qeYmPApXT0r91MREmKEPFFuJ9KijGddUGHQgFHOTGEcSXM/5SPmGIcTWMlU4yzXMMqaV9Unctq7a5WqTfyiorkhJySc+KQK1Int6RJWoSTgDyTF/JqPVlv1rv1sVgtWPnNMfkD6/MHRBmWEQ==</latexit>gB

<latexit sha1_base64="e4xH5DxeMXc8PFpJvKDkzITysiY=">AAACTHicdVBNS8NAEN3U7/rV6tFLsAieSiJaPRb14EVUaGuhLTLZTnXpZhN2J2IJ/QVe9W959394E8FtzcG2OjDweG+GefOCWApDnvfu5ObmFxaXllfyq2vrG5uF4lbDRInmWOeRjHQzAINSKKyTIInNWCOEgcTboH820m8fURsRqRoNYuyEcK9ET3AgS9083RVKXtkblzsL/AyUWFbXd0XnqN2NeBKiIi7BmJbvxdRJQZPgEof5dmIwBt6He2xZqCBE00nHTofunmW6bi/SthW5Y/b3RgqhMYMwsJMh0IOZ1kbkn1qgoY80cT3loDjKKUfUO+mkQsUJoeI/hnqJdClyR/G4XaGRkxxYAFwL+5PLH0ADJxtivn2O9meNl/b+VYwaKNJpm/Qwtf2PWrOqbRu0Px3rLGgclP1KuXJzWKqeZpEvsx22y/aZz45ZlV2wa1ZnnCF7Zi/s1XlzPpxP5+tnNOdkO9tsonKL34NQtOw=</latexit>x

Reflected entropy Entanglement negativity



Single random tensor [Hu-SL-Nechita ‘26]

• -partite Haar-random state


• We proved:


- No RSB for , any integer 


- RSB saddle exists for all 


• Example phase diagrams (e.g. ):

q

n = 2 q

(n, q) ≥ (3,3)

q = 3
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<latexit sha1_base64="j7s34N2fgTpf/kwu8d3CzhetIHs=">AAACTnicdVBNS8NAEN3Ur1o/q0cvwSJ4Kolo9SjqwYtY0apgSplsp3XpZhN2J0IJ/Qle9W959Y94E922OdiqAwOP92aYNy9MpDDkee9OYWZ2bn6huFhaWl5ZXVsvb9yaONUcGzyWsb4PwaAUChskSOJ9ohGiUOJd2Dsd6ndPqI2I1Q31E2xG0FWiIziQpa67Lb+1XvGq3qjc38DPQYXlVW+VnYOgHfM0QkVcgjEPvpdQMwNNgksclILUYAK8B118sFBBhKaZjbwO3B3LtN1OrG0rckfsz40MImP6UWgnI6BHM60NyT+1UEMPaeJ6xkFxlFOOqHPUzIRKUkLFx4Y6qXQpdocBuW2hkZPsWwBcC/uTyx9BAycbYyk4Q/uzxgt7/zJBDRTrLCA9yGz/o95Y1bYN2p+O9Te43av6tWrtar9yfJJHXmRbbJvtMp8dsmN2zuqswTjrsmf2wl6dN+fD+XS+xqMFJ9/ZZBNVKH4DwTa1fw==</latexit>g1
<latexit sha1_base64="z+ffvNPT9llfARbaoiGOBIuTH0k=">AAACTnicdVBNS8NAEN3Ur1o/q0cvwSJ4Kolo9SjqwYtYsa1CW8pkO61LN5uwOxFK6E/wqn/Lq3/Em+i2zUGrDgw83pth3rwglsKQ5705ubn5hcWl/HJhZXVtfWOzuNUwUaI51nkkI30fgEEpFNZJkMT7WCOEgcS7YHA+1u8eURsRqRoNY2yH0FeiJziQpW77nYPOZskre5NyfwM/AyWWVbVTdI5a3YgnISriEoxp+l5M7RQ0CS5xVGglBmPgA+hj00IFIZp2OvE6cvcs03V7kbatyJ2w3zdSCI0ZhoGdDIEezKw2Jv/UAg0DpB/XUw6Ko5xxRL2TdipUnBAqPjXUS6RLkTsOyO0KjZzk0ALgWtifXP4AGjjZGAutC7Q/a7yy969j1ECRTlukR6ntf9SaVW3boP3ZWH+DxkHZr5QrN4el07Ms8jzbYbtsn/nsmJ2yS1ZldcZZnz2xZ/bivDrvzofzOR3NOdnONvtRufwXwx61gA==</latexit>g2

<latexit sha1_base64="JVWwi+CHRvE8suxFCyc2b/mNaRA=">AAACTnicdVDLSgNBEJyNrxhfUY9eFoPgKez6iB5FPXgRIxoTMCH0TjpxyOzsMtMrhCWf4FV/y6s/4k10kuxBozY0FFXddHUFsRSGPO/Nyc3Mzs0v5BcLS8srq2vF9Y07EyWaY41HMtKNAAxKobBGgiQ2Yo0QBhLrQf9spNcfURsRqVsaxNgKoadEV3AgS9302vvtYskre+NyfwM/AyWWVbW97hw2OxFPQlTEJRhz73sxtVLQJLjEYaGZGIyB96GH9xYqCNG00rHXobtjmY7bjbRtRe6Y/b6RQmjMIAzsZAj0YKa1EfmnFmjoI/24nnJQHOWUI+oet1Kh4oRQ8YmhbiJditxRQG5HaOQkBxYA18L+5PIH0MDJxlhonqP9WeOlvX8VowaKdNokPUxt/6PeWtW2DdqfjvU3uNsr+5Vy5fqgdHKaRZ5nW2yb7TKfHbETdsGqrMY467En9sxenFfn3flwPiejOSfb2WQ/Kpf/AsUGtYE=</latexit>g3

<latexit sha1_base64="DGu1hKxvcA+ulkA3ByFc1EOsGxE=">AAACUHicdVDLSgNBEOyNrxjfevSyGAS9hF3R6EUI6sGLqGBUMEF6Jx0dMju7zPQKYck3eNXf8uafeNNJjKBRG4opqnro7opSJS0HwatXGBufmJwqTpdmZufmFxaXli9tkhlBdZGoxFxHaElJTXWWrOg6NYRxpOgq6hz2/asHMlYm+oK7KTVjvNOyLQWyk+oben9r83axHFSCQfm/STgkZRjW2e2St9NoJSKLSbNQaO1NGKTczNGwFIp6pUZmKUXRwTu6cVRjTLaZD7bt+etOafntxDho9gfq9x85xtZ248h1xsj3dtTri396kcEO8Y/puUAtSI1sxO29Zi51mjFp8blQO1M+J34/Ir8lDQlWXUdQGOlu8sU9GhTsgiw1jsjdbOjEzT9NySAnJm+w6eUO/7gXznVwQYejsf4ml1uVsFqpnm+XawfDyIuwCmuwASHsQg2O4QzqIEDCIzzBs/fivXnvBe+z9euFFfhRhdIHVUK0yw==</latexit>

(n = 2)
<latexit sha1_base64="j7s34N2fgTpf/kwu8d3CzhetIHs=">AAACTnicdVBNS8NAEN3Ur1o/q0cvwSJ4Kolo9SjqwYtY0apgSplsp3XpZhN2J0IJ/Qle9W959Y94E922OdiqAwOP92aYNy9MpDDkee9OYWZ2bn6huFhaWl5ZXVsvb9yaONUcGzyWsb4PwaAUChskSOJ9ohGiUOJd2Dsd6ndPqI2I1Q31E2xG0FWiIziQpa67Lb+1XvGq3qjc38DPQYXlVW+VnYOgHfM0QkVcgjEPvpdQMwNNgksclILUYAK8B118sFBBhKaZjbwO3B3LtN1OrG0rckfsz40MImP6UWgnI6BHM60NyT+1UEMPaeJ6xkFxlFOOqHPUzIRKUkLFx4Y6qXQpdocBuW2hkZPsWwBcC/uTyx9BAycbYyk4Q/uzxgt7/zJBDRTrLCA9yGz/o95Y1bYN2p+O9Te43av6tWrtar9yfJJHXmRbbJvtMp8dsmN2zuqswTjrsmf2wl6dN+fD+XS+xqMFJ9/ZZBNVKH4DwTa1fw==</latexit>g1

<latexit sha1_base64="z+ffvNPT9llfARbaoiGOBIuTH0k=">AAACTnicdVBNS8NAEN3Ur1o/q0cvwSJ4Kolo9SjqwYtYsa1CW8pkO61LN5uwOxFK6E/wqn/Lq3/Em+i2zUGrDgw83pth3rwglsKQ5705ubn5hcWl/HJhZXVtfWOzuNUwUaI51nkkI30fgEEpFNZJkMT7WCOEgcS7YHA+1u8eURsRqRoNY2yH0FeiJziQpW77nYPOZskre5NyfwM/AyWWVbVTdI5a3YgnISriEoxp+l5M7RQ0CS5xVGglBmPgA+hj00IFIZp2OvE6cvcs03V7kbatyJ2w3zdSCI0ZhoGdDIEezKw2Jv/UAg0DpB/XUw6Ko5xxRL2TdipUnBAqPjXUS6RLkTsOyO0KjZzk0ALgWtifXP4AGjjZGAutC7Q/a7yy969j1ECRTlukR6ntf9SaVW3boP3ZWH+DxkHZr5QrN4el07Ms8jzbYbtsn/nsmJ2yS1ZldcZZnz2xZ/bivDrvzofzOR3NOdnONvtRufwXwx61gA==</latexit>g2

<latexit sha1_base64="JVWwi+CHRvE8suxFCyc2b/mNaRA=">AAACTnicdVDLSgNBEJyNrxhfUY9eFoPgKez6iB5FPXgRIxoTMCH0TjpxyOzsMtMrhCWf4FV/y6s/4k10kuxBozY0FFXddHUFsRSGPO/Nyc3Mzs0v5BcLS8srq2vF9Y07EyWaY41HMtKNAAxKobBGgiQ2Yo0QBhLrQf9spNcfURsRqVsaxNgKoadEV3AgS9302vvtYskre+NyfwM/AyWWVbW97hw2OxFPQlTEJRhz73sxtVLQJLjEYaGZGIyB96GH9xYqCNG00rHXobtjmY7bjbRtRe6Y/b6RQmjMIAzsZAj0YKa1EfmnFmjoI/24nnJQHOWUI+oet1Kh4oRQ8YmhbiJditxRQG5HaOQkBxYA18L+5PIH0MDJxlhonqP9WeOlvX8VowaKdNokPUxt/6PeWtW2DdqfjvU3uNsr+5Vy5fqgdHKaRZ5nW2yb7TKfHbETdsGqrMY467En9sxenFfn3flwPiejOSfb2WQ/Kpf/AsUGtYE=</latexit>g3

<latexit sha1_base64="ypphowpObVM9KNmHNH3nQZOwS6M=">AAACUHicdVDLSgNBEOyNrxjfevSyGAS9hF3R6EmCevAiKhgVTJDeSUeHzM4uM71CWPINXvW3vPkn3nQSI2jUhmKKqh66u6JUSctB8OoVxsYnJqeK06WZ2bn5hcWl5UubZEZQXSQqMdcRWlJSU50lK7pODWEcKbqKOod9/+qBjJWJvuBuSs0Y77RsS4HspPqG3t/avF0sB5VgUP5vEg5JGYZ1drvk7TRaichi0iwUWnsTBik3czQshaJeqZFZSlF08I5uHNUYk23mg217/rpTWn47MQ6a/YH6/UeOsbXdOHKdMfK9HfX64p9eZLBD/GN6LlALUiMbcXuvmUudZkxafC7UzpTPid+PyG9JQ4JV1xEURrqbfHGPBgW7IEuNI3I3Gzpx809TMsiJyRtsernDP+6Fcx1c0OForL/J5VYlrFaq59vl2sEw8iKswhpsQAi7UINjOIM6CJDwCE/w7L14b957wfts/XphBX5UofQBVyy0zA==</latexit>

(n > 2)

additional phases

<latexit sha1_base64="8Wm0OTtpom4DwyhFdL4h4xte3+0="></latexit>...

<latexit sha1_base64="j7s34N2fgTpf/kwu8d3CzhetIHs=">AAACTnicdVBNS8NAEN3Ur1o/q0cvwSJ4Kolo9SjqwYtY0apgSplsp3XpZhN2J0IJ/Qle9W959Y94E922OdiqAwOP92aYNy9MpDDkee9OYWZ2bn6huFhaWl5ZXVsvb9yaONUcGzyWsb4PwaAUChskSOJ9ohGiUOJd2Dsd6ndPqI2I1Q31E2xG0FWiIziQpa67Lb+1XvGq3qjc38DPQYXlVW+VnYOgHfM0QkVcgjEPvpdQMwNNgksclILUYAK8B118sFBBhKaZjbwO3B3LtN1OrG0rckfsz40MImP6UWgnI6BHM60NyT+1UEMPaeJ6xkFxlFOOqHPUzIRKUkLFx4Y6qXQpdocBuW2hkZPsWwBcC/uTyx9BAycbYyk4Q/uzxgt7/zJBDRTrLCA9yGz/o95Y1bYN2p+O9Te43av6tWrtar9yfJJHXmRbbJvtMp8dsmN2zuqswTjrsmf2wl6dN+fD+XS+xqMFJ9/ZZBNVKH4DwTa1fw==</latexit>g1
<latexit sha1_base64="z+ffvNPT9llfARbaoiGOBIuTH0k=">AAACTnicdVBNS8NAEN3Ur1o/q0cvwSJ4Kolo9SjqwYtYsa1CW8pkO61LN5uwOxFK6E/wqn/Lq3/Em+i2zUGrDgw83pth3rwglsKQ5705ubn5hcWl/HJhZXVtfWOzuNUwUaI51nkkI30fgEEpFNZJkMT7WCOEgcS7YHA+1u8eURsRqRoNY2yH0FeiJziQpW77nYPOZskre5NyfwM/AyWWVbVTdI5a3YgnISriEoxp+l5M7RQ0CS5xVGglBmPgA+hj00IFIZp2OvE6cvcs03V7kbatyJ2w3zdSCI0ZhoGdDIEezKw2Jv/UAg0DpB/XUw6Ko5xxRL2TdipUnBAqPjXUS6RLkTsOyO0KjZzk0ALgWtifXP4AGjjZGAutC7Q/a7yy969j1ECRTlukR6ntf9SaVW3boP3ZWH+DxkHZr5QrN4el07Ms8jzbYbtsn/nsmJ2yS1ZldcZZnz2xZ/bivDrvzofzOR3NOdnONvtRufwXwx61gA==</latexit>g2

<latexit sha1_base64="EplH3aEqY+eSDjv3uiMFA0s19CQ=">AAACTnicdVDLSgNBEJyNrxjfevSyGARPYVd8HUU9eBEV84IkhN5JJxkyO7vO9AphySd41d/y6o94E53EHEyiDQ1FVTddXUEshSHPe3cyc/MLi0vZ5dzK6tr6xubWdtlEieZY4pGMdDUAg1IoLJEgidVYI4SBxErQuxzqlSfURkSqSP0YGyF0lGgLDmSph07zsbmZ9wreqNxZ4I9Bno3rrrnlHNdbEU9CVMQlGFPzvZgaKWgSXOIgV08MxsB70MGahQpCNI105HXg7lum5bYjbVuRO2J/b6QQGtMPAzsZAnXNtDYk/9QCDT2kiespB8VRTjmi9lkjFSpOCBX/MdROpEuROwzIbQmNnGTfAuBa2J9c3gUNnGyMufoV2p813tj7tzFqoEinddKD1PY/atGqtm3Q/nSss6B8WPBPCif3R/nzi3HkWbbL9tgB89kpO2fX7I6VGGcd9sxe2Kvz5nw4n87Xz2jGGe/ssInKZL8BO0W1vw==</latexit>gq

<latexit sha1_base64="JVWwi+CHRvE8suxFCyc2b/mNaRA=">AAACTnicdVDLSgNBEJyNrxhfUY9eFoPgKez6iB5FPXgRIxoTMCH0TjpxyOzsMtMrhCWf4FV/y6s/4k10kuxBozY0FFXddHUFsRSGPO/Nyc3Mzs0v5BcLS8srq2vF9Y07EyWaY41HMtKNAAxKobBGgiQ2Yo0QBhLrQf9spNcfURsRqVsaxNgKoadEV3AgS9302vvtYskre+NyfwM/AyWWVbW97hw2OxFPQlTEJRhz73sxtVLQJLjEYaGZGIyB96GH9xYqCNG00rHXobtjmY7bjbRtRe6Y/b6RQmjMIAzsZAj0YKa1EfmnFmjoI/24nnJQHOWUI+oet1Kh4oRQ8YmhbiJditxRQG5HaOQkBxYA18L+5PIH0MDJxlhonqP9WeOlvX8VowaKdNokPUxt/6PeWtW2DdqfjvU3uNsr+5Vy5fqgdHKaRZ5nW2yb7TKfHbETdsGqrMY467En9sxenFfn3flwPiejOSfb2WQ/Kpf/AsUGtYE=</latexit>g3

<latexit sha1_base64="D2feVu5IF29sjF+qVsRM6FTeN5c=">AAACTnicdVDLSgNBEJyNrxhfiR69LAbBU9gVjR6DevAiRjQqmBB6J71xyOzsMtOrhCWf4FV/y6s/4k108jho1IaGoqqbrq4gkcKQ5705uZnZufmF/GJhaXllda1YWr82cao5NngsY30bgEEpFDZIkMTbRCNEgcSboHc81G8eUBsRqyvqJ9iKoKtEKDiQpS4f2367WPYq3qjc38CfgDKbVL1dcvabnZinESriEoy5872EWhloElzioNBMDSbAe9DFOwsVRGha2cjrwN22TMcNY21bkTtiv29kEBnTjwI7GQHdm2ltSP6pBRp6SD+uZxwURznliMLDViZUkhIqPjYUptKl2B0G5HaERk6ybwFwLexPLr8HDZxsjIXmCdqfNZ7Z++cJaqBYZ03Sg8z2P+qVVW3boP3pWH+D692KX61UL/bKtaNJ5Hm2ybbYDvPZAauxU1ZnDcZZlz2xZ/bivDrvzofzOR7NOZOdDfajcvkv39a1jw==</latexit>w1
<latexit sha1_base64="ZespaF8YgmV3Uu1lBWn2Evojdjs=">AAACTnicdVBNS8NAEN3Ur1q/Wj16CRbBU0lEq8eiHryIFa0KtpTJdlqXbjZhd6KU0J/gVf+WV/+IN9Ftm4NWHRh4vDfDvHlBLIUhz3tzcjOzc/ML+cXC0vLK6lqxtH5tokRzbPBIRvo2AINSKGyQIIm3sUYIA4k3Qf94pN88oDYiUlc0iLEVQk+JruBAlrp8bO+2i2Wv4o3L/Q38DJRZVvV2ydlvdiKehKiISzDmzvdiaqWgSXCJw0IzMRgD70MP7yxUEKJppWOvQ3fbMh23G2nbitwx+30jhdCYQRjYyRDo3kxrI/JPLdDQR/pxPeWgOMopR9Q9bKVCxQmh4hND3US6FLmjgNyO0MhJDiwAroX9yeX3oIGTjbHQPEH7s8Yze/88Rg0U6bRJepja/ke9sqptG7Q/HetvcL1b8auV6sVeuXaURZ5nm2yL7TCfHbAaO2V11mCc9dgTe2Yvzqvz7nw4n5PRnJPtbLAflct/AeG+tZA=</latexit>w2

<latexit sha1_base64="5BFZDCJlbBOrjqBn5T++fKddUu8=">AAACTnicdVDLTgJBEJzFF+ITPXrZSEw8kV0f6NGoBy9GjAImQkjv0MCE2dnNTK+GbPgEr/pbXv0Rb0YH5KCgnXRSqepOV1cQS2HI896czMzs3PxCdjG3tLyyurae36iaKNEcKzySkb4LwKAUCiskSOJdrBHCQGIt6J0N9doDaiMidUv9GBshdJRoCw5kqZvH5n5zveAVvVG508AfgwIbV7mZdw7rrYgnISriEoy5972YGiloElziIFdPDMbAe9DBewsVhGga6cjrwN2xTMttR9q2InfE/txIITSmHwZ2MgTqmkltSP6pBRp6SL+upxwURznhiNrHjVSoOCFU/NtQO5EuRe4wILclNHKSfQuAa2F/cnkXNHCyMebq52h/1nhp71/FqIEindZJD1Lb/6i3VrVtg/YnY50G1b2iXyqWrg8KJ6fjyLNsi22zXeazI3bCLliZVRhnHfbEntmL8+q8Ox/O5/doxhnvbLJflcl+AeOmtZE=</latexit>w3

<latexit sha1_base64="qmR5Fhj15sLErrfCBL79bj+fz3g=">AAACTnicdVDLTgJBEJzFF+IL9OhlIzHxRHaNokeiHrwYMYqaCCG9QwMTZmfXmV4N2fAJXvW3vPoj3owOyEFBO+mkUtWdrq4glsKQ5705mZnZufmF7GJuaXlldS1fWL82UaI51ngkI30bgEEpFNZIkMTbWCOEgcSboHc81G8eUBsRqSvqx9gIoaNEW3AgS10+Nu+b+aJX8kblTgN/DIpsXNVmwdmvtyKehKiISzDmzvdiaqSgSXCJg1w9MRgD70EH7yxUEKJppCOvA3fbMi23HWnbitwR+3MjhdCYfhjYyRCoaya1IfmnFmjoIf26nnJQHOWEI2ofNlKh4oRQ8W9D7US6FLnDgNyW0MhJ9i0AroX9yeVd0MDJxpirn6D9WeOZvX8eowaKdFonPUht/6NeWdW2DdqfjHUaXO+W/HKpfLFXrByNI8+yTbbFdpjPDliFnbIqqzHOOuyJPbMX59V5dz6cz+/RjDPe2WC/KpP9Alnltc8=</latexit>wq

<latexit sha1_base64="iurpnEjDdRKnHO6e2nC8S+1eU8g=">AAACTHicdVDJSgNBEO2Je9z16KUxCJ7CjEvUm6gHL6KCiYEkhJpOJTbp6Rm6a4Qw5Au86m959z+8iWBnEVwLCh7vVVGvXpgoacn3X7zcxOTU9MzsXH5+YXFpeWV1rWLj1Agsi1jFphqCRSU1lkmSwmpiEKJQ4W3YPR3ot/dorIz1DfUSbETQ0bItBZCjrjvNlYJfPDoMgtIu/w2Coj+sAhvXVXPV26+3YpFGqEkosLYW+Ak1MjAkhcJ+vp5aTEB0oYM1BzVEaBvZ0Gmfbzmmxduxca2JD9mvGxlE1vai0E1GQHf2pzYg/9RCA12kb9czAVqg+uGI2oeNTOokJdRiZKidKk4xH8TDW9KgINVzAISR7icu7sCAIBdivn6G7meDF+7+ZYIGKDZZnUw/c/2PeuNU18OgR2ny3+Az6MpOMSgVS9d7heOTceSzbINtsm0WsAN2zM7ZFSszwZA9sEf25D17r96b9z4azXnjnXX2rXLTH/wqtSw=</latexit>g

<latexit sha1_base64="5YC0SvFMU5uLbS7hdMyvjQSW/gM="></latexit>

w1 = 1
<latexit sha1_base64="0wMeZBN7F6P6YPOWinEtBwOh8jI="></latexit>

w2 = 1

<latexit sha1_base64="EmqSBvtuolLxJj+8eg2rt3u+ryM="></latexit>

w3 = 1

<latexit sha1_base64="5YC0SvFMU5uLbS7hdMyvjQSW/gM="></latexit>

w1 = 1
<latexit sha1_base64="0wMeZBN7F6P6YPOWinEtBwOh8jI="></latexit>

w2 = 1

<latexit sha1_base64="EmqSBvtuolLxJj+8eg2rt3u+ryM="></latexit>

w3 = 1



Proof strategy

• Bound Cayley distance by the number of moved points in :


• Plug into the energy functional:


•   are pairwise distinct: Therefore  can only coincide with  for at 
most one .


• Verify that  saturates the bound

Sn

gi g(x) gi(x)
i

g = gi

19

<latexit sha1_base64="XacJWaLWkO6ZtZLWA36k723zkuk="></latexit>

d(g, e) → m(g)

2

<latexit sha1_base64="u1no9XmSWu/MneswKgdOSAMr+Wk="></latexit>∑

i

d(g, gi) →
1

2

∑

i

m(g→1gi) =
1

2

∑

i

|{x ↑ X : g(x) ↓= gi(x)}|

<latexit sha1_base64="uC4OTjFiX5UrK9oDuNYdpE1i6+w="></latexit>∑

i

d(g, gi) → (q ↑ 1)
|X|
2

= (q ↑ 1)2q→2



• Key property used: The set of  is pairwise 
distinct and  is an involution


• This is equivalent to the statement that  is a 
fixed-point-free involution 

• For  the involution condition is no-longer 
true and the proof fails


• Indeed we will see there are RSB saddles when 

gi
gig−1

j

gig−1
j

n ≥ 3

n ≥ 3

20



RSB solution for n>3
• Consider the full reflector  where


• More dominant* than the replica symmetric 
saddle for  for the equal bond-
dimension case 


• Conjecture:  is optimal for 


- Verified numerically up to 

π

(q, n) ≥ (3,3)
w1 = w2 = ⋯ = wq

π (q, n) ≥ (3,3)

(q, n) = (4,3) or (2,5)

21

<latexit sha1_base64="L43HX97vwB2WR7hApGC9ObAb/MA="></latexit>

ω(i1, · · · , iq) = (→i1, · · · ,→iq)



Generalization to RTN
• Same result generalizes to RTNs: dominant 

saddles are replica-symmetric for  


• n=2 Renyi multi-entropy is given by the minimal 
multi-way cut across the network


• Dominant saddle is unique if the minimal multi-
way cut is unique


• Proof follows a similar strategy as in single tensor 
case

n = 2

22

A
<latexit sha1_base64="BAeVOBC5ObWqGCFk52KlP7hcwRg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOmXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBkt2MxQ==</latexit><latexit sha1_base64="BAeVOBC5ObWqGCFk52KlP7hcwRg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOmXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBkt2MxQ==</latexit><latexit sha1_base64="BAeVOBC5ObWqGCFk52KlP7hcwRg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOmXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBkt2MxQ==</latexit><latexit sha1_base64="BAeVOBC5ObWqGCFk52KlP7hcwRg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOmXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBkt2MxQ==</latexit>

B
<latexit sha1_base64="omio59kvEVQ455XgB3RHdtTRWpI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldq9TyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AlGGMxg==</latexit><latexit sha1_base64="omio59kvEVQ455XgB3RHdtTRWpI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldq9TyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AlGGMxg==</latexit><latexit sha1_base64="omio59kvEVQ455XgB3RHdtTRWpI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldq9TyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AlGGMxg==</latexit><latexit sha1_base64="omio59kvEVQ455XgB3RHdtTRWpI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldq9TyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AlGGMxg==</latexit>

C
<latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit><latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit><latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit><latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit>

<latexit sha1_base64="ANlp8KJOnjOVJYIEizc4CR3qoYs=">AAACTHicdVBNS8NAEN3Ur1o/q0cvwSJ4Kolo9SjagxexhVaFtpTJdqpLN5uwOxFK6C/wqn/Lu//Dmwhu2xxs1YGBx3szzJsXxFIY8rx3J7ewuLS8kl8trK1vbG5tF3duTZRojk0eyUjfB2BQCoVNEiTxPtYIYSDxLhhcjvW7J9RGRKpBwxg7ITwo0RccyFL1ane75JW9Sbm/gZ+BEsuq1i06J+1exJMQFXEJxrR8L6ZOCpoElzgqtBODMfABPGDLQgUhmk46cTpyDyzTc/uRtq3InbA/N1IIjRmGgZ0MgR7NvDYm/9QCDQOkmespB8VRzjmi/lknFSpOCBWfGuon0qXIHcfj9oRGTnJoAXAt7E8ufwQNnGyIhXYV7c8ar+39mxg1UKTTNulRavsftWFV2zZofz7W3+D2qOxXypX6cen8Ios8z/bYPjtkPjtl5+yK1ViTcYbsmb2wV+fN+XA+na/paM7JdnbZTOWWvwEgMLS4</latexit>

D

<latexit sha1_base64="EuSpyFhxKkJ66x3bmAyx23X4nqc="></latexit>

S(q)
2 (R1 : · · · : Rq) =

A(ωR1:···:Rq )

4GN



minimizer counting (n=2)
• If the minimal multiway cut is not unique, there might be 

more than one solutions


• Idea: assign each replica  a minimal partition . Construct 
 then  is optimal if and only if:

x λx
gv(x) = x + eλx(v) gv

23

(V): for every vertex  the map  is a bijection


(E): for every edge , then , 

where .

v x ↦ x + eλx(v)

(uv) λx+ei+ej
(u) = i, λx+ei+ej

(v) = j
i := λx(u), j := λx(v)



RSB in isometric RTN
• For RTN modeling metric spaces, can construct local RSB solutions from the reflector 


• If the metric is flat, RSB saddles take over when  


• For hyperbolic spaces, the size of the  patch is controlled by the local curvature

π

n ≥ 6

π

24

<latexit sha1_base64="pW43EADBBiDZ1Dx3d8/sUQE6sYY=">AAACTHicdVDLSgNBEJyNGjW+oh69LAbBU9gVjR6DevAiGshDMCH0TjrJkNnZZaZXCEu+wKv+lnf/w5sITmIOJtGGhqKqm66uIJbCkOe9O5ml5ZXs6tp6bmNza3snv7tXN1GiOdZ4JCP9EIBBKRTWSJDEh1gjhIHERjC4GuuNJ9RGRKpKwxhbIfSU6AoOZKlK3M4XvKI3KXcR+FNQYNO6b+86Z81OxJMQFXEJxjz6XkytFDQJLnGUayYGY+AD6OGjhQpCNK104nTkHlmm43YjbVuRO2F/b6QQGjMMAzsZAvXNvDYm/9QCDQOkmespB8VRzjmi7kUrFSpOCBX/MdRNpEuRO47H7QiNnOTQAuBa2J9c3gcNnGyIueY12p813tr7dzFqoEinTdKj1PY/atWqtm3Q/nysi6B+UvRLxVLltFC+nEa+xg7YITtmPjtnZXbD7lmNcYbsmb2wV+fN+XA+na+f0Ywz3dlnM5XJfgN0ELTk</latexit>p
<latexit sha1_base64="CXBeuYDnwpR0+ke/Js/1gKwt2aY=">AAACTnicdVBNS8NAEN3Ur1q/Wj16CRbBU0lEq8eiHryIFa0KpshkO61LN5uwOxFK6E/wqn/Lq3/Em+i2zUGrDgw83pth3rwwkcKQ5705hZnZufmF4mJpaXllda1cWb82cao5tngsY30bgkEpFLZIkMTbRCNEocSbsH880m8eURsRqysaJNiOoKdEV3AgS10GibgvV72aNy73N/BzUGV5Ne8rzn7QiXkaoSIuwZg730uonYEmwSUOS0FqMAHehx7eWaggQtPOxl6H7rZlOm431rYVuWP2+0YGkTGDKLSTEdCDmdZG5J9aqKGP9ON6xkFxlFOOqHvYzoRKUkLFJ4a6qXQpdkcBuR2hkZMcWABcC/uTyx9AAycbYyk4QfuzxjN7/zxBDRTrLCA9zGz/o15Z1bYN2p+O9Te43q359Vr9Yq/aOMojL7JNtsV2mM8OWIOdsiZrMc567Ik9sxfn1Xl3PpzPyWjByXc22I8qFL8AN3C1vQ==</latexit>ω

<latexit sha1_base64="j7s34N2fgTpf/kwu8d3CzhetIHs=">AAACTnicdVBNS8NAEN3Ur1o/q0cvwSJ4Kolo9SjqwYtY0apgSplsp3XpZhN2J0IJ/Qle9W959Y94E922OdiqAwOP92aYNy9MpDDkee9OYWZ2bn6huFhaWl5ZXVsvb9yaONUcGzyWsb4PwaAUChskSOJ9ohGiUOJd2Dsd6ndPqI2I1Q31E2xG0FWiIziQpa67Lb+1XvGq3qjc38DPQYXlVW+VnYOgHfM0QkVcgjEPvpdQMwNNgksclILUYAK8B118sFBBhKaZjbwO3B3LtN1OrG0rckfsz40MImP6UWgnI6BHM60NyT+1UEMPaeJ6xkFxlFOOqHPUzIRKUkLFx4Y6qXQpdocBuW2hkZPsWwBcC/uTyx9BAycbYyk4Q/uzxgt7/zJBDRTrLCA9yGz/o95Y1bYN2p+O9Te43av6tWrtar9yfJJHXmRbbJvtMp8dsmN2zuqswTjrsmf2wl6dN+fD+XS+xqMFJ9/ZZBNVKH4DwTa1fw==</latexit>g1
<latexit sha1_base64="z+ffvNPT9llfARbaoiGOBIuTH0k=">AAACTnicdVBNS8NAEN3Ur1o/q0cvwSJ4Kolo9SjqwYtYsa1CW8pkO61LN5uwOxFK6E/wqn/Lq3/Em+i2zUGrDgw83pth3rwglsKQ5705ubn5hcWl/HJhZXVtfWOzuNUwUaI51nkkI30fgEEpFNZJkMT7WCOEgcS7YHA+1u8eURsRqRoNY2yH0FeiJziQpW77nYPOZskre5NyfwM/AyWWVbVTdI5a3YgnISriEoxp+l5M7RQ0CS5xVGglBmPgA+hj00IFIZp2OvE6cvcs03V7kbatyJ2w3zdSCI0ZhoGdDIEezKw2Jv/UAg0DpB/XUw6Ko5xxRL2TdipUnBAqPjXUS6RLkTsOyO0KjZzk0ALgWtifXP4AGjjZGAutC7Q/a7yy969j1ECRTlukR6ntf9SaVW3boP3ZWH+DxkHZr5QrN4el07Ms8jzbYbtsn/nsmJ2yS1ZldcZZnz2xZ/bivDrvzofzOR3NOdnONvtRufwXwx61gA==</latexit>g2

<latexit sha1_base64="JVWwi+CHRvE8suxFCyc2b/mNaRA=">AAACTnicdVDLSgNBEJyNrxhfUY9eFoPgKez6iB5FPXgRIxoTMCH0TjpxyOzsMtMrhCWf4FV/y6s/4k10kuxBozY0FFXddHUFsRSGPO/Nyc3Mzs0v5BcLS8srq2vF9Y07EyWaY41HMtKNAAxKobBGgiQ2Yo0QBhLrQf9spNcfURsRqVsaxNgKoadEV3AgS9302vvtYskre+NyfwM/AyWWVbW97hw2OxFPQlTEJRhz73sxtVLQJLjEYaGZGIyB96GH9xYqCNG00rHXobtjmY7bjbRtRe6Y/b6RQmjMIAzsZAj0YKa1EfmnFmjoI/24nnJQHOWUI+oet1Kh4oRQ8YmhbiJditxRQG5HaOQkBxYA18L+5PIH0MDJxlhonqP9WeOlvX8VowaKdNokPUxt/6PeWtW2DdqfjvU3uNsr+5Vy5fqgdHKaRZ5nW2yb7TKfHbETdsGqrMY467En9sxenFfn3flwPiejOSfb2WQ/Kpf/AsUGtYE=</latexit>g3

<latexit sha1_base64="j7s34N2fgTpf/kwu8d3CzhetIHs=">AAACTnicdVBNS8NAEN3Ur1o/q0cvwSJ4Kolo9SjqwYtY0apgSplsp3XpZhN2J0IJ/Qle9W959Y94E922OdiqAwOP92aYNy9MpDDkee9OYWZ2bn6huFhaWl5ZXVsvb9yaONUcGzyWsb4PwaAUChskSOJ9ohGiUOJd2Dsd6ndPqI2I1Q31E2xG0FWiIziQpa67Lb+1XvGq3qjc38DPQYXlVW+VnYOgHfM0QkVcgjEPvpdQMwNNgksclILUYAK8B118sFBBhKaZjbwO3B3LtN1OrG0rckfsz40MImP6UWgnI6BHM60NyT+1UEMPaeJ6xkFxlFOOqHPUzIRKUkLFx4Y6qXQpdocBuW2hkZPsWwBcC/uTyx9BAycbYyk4Q/uzxgt7/zJBDRTrLCA9yGz/o95Y1bYN2p+O9Te43av6tWrtar9yfJJHXmRbbJvtMp8dsmN2zuqswTjrsmf2wl6dN+fD+XS+xqMFJ9/ZZBNVKH4DwTa1fw==</latexit>g1
<latexit sha1_base64="z+ffvNPT9llfARbaoiGOBIuTH0k=">AAACTnicdVBNS8NAEN3Ur1o/q0cvwSJ4Kolo9SjqwYtYsa1CW8pkO61LN5uwOxFK6E/wqn/Lq3/Em+i2zUGrDgw83pth3rwglsKQ5705ubn5hcWl/HJhZXVtfWOzuNUwUaI51nkkI30fgEEpFNZJkMT7WCOEgcS7YHA+1u8eURsRqRoNY2yH0FeiJziQpW77nYPOZskre5NyfwM/AyWWVbVTdI5a3YgnISriEoxp+l5M7RQ0CS5xVGglBmPgA+hj00IFIZp2OvE6cvcs03V7kbatyJ2w3zdSCI0ZhoGdDIEezKw2Jv/UAg0DpB/XUw6Ko5xxRL2TdipUnBAqPjXUS6RLkTsOyO0KjZzk0ALgWtifXP4AGjjZGAutC7Q/a7yy969j1ECRTlukR6ntf9SaVW3boP3ZWH+DxkHZr5QrN4el07Ms8jzbYbtsn/nsmJ2yS1ZldcZZnz2xZ/bivDrvzofzOR3NOdnONvtRufwXwx61gA==</latexit>g2

<latexit sha1_base64="JVWwi+CHRvE8suxFCyc2b/mNaRA=">AAACTnicdVDLSgNBEJyNrxhfUY9eFoPgKez6iB5FPXgRIxoTMCH0TjpxyOzsMtMrhCWf4FV/y6s/4k10kuxBozY0FFXddHUFsRSGPO/Nyc3Mzs0v5BcLS8srq2vF9Y07EyWaY41HMtKNAAxKobBGgiQ2Yo0QBhLrQf9spNcfURsRqVsaxNgKoadEV3AgS9302vvtYskre+NyfwM/AyWWVbW97hw2OxFPQlTEJRhz73sxtVLQJLjEYaGZGIyB96GH9xYqCNG00rHXobtjmY7bjbRtRe6Y/b6RQmjMIAzsZAj0YKa1EfmnFmjoI/24nnJQHOWUI+oet1Kh4oRQ8YmhbiJditxRQG5HaOQkBxYA18L+5PIH0MDJxlhonqP9WeOlvX8VowaKdNokPUxt/6PeWtW2DdqfjvU3uNsr+5Vy5fqgdHKaRZ5nW2yb7TKfHbETdsGqrMY467En9sxenFfn3flwPiejOSfb2WQ/Kpf/AsUGtYE=</latexit>g3



Genuine Multi-partite entanglement in RTN
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• Our result can be used to show that RTN states have large genuine multi-
partite entanglement


• Genuine q-partite entangled: cannot be written as products of genuine k-
partite entangled states for k<q


- example: the W state


- non-example: the triangle state

<latexit sha1_base64="tcYGv2OoSRyNCfBtuhBUj9WI+j4="></latexit>

|W → = 1

3
(|001→+ |010→+ |100→)



Genuine Multi-partite entanglement in RTN
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- Linear combinations of  of 


         Ex. 


- Detects genuine multipartite entanglement:

S(q)
k k ≤ n

<latexit sha1_base64="8SXUb023b2yCPkBFl9iqiLZaeWE="></latexit>

GM(3)
n (A : B : C) = S(3)

n (A : B : C)→ 1

2
(S(2)

n (A) + S(2)
n (B) + S(2)

n (C))

<latexit sha1_base64="a3FqD78i9wVzR4/kp+B5HHwb9tk="></latexit>

GM(q)
n →= 0 ↑ |ω↓ is genuine q-partite entangled

• Genuine multi-entropy  [Iizuka-Nishida ’26, Iizuka-SL-Nishida ’26]GM(q)
n

• Since n=2 case is dual to the multi-way cut, can prove  geometricallyGM(q)
2 ≠ 0

<latexit sha1_base64="TmSyMpmuAfbnObNT39Az0skPRoY=">AAACTHicdVDLSgNBEJyNrxhfiR69LAbBU9gVjV6EoB68iAnkIZgQeicdHTI7u8z0CmHJF3jV3/Luf3gTwcnjoFEbGoqqbrq6glgKQ5735mQWFpeWV7KrubX1jc2tfGG7aaJEc2zwSEb6NgCDUihskCCJt7FGCAOJrWBwMdZbj6iNiFSdhjF2QrhXoi84kKVqZ9180St5k3J/A38GimxW1W7BOW73Ip6EqIhLMObO92LqpKBJcImjXDsxGAMfwD3eWaggRNNJJ05H7r5lem4/0rYVuRP2+0YKoTHDMLCTIdCDmdfG5J9aoGGA9ON6ykFxlHOOqH/aSYWKE0LFp4b6iXQpcsfxuD2hkZMcWgBcC/uTyx9AAycbYq59ifZnjdf2/k2MGijSaZv0KLX9j1q3qm0btD8f62/QPCz55VK5dlSsnM8iz7JdtscOmM9OWIVdsSprMM6QPbFn9uK8Ou/Oh/M5Hc04s50d9qMyy18S2LSx</latexit>=
<latexit sha1_base64="CCOQWWPqfDQ45hTTu2Y8LZ6Itc8=">AAACTHicdVBNS8NAEN3Ur1q/qh69BIsgCCURrR5FPXgRK7S20BaZbKe6dLMJuxOhhP4Cr/q3vPs/vIngtuZgWx0YeLw3w7x5QSyFIc97d3Jz8wuLS/nlwsrq2vpGcXPrzkSJ5ljnkYx0MwCDUiiskyCJzVgjhIHERtC/GOmNJ9RGRKpGgxg7ITwo0RMcyFK3B/fFklf2xuXOAj8DJZZV9X7TOW53I56EqIhLMKblezF1UtAkuMRhoZ0YjIH34QFbFioI0XTSsdOhu2eZrtuLtG1F7pj9vZFCaMwgDOxkCPRoprUR+acWaOgjTVxPOSiOcsoR9U47qVBxQqj4j6FeIl2K3FE8bldo5CQHFgDXwv7k8kfQwMmGWGhfov1Z47W9fxOjBop02iY9TG3/o9asatsG7U/HOgvuDst+pVy5PSqdnWeR59kO22X7zGcn7IxdsSqrM86QPbMX9uq8OR/Op/P1M5pzsp1tNlG5xW/webSf</latexit>

+

AB

C

++
-

-

-

AB

C

-
+

AB

C

-
+ <latexit sha1_base64="CCOQWWPqfDQ45hTTu2Y8LZ6Itc8=">AAACTHicdVBNS8NAEN3Ur1q/qh69BIsgCCURrR5FPXgRK7S20BaZbKe6dLMJuxOhhP4Cr/q3vPs/vIngtuZgWx0YeLw3w7x5QSyFIc97d3Jz8wuLS/nlwsrq2vpGcXPrzkSJ5ljnkYx0MwCDUiiskyCJzVgjhIHERtC/GOmNJ9RGRKpGgxg7ITwo0RMcyFK3B/fFklf2xuXOAj8DJZZV9X7TOW53I56EqIhLMKblezF1UtAkuMRhoZ0YjIH34QFbFioI0XTSsdOhu2eZrtuLtG1F7pj9vZFCaMwgDOxkCPRoprUR+acWaOgjTVxPOSiOcsoR9U47qVBxQqj4j6FeIl2K3FE8bldo5CQHFgDXwv7k8kfQwMmGWGhfov1Z47W9fxOjBop02iY9TG3/o9asatsG7U/HOgvuDst+pVy5PSqdnWeR59kO22X7zGcn7IxdsSqrM86QPbMX9uq8OR/Op/P1M5pzsp1tNlG5xW/webSf</latexit>

+

AB

C

-
+

<latexit sha1_base64="0rE0Hopgq+XdRlSmTztzWMTk19A="></latexit>� 0



Genuine Multipartite entanglement in holography

• For actual AdS/CFT states, we now have one more piece of evidence that 
the multiway cut conjecture is valid at least for  (and false for )


• There is a version of minimal surface dual without the need to continue 
. However the dual picture is a bulk with backreacted cosmic branes 

[Dong ‘16]


• We still expect that the same result  after replacing the probe 
brane after allowing backreaction


- This is supported by direct CFT calculations, see [2401.04236 Harper-Takayanagi-Tsuda]

n = 2 n ≥ 3

n → 1

GM(q)
2 ≠ 0
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Building multi-invariants with multiway-cut 
property

• Our proof also applies for any multi trace invariants as long as its twist 
operators  satisfies the fixed-point-free involution property 


• An example: Consider the length-2 hypercube . The set of all 
translations  is a size  family and satisfies 
the property


• The multi-entropy twist operators correspond to a subfamily of size .

{gi}

ℤq−1
2

gy(x) = x + y, y ∈ ℤq−1
2 2q−1

q

28

<latexit sha1_base64="+JwMi5RBhXRW66B0eilqNZQ3LSU="></latexit>

gig
→1
j (x) →= x, (gig

→1
j )2 = id



Summary
• Multi-entropy  is conjectured to be dual to the area of minimal 

multiway-cut in holographic states


• To investigate this claim, we study the Renyi multi-entropy  in 
RTNs, a holographic tensor network model


- For , we proved that  is dual to the area of minimal 
multi-way cuts for RTN states 


- For ,  we give explicit counter-examples for the 
conjecture: evidence of replica symmetry breaking


• The claim that holographic CFT states have large genuine 
multipartite entanglement is still likely true despite the failure of 
the conjecture

S(q)

S(q)
n

n = 2 S(q)
2

n ≥ 3
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<latexit sha1_base64="WKf/YQddeiiSiO/Ro3KI4BMUNkI=">AAACTnicdVBNS8NAEN3Ur1o/q0cvwSJ4Kolo9SjoQQ9iRauCKWWyndalm03YnQgl9Cd41b/l1T/iTXTb5mCrDgw83pth3rwwkcKQ5707hZnZufmF4mJpaXlldW29vHFr4lRzbPBYxvo+BINSKGyQIIn3iUaIQol3Ye9kqN89oTYiVjfUT7AZQVeJjuBAlrrutvzWesWreqNyfwM/BxWWV71Vdg6CdszTCBVxCcY8+F5CzQw0CS5xUApSgwnwHnTxwUIFEZpmNvI6cHcs03Y7sbatyB2xPzcyiIzpR6GdjIAezbQ2JP/UQg09pInrGQfFUU45os5RMxMqSQkVHxvqpNKl2B0G5LaFRk6ybwFwLexPLn8EDZxsjKXgFO3PGi/s/csENVCss4D0ILP9j3pjVds2aH861t/gdq/q16q1q/3K8XkeeZFtsW22y3x2yI7ZGauzBuOsy57ZC3t13pwP59P5Go8WnHxnk01UofgNw1G1hg==</latexit>g1

<latexit sha1_base64="t0Jcb0QNXnBxlXuSHBu83WwJ4yU="></latexit>g2
<latexit sha1_base64="D4V26Tbtt+Xl3BfyIpQkOSwIFd8="></latexit>g3

<latexit sha1_base64="v48fAepDdt663WR6NypdeftnZJ0="></latexit>g4



Thank you

A
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B
<latexit sha1_base64="omio59kvEVQ455XgB3RHdtTRWpI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldq9TyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AlGGMxg==</latexit><latexit sha1_base64="omio59kvEVQ455XgB3RHdtTRWpI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldq9TyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AlGGMxg==</latexit><latexit sha1_base64="omio59kvEVQ455XgB3RHdtTRWpI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldq9TyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AlGGMxg==</latexit><latexit sha1_base64="omio59kvEVQ455XgB3RHdtTRWpI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldq9TyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AlGGMxg==</latexit>

C
<latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit><latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit><latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit><latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit>

<latexit sha1_base64="ANlp8KJOnjOVJYIEizc4CR3qoYs=">AAACTHicdVBNS8NAEN3Ur1o/q0cvwSJ4Kolo9SjagxexhVaFtpTJdqpLN5uwOxFK6C/wqn/Lu//Dmwhu2xxs1YGBx3szzJsXxFIY8rx3J7ewuLS8kl8trK1vbG5tF3duTZRojk0eyUjfB2BQCoVNEiTxPtYIYSDxLhhcjvW7J9RGRKpBwxg7ITwo0RccyFL1ane75JW9Sbm/gZ+BEsuq1i06J+1exJMQFXEJxrR8L6ZOCpoElzgqtBODMfABPGDLQgUhmk46cTpyDyzTc/uRtq3InbA/N1IIjRmGgZ0MgR7NvDYm/9QCDQOkmespB8VRzjmi/lknFSpOCBWfGuon0qXIHcfj9oRGTnJoAXAt7E8ufwQNnGyIhXYV7c8ar+39mxg1UKTTNulRavsftWFV2zZofz7W3+D2qOxXypX6cen8Ios8z/bYPjtkPjtl5+yK1ViTcYbsmb2wV+fN+XA+na/paM7JdnbZTOWWvwEgMLS4</latexit>

D


